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The conversion spectrum of the long-lived lutetium isotopes Lu!™ and Lu!” was investi- 
gated. The relative conversion-line intensity in the soft region of the Lu! spectrum (up 
to 250 kev) was measured. The per cent ratio of the M1 + E2 mixture for the 78.6- and 
100.6-kev transitions is determined. The Lu! spectrum contains conversion lines which 
can be ascribed to transitions connected with the isomer state of Lu!” (Ey = 44.7 kev — 
M1 transition and Ey = 59.0 kev — M3 transition). The half-life of the isomer state is 


~90 days. 


Ly the study of the lutetium fraction separated 

'from a tantalum target bombarded by fast (660 
Mev) protons, a series of lines with a half-life 
considerably in excess of 32 days was observed 
in the conversion spectrum after the decay of the 
lutetium isotopes with relatively small half lives 
(Tj. < 8 days), and after the decay of the Yb'® 
present in the source (T1. = 32 days). The 
measurements were carried out on a double- 
focusing spectrometer with an approximate trans- 
mission of 0.2% (Ry = 24 cm., half-width ~ 0.3%). 
In many measurements the transmission was re- 
duced to 0.1% in order to reduce the half width of 
the lines. In the soft region (< 30 kev) the width 
of the lines was greater than the instrument width, 
owing to the slowing down of the electrons in the 
source material. 

The measurements were carried out with two 
sources. Source 1 was obtained by bombarding 
the tantalum target in the cyclotron for approxi- 
mately 4 hours and separating the lutetium frac- 
tion 10 to 12 hours after the bombardment. To 
produce source 2, the target was irradiated for 
approximately three months, and the lutetium 
fraction was separated a week after the end of 
the irradiation. Source 2 was employed previ- 
ously by Dzhelepov et al.'»? 


The considerable number of the observed lines 
with long half-lives is due to the presence in the 
source of Lu!” the spectrum of which has been 
relatively well studied.!~? Lu!” lines were ob- 
served in the spectra obtained with both sources. 
The relative line intensities obtained were in good 
agreement with those given by Bobrov et al.! with 
the exception of the Auger lines, whose intensities 
were obviously overestimated in their paper. 

Figure 1 shows the strongest lines and the spec- 
trum of the long-lived isotopes of lutetium, obtained 
with source 1. The figure shows the conversion 
lines without corrections for Hp and for absorp- 
tion in the source. 

Table I lists the energies and relative intensi- 
ties of the lines (without corrections for the ab- 
sorption in the source) in the Lu!® spectrum. 

The intensities given were obtained with source 2. 
The relative intensities obtained with the thinner 
source 1 are the same, within the limits of errors, 
for all lines with the exception of Ky 78.6 kev. 
This shows that the correction for absorption in 
the source and in the counter films is small, start- 
ing with an electron energy ~ 30 kev. 

When measurements with source 1 were made 
at a reduced aperture ratio, the conversion lines 
from the L subshells were sufficiently well sepa- 
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FIG. 1. Section of spectrum of long-lived lutetium isotopes. 
TABLE I. Energy and relative intensity of the conversion 
lines in the Lu!” spectrum 
| 
ofnyae Line | Relative os aare Line | Relative 
Root POG ips energy, jntenaltye ees I More encrey intensity* 
1 | Ky 78.6 17.33} 345410 11 | Ly+Lyyy 100.6 | 90.14] 49 34.9 5 
Dian\ekey 10026 39332 100 12 Li 100.6 | 914.70 
3 | KLL Auger rs 33+ 13 My 100.6 | 98.21 3.4 
4.) KLM=Anger — | 24,0+0.7 | 44 Ny 100.6 |400.43; 4.4 
KLN. Auger x 45 Ky 171.3 | 410.0 4.4 
5 | KMM- Auger Fae (eae Cte aaig Ky 179.3 | 118.0 24 
6 Ey ee fee 17 Ly 171.3 [461.1 | <0.3 
7 | Ly 78.6 68.64 |. 9843 18 | Ly+Lyyy7 179.3 | 169.5 na 
8 | Lit 78.6 69.69 |J 19 Lit 179.3 | 170.6 
9 My 78.6 76.22) 18.920.6 | 90 Ky 272.5 | 211.2} 2.8204 
10 Ny 78.6 78.15| 6,040.2 ; 


*The errors characterize the statistical dispersion and do not include the pos- 


sible systematic errors. 


rated for the different transitions. For the 78.6- 
kev y transition the ratio obtained was Ly: Ly 
: Ly = 1: (0.24 + 0.005): (0.164 + 9.003). 
A comparison of the relations obtained with the 
theoretical values makes it possible to establish 
that this is a mixed transition, 95.5% M1 + 4.5% 
E2. For such radiation we have a theoretical ratio 
(K/L)theor = 5.1. An experimental ratio (K/L) exp 
= 4.1 was obtained with source 1 and (K/ L)exp 
= 3.5 was obtained with source 2. The deviation 
from the theoretical values is explained by absorp- 
tion in the source material. A ratio Lyyy: (Ly+Lyz) 
= 0.075 + 0.002 was obtained for the 100.6-kev y 
transition. The transition is of the mixed type, 96% 
M1 +4% E2. Inthis case (K/L)theor = 5.62. The 
experimental ratio (K/L)exp = 5.4 + 0.2 agrees, 
within the limits of errors, with the theoretical 
one. We see from a comparison of the theoretical 
and experimental vaiues that the correction for 
absorption is small in this case. 


For the 171.3-kev y transition, an estimate of 
K/L > 4.5 was obtained. Such a K/L ratio is 
possessed by the transitions El, M1, and M2. 

In the case of the 179.3-kev y transition, the re- 
sultant ratios Lyy:(Ly + Lyy) = 0.60 and K:L 

= 1.9 indicate that this is an E2 transition. The 

theoretical ratios of the internal conversion coeffi- 
cients for an E2 transition of the same energy are 
Ly: (Ly + Ly) = 0.54 and K/L = 1.73. 

Gorodinskii et al. measured the relative inten- 
sities of the y rays and the spectrum of Lu!?, 
Using the relative y-ray and the relative conver- 
sion K-line intensities obtained in the present 
work, one candetermine the K-shell internal-conver- 
Sion coefficients. In this case itis best to normalize 
the internal-conversion coefficients against the 
78.6-kev Ly line (the multipolarity of the tran- 
sition has been well established, and the line en- 
ergy is sufficiently high). 

Table II lists the relative y-ray intensities 
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TABLE II. Relative intensities of the transitions in 
the spectrum of Lu!” 
T iti | , 
SLE ay JC acl 3 a Co ga 
: kev | rel. units | re], units|and ref. 3| E41 Mi | E2 s 
78.6 1 — 90.3 fa ees 
100.6 0.52 100 38.3 | 2.13(0) | 2.80 (—1)} 2.81 (0) |9.89(—1)} 166 
174.3 0.31 1.4 5.0(—2)| 7.0 (—2) | 6.58 (—1) |2.70 (-—4)} 22 
179.3 | 0.14 Oat 9.4 |2.4(—1)| 6.65 (—2)| 5.88 (—1) [2.23 (—4)] 13 
212.5 1.85 2.8 1.7 (—2) | 2.14 (—2) | 4.77 (—1) |7.4 (—2) | 134 
351 0.4! 10 
570 0.15 14 
630 0.26 24 
ly, obtained in reference 3, the relative intensi- eye 
ties Ik of the conversion K lines, the y-ray in- be 
tensities ly, obtained from the conversion data +38 ue 
and from the Sliv and Band tables,‘ and also the 636.5 Lae 
calculated K -shell internal-conversion coeffi- | 
cients @,. The 100.6-kev Ky line intensity is 
taken to be 100. A comparison of the calculated =/S 
internal-conversion coefficients with the theoret- FI sig, Ee 
G. 2. Decay 


ical ones for the 100.6- and 179.3-kev y transi- 
tions confirms the previously-established multi- 
polarity and shows that 171.3- and 272.5-kev y 
transitions are El. Table II lists also the total 
relative intensities of the transitions, Itot, cal- 
culated from our conversion data and the Sliv and 
Band tables.‘ The intensities of the 351-, 570-, 
and 630-kev y transitions were taken from the 
paper by Gorodinskili et al.? and it is assumed 

_ that in these cases I, < I). 

The level scheme of Lu173 has been sufficiently 
well investigated.1~%»> The total intensities and the 
decay scheme yield the “population” of the excited 
levels of Yb! . Figure 2 shows the level scheme 
of Yb!"3. In our case the number of captures in 
the excited levels was 760 (I, (y100.6) = 100 
units). The number of vacancies freed after the 
conversion was ZI, = 605. The total number of 
vacancies was 1365. If we take Gray’s® Auger 
electron yield for Yb, a, = 0.064 + 0.010, and 
the experimental number of Auger K electrons 
to be 58 + 2, a total number of 906 + 165 K cap- 
tures is obtained, which is less than a number of 
vacancies obtained from the transition intensities, 


scheme of Lu’”’. 
21% 


50 To 
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the Yb! ground level. This may be due either to 
the comparatively large L capture, or to the in- 
accuracy in determination of the Auger-electron 
yield. 

The spectrum of the long-lived isotopes pro- 
duced from source 1 disclosed a series of lines 
not belonging to Lu'’’, shown upon repeated meas- 
urements to have diverse half lives, all different 
from the half life of Lu'”’. Table III lists energies 
of these lines. Two lines were observed in the re- 
gion of the L lines of the 78.6-kev y transition 
with energies 66.47 and 67.53 kev, identified as 
Lj + Ly and Lyy. M and K lines of the same 
transition were also found. The K-L energy dis- 
tance indicates that the conversion occurs in an 
atom with Z=70. Table IV gives a comparison 


even if it is assumedthat there are no transitions to of the experimental and theoretical ratios of the 


TABLE III. Energies of lines connected with the decays 
of! ul! * and, bat! 


Line | oh ; Line 
No. of Identification energy, | No. of Identification energy, 
line of line kev | line of line kev 
t Ky 76.5 | 45.10 | 8 Be 5 010.)- eel = 
2 | Lyy, 44-7 | 33.79 | 9 Lint 59-0 49.75 
3 fey lenaeye taal | 34.27 10 My 59.0) Ee 
4 Deen edo 2 14 Ny 59.0 58.56 
=a re ke hie eg 12° | Ly Ey, 76.5 66.47 
ey 0) 7 | 44-06 13 Lit 105 67.53 
OT eee 48.14 14 eta 74.34 
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TABLE IV. Comparison of experimental and theoretical ratios 
of internal-conversion coefficients for the 76.5-kev 


y transition of Lu!” 
| Experiment | E1 | E2 | E3 M3 

ie Z | 0.42 

REE | 0.23+0.06* ey 0.263 0.0129 | 42 

LyALy: Ling 1,05+0.03 3.34 | 1.01 | 1.06 | 0.745 

L:M | 3,6+0.1 — ee = = 

*The correction for absorption in the source is neglected. 

ici i i Hf 
coefficient of secondary conversion for this tran- Tm Yb Lu t 
Z 69 70 74 72 


sition. The comparison identifies the transition 
to be E2. The transition energy was measured 
and found to be 76.5 kev. Chupp et al. observed 
in an investigation of Coulomb excitations’ a tran- 
sition with energy 76.46 + 0.01 kev, identified as 
a transition from the first excited state to the 
ground state of Yb!*, The transition energy and 
multipolarity obtained in the present work are in 
good agreement with the data of Chupp et al.’ The 
conversion lines of this transition were observed 
by Mihelich et al.8 and were also associated with 
the spectrum of Lu!™, 

The 33.79-, 34.27-, 42.14- and 44.06-kev lines 
were identified as the Ly, Ly, M, and N lines 
of the 44.7-kev y transition. The distance between 
the Ly and M lines is 8.35 kev. A comparison 
with the distance between Ly and M as obtained 
by x-ray data? [Z = 70 (8.09 kev), Z = 71 (8.38 
kev), Z=72 (8.68 kev)] indicates that the con- 
version takes place in an atom with Z=71. The 
ratios Ly: Ly: Lyy = 1: (0.156 + 0.004) : (0.038 
+ 0.007) obtained indicate unequivocally that the 
transition is of the M1 type. The theoretical value 
for the M1 transition is Ly: Lyy: Lyy = 1: 9.093 
:0.013. If there is an E2 admixture, it does not 
exceed 1% (approximately 0.75% for Ly/Ly/ 
and approximately 0.3% for Lyy/Ly). 

Lines 7, 8, 9, 10 and 11 in Table III have been 
identified as L, M, and N lines. It is difficult 
to determine the Z of the atom in which the con- 
version takes place directly from the L-M energy 
distance, since the M line falls on the KLM Auger 
lines. To obtain a better value of Z we measured 
the distance between the Ly and Lyy lines. The 
source was isolated from the housing of the spec- 
trometer and a certain voltage was applied to it. 
With a constant field in the spectrometer, we 
plotted the lines Ly and Ly several times while 
varying the voltage. The distance between the 
lines was read from the plot directly in volts and 
was found to be 1631 +12v. The x-ray data for 
different Z yield the following values: 


Distance between lines y 1460 1544 1625 1746 


Thus, the distance obtained between the Ly and 
Ly lines is in good agreement with the distance 
in the atom with Z = 71. The transition energy is 
Ey = 59.0 kev. The experimentally obtained ratio 
Lr: Ly: Lig = (0.49 = 0.02) <:(0.07 + 0:01) tais 
close to the tabulated one for the M3 transition 
(Ly: Ly: Ly = 0.46:9.060:1). For comparison, 
we give the theoretical value of the L-shell sec- 
ondary conversion coefficient for transitions with 
a different multipolarity (Z = 71, k=0.10, where 


k is the energy in mjc? units): 


EA eee biee devant == (IY SOR 8s Il 
IBS bee ip el lag = OOD 2 Oi 2 1 
MA lesbos = ONS 2 O02 © | 
M5 Lo oe = OL0si2 Ox0il sl 


To obtain more exact values of the half-lives 
of the intensities of the conversion lines, two series 
of measurements were made with source 2, and 
three series of measurements with source 1. Each 
series consisted of two measurements. The first 
series with source 2 was performed 2.5 to 3 years 
after the preparation of the source, while the second 
was performed 150 days after the first. In the case 
of source 1, the first series of measurements was 
made 300 days after separation, the second was 
made 100 days after the first, and the third 100 
days after the second. In measurements with 
source 2, the half-lives of the lines in the Lu!” 
spectrum were found to be approximately 160 days. 
The intensity of the lines Ly44.7 kev was found 
to be so low as to require special measurement. 
A rough estimate of the half-lives, based on the 
data of Bobrov et al.! and on our measurements, 
yields a half-live of about 100 days for Ly 44.7 kev. 
The Ly59.0 kev lines cannot be separated from 
the stronger KMM Auger lines in these measure- 
ments. The lines Ly76.5 kev and Ly78.6 kev are 
very close to each other, and therefore the com- 
bined area of the two lines was measured. The 
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half-life of the entire group is approximately the 
same as for the Lu!” lines. The half-life of 
My76.5 kev does not differ greatly from that of 
the Lu! lines, and is perhaps somewhat shorter. 
A rough estimate of the half-life of My 76.5 kev, 
from the data of Bobrov et al.! and our measure- 
ments, yields a value of approximately 200 to 250 
days. 

The measurements with source 1 were performed 
three times. Since the measurement conditions 
(the aperture of the instrument) varied, it is im- 
possible to calculate the half-life directly from 
these measurements, and it has become necessary 
to determine it from its ratio to Ty, for Lu’, 
the value of which (107 days) was taken from ref- 
erence 1 (our measurements with source 2 gave 
nearly the same value). Taking the Ly78.6-kev 
line of Lu!® as a reference, the half-lives of the 
remaining lines were found to be: 


Line 


TY, 
Ky 78.6 kev Luts 195 days 
Lyy 44.7 kev 97 days 
Ky 100.6 kev 166 days 
Lint 59.0 kev 87 days 
Ly 76.5 kev 309 days 
My 76.5 kev 271 days 
My 78.6 Ny 76.5 kev 182 days 


The lines of Lu!” have nearly the same half- 
life as the reference line Ly 78.6 kev (T12 =e 
days). The half-life of Lyy44.7 kev and Lyyy 
59.0 kev are ralatively close to each other (Ty. 
~ 85—95 days). The half-life of the y 76.5-kev 
lines amounts to 250 — 300 days and is clearly 
much greater than that of the reference line. The 
44,7- and 59.0-kev y transitions belong to the 
same isotope. This is confirmed by the fact that 
they occur in an atom having the same value of Z, 
that their lines have nearly equal half-lives, and 
that they have practically the same intensity: 


Ttot (7 59.0 kev): Itot (¥ 44.7 kev) = 0.94 + 0,03. 


An attempt can be made to establish the particular 
lutetium isotope to which these transitions belong. 
Lutetium has a large number of known isotopes 
with different half-lives.!° The isotopes Lule? 
Lu!”, Lu!@!, and Lu!” are obviously eliminated, 
for once the nucleus goes over from the isomer 
state to the ground state, the decay has a rela- 
tively small half-life, and the strongest transitions 
following the decay of these isotopes would have 
been observed. The level schemes of Lu!, Lu!%, 
and Lu!’ have been investigated and do not con- 
tain such transitions. This leaves only Lu! !4 and 
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Lu’, The isotope Lu!” is found in the natural 
isotope mixture (2.6%) and decays with Ty, ~ 2.1 
SaiOa years’? to high-spin Hf!"® levels. The spin 
of the ground state of Lu!”® is 7.!! Rotational lev- 
els with spins 8 and 9 have been obtained above the 
ground state by Coulomb excitation, with values 
3h?/J ~ 66 kev. In addition to the Lu!” in the 
ground state, an isomer state with Tj; = 3.7 hours 
is known. No transition from the isomer state to 
the ground state has been observed. Lu!6* decays 
to the 0* and 2* levels of Hf!"*, Its spin is small 
(it is assumed to be 1). The energy difference be- 
tween the ground and excited states of Lu!’® (based 
on the energies of the 8™ decay) amounts to approx- 
imately 170 kev. It is thus seen that the low-lying 
excited levels of Lu!” have been sufficiently well 
investigated, but the levels corresponding to the 
transitions we observed did not appear. In addi- 
tion, compounds obtained by bombardment with 
fast protons do not display, as a rule, suffi- 
ciently large amounts of neutron-excess isotopes. 
It is most probable that the transitions belong 
to Lu'4, One of the possible versions of the decay 
scheme, which would agree with all the measured 
values of the half-lives, is shown in Fig. 3. To 


FIG. 3. Proposed decay 
scheme of Lu’”*. 


Yb? 74 


reconcile the half-lives of My76.5 kev in the 
measurements with the various sources, it is 
necessary to assume that when the lutetium frac- 
tion is first liberated it contains more Lu!”™* than 
Lu'™, Then the amount of Lu!™ in the ground state 
(y-line intensity 76.5 kev) will first increase to a 
maximum (approximately 150 days from the instant 
of irradiation) and will then decrease. By the time 
measurements with source 1 were performed (300 
to 500 days after irradiation), the apparent half- 
life of Lu!™ should have been approximately 210 

to 250 days. In the measurements with source 2 
(approximately 1000 days after irradiation), the 
apparent half-life was close to the real one (obvi- 
ously, 160 to 170 days). Wilkinson and Hicks” 
give a value Ty. = 165 +5 days for the half life 

Of but 
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The possible spins of the ground state of Luis 
can be obtained by considering the neighboring odd 
nuclei. The neighboring nucleus, 7)Ybjj3, has spin 
and parity 4" in the ground state, and '4* in the 
first excited state (Ey = 351.0 kev). The spin 
and parity of 7,Lui are '4* in the ground state 
and */* in the first excited state (Ey = 343 kev). 
Thus, the characteristics of the ground state of 
Lu'™ can be either 67 or 17. The characteris- 
tics of the excited states are 7*, 0*, 5°, and 0°. 
Of the two possible ground-state characteristics, 
it is apparently 1” which is realized, since decay 
to the first rotational level 2* of Yb!" is ob- 
served. A search for a transition from the second 
excited level of Yb!" to the first level produced 
no results. The intensity of this transition amounts 
to not more than 2% of the total intensity of the y 
transition, 76.5 kev. 

If the ground state of Lu! is 17, then for the 
resultant multipolarities M1 and M3 the excited 
states have characteristics 2~ and 5~. The Lu!”4* 
goes from the isomer state through an intermediate 
level (27) to the ground state. It remains unclear 
why the M83 transition is so greatly hindered and 
why there are no transitions to the rotational levels 
of Yb!"4 with spin 4* or 6* directly from the 
isomer state (the M3 transition is hindered by 
an approximate factor 2x 10! compared with single- 
particle estimates). 

The first excited level of Lu! (27) can be in- 
terpreted as the first rotational level. It is possible 
to determine the moment of inertia of the odd-odd 
nucleons Lu!4, (It is more convenient to deal with 
the quantity 3h?/J.) In this case 3h?/J = 67.2 kev. 
The moment of inertia of Lu!™ is greater than the 
moment of inertia of the neighboring nuclei with 
odd A. The energy of the second rotational level 
is 112 kev, i.e., the level should lie above that with 
the level with characteristics 5- and does not 
appear in this case. 

Recently Dillman et al.'® indicated that an 84- 
kev transition was observed in the spectrum of 
Lu“, This transition is interpreted as one from 
the first excited state of Hf!™ to the ground state. 
They did not notice any conversion lines corre- 
sponding to such a transition. If this transition 
exists, its intensity is considerably greater than 
that of the 76.5-kev y transition, namely, Ky 
76.5 kev: Ky 84 kev = 5. 

Assuming the scheme shown in Fig. 3 and val- 
ues of 59.0 and 76.5 kev for the relative intensities 
of the y transitions, the intensity of the transitions 
to the ground and first-excited states of Yb!™ can 

‘be estimated by considering that the majority of 
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transitions are to these levels (several transi- 
tions with greater energy were observed in ref- 
erence 13, but their total intensity is less than the 
total intensity of the 76.5-kev y transitions). The 
number of B decays to the levels of Hf, as in- 
dicated earlier,!! amounts to approximately 20%. 
Under these conditions, an estimate shows that 
the number of transitions to the ground state of 
Yb!"4 is approximately 4 times the number of 
transitions to the first excited state: log ft ~ 8.4 
and ~9.0 respectively (at AE =1.5 Mev). 

The ratio of the intensity of the K x-rays to 
the intensity of the 76.5-kev y transition is found 
to be approximately 50, which agrees, within the 
limits of errors, with the results given in reference 
13. 

The authors express their sincere gratitude to 
Professor V. M. Kel’man for interest in the work 
and for valuable remarks made in the discussion 
of the results. 
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A prism spectrometer was employed to investigate a number of the more intense lines in the 


conversion spectrum of neutron-deficient lute 


tium isotopes. The relative intensities and en- 


ergies of the lines were determined, and the multiplicities of the corresponding y transitions 


were derived from the relation between the L 


Some of the more intense lines in the conversion 
spectrum of neutron-deficient isotopes of lutetium 
were investigated. The measurements were made 
with a prism spectrometer having a transmission 
~ 0.1% and an instrument half width ~ 0.1%.'»? It 
must be noted that the widths of the conversion 
lines were greater than the instrument width, owing 
to the finite source thickness. 

Two sources were used, comprising isotopes of 
the lutetium fraction separated from a tantalum 
target bombarded by fast protons (660 Mev). The 
first source was used to measure the energies and 
intensities of the 66, 70, and 75.85-kev conversion 
line in the spectrum of Lu’ (T,,. ~ 8 days), and 
of the 78.70- and 90.55-kev lines in the spectrum 
of Lu!” (T1/2 ~ 6.7 days). The second source was 
used to determine the relative intensities of the y 
84.19-kev L lines in the spectrum of Lu’ (Ty. 
~ 2 days), ofthe y 87.30-kev L lines in the spec- 
trum of Lu!® (T172 ~ 2 days), and also the rela- 
tive intensities of the y 181.4-kev L lines in the 
spectrum of Lu! (reference 3). The second 
source was considerably thicker than the first, 
and consequently the conversion lines were greatly 
smeared and hence difficult to separate. The data 
obtained with this source are consequently merely 
tentative. 

The line energy was measured by the bias 
method.’ By using a constant magnetic field in 
the spectrometer and varying the voltage applied 
between the source and the case of the spectrom- 
eter, it is possible to plot small portions of the 
spectrum. This method can be used to determine 
with great accuracy the energy distance between 
the conversion lines, and by measuring the energy 
distance between a line of known energy and the 
investigated line it is possible to determine accu- 
rately the energy of the latter. In our case the 


tT. 
i 


-subshell intensities. 


measurement of the energy of the conversion lines 
was facilitated by the fact that the lutetium fraction 
contained Yb'®, of which the spectrum has been 
thoroughly investigated and the energies of the y 
transitions measured by the crystal-diffraction 
method.>»!6 

The reference line employed was Ky (109.78 
+ 0.02) kev. The binding energy of Tm onthe K 
shell [EK = (59.40 + 0.01) kev] was calculated 
from the data of reference 6. The binding ener- 
gies on the L subshells were taken from the tables 
(see reference 7). The bias method was used to 
measure directly, in volts, the energy distance 
from the reference line to the investigated line, 
and to calculate the energy of the y transition 
from the values of the electron binding energies 
in the atom. The distance between the conversion 
lines was determined accurate to several volts. 

Table I lists the values obtained for the ener- 
gies of the conversion lines and the calculated 
transition energies. The energy of the 130.52 
+ 0.03 and 93.60 + 0.03 kev y transitions in the 
spectrum of Yb!® calculated in this manner, co- 
incide with the values of the energy obtained with 
a curved-crystal spectrometer: 130.53 + 0.03 


TABLE I 

Line Identification and y-transi- 

energy, tion energy, kev 

kev 2 
50.38+0.02 Ky (109.7820.02)*inTm 
56.75+0,02 Lyyy¥ (66,.74+0.02) Im Yb 
66 .94+0.03 Liry (75.89+0.03) in Yb 
69.7920.03 | Lyyy7 (78.7440.03) im Yb 
74.12£0.03 | Ky  (130.52£0.03) inTm 
81.71+0.03 Lint (90.66+0.03) in Yb 
83.50+0.03 Lyy (93.62+0,03) inTm 


*The energy of this transition is 
taken from reference 5. 
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and 93.60 + 0.04 kev respectively. 

The diagram shows the conversion lines of the 
spectrum of the neutron-deficient isotopes of Lu, 
obtained with the first source (the instrument 


spectrum, without correction for Hp and for decay). 


The spectrum was plotted by bias, in sections 4—6 
kev wide, over approximately 12 days. 

The ratio of the intensities of the conversion 
lines for the transitions from the L subshells 
make it possible to establish the multipolarity of 
the transitions with a great degree of certainty. 

Table II lists the ratios of the intensities of the 
L-conversion lines of the 66.74- and 75.89-kev 
transitions in the spectrum of Lu!™, Both transi- 
tions occur between levels of the main rotational 
band of Yb!", The spin of the ground state of 
Yb!"! is one-half. The sequence of the levels 
was unambiguously established in reference 9. 

The 66.74-kev transition is mixed (68% M1 + 32% 
E2). The Sliv and Band tables!® were used to cal- 
sulate the E2 admixture, both from the Ly/Ly 

ratio and from the Lyy/Ly ratio, accurate to +2% 
(this includes the errors connected with the inac- 


cients). The 75.89-kev transition is of the E2 
type. The intensity ratio on the L subshells ex- 
cludes with great certainty all transitions with the 
exception of E2 and E3. The measured Ly/Lyy 
ratio indicates that the transition is of the E2 
type. The multipolarity of this transition was de- 
termined as E2 in reference 11, and as E3 in 
references 12 and 13. 

The intensity ratio on the My, My, and Myyy7 
subshells is close to the ratio on the Ly, Ly, and 
Ly subshells. For the 66.74-kev y transition, 
My]: My: Myy = 1:1.29:1.55, while for the 75.89- 
kev y transition My + My: Myy:Myy + My 
= 0.89:1:0.06. It is interesting to compare the 
ratio of the intensities of the M lines of the 
75.89-kev y transition with the calculated ratios 
of the coefficients of internal conversion on the M 
subshells, given in reference 14. The calculated 
ratios are My + My: My: Myy + My = 
0.96:1:0.032 and 1.08:1:0.113 for the E2 and 
E3 transitions respectively. 

Table III lists the ratio of the intensities of the 
conversion lines from the L subshells for three 


curacy in the calculated internal-conversion coeffi- transitions in the spectrum of Lu’, The 78.74- 
TABLE II 
Ly: Ly: Lyi L:M 
E,, kev l E ; 
Experiment | Theory, from E2 | Theory, from E3 oe 
66.74 1: (2.00£0.04) : (2.02+0.02) 1225.5 22789 | ce 2.8 
75.89 | (0.050+0.008) : (0.9740.01): 4] 0.053:0.95:1 | 0.018: 4.04:4 oa 
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TABLE III 
Ly: Lyy: Ly 

E,, kev - 

Experiment | Theory, from E2 | Theory, from M1 
78.74 (0.09+0.02) : (0.9740,04) : 4 0.06 :0.96:4 
90.66 (0.2840.01) : (4440.03) : OROO El Ole 4% 0091: 0.013 
181.4 ORD thee ORs slew <4 = 


and 181.4-kev transitions are E2, and represent 
the transitions of the principal rotation band of 
the even-even nucleus Yb!", The Ly line of the 
78.74-kev transition is somewhat too high, owing 
to the presence of the long-lived Lu!” in the 
source. The 78.74-kev Ly y line in the spectrum 
of Lu!” coincides with one of the strongest lines 
in the spectrum of Lu! (Ly y, 78.6 kev). It is 
very difficult to separate these lines. The 90.66- 
kev transition in the spectrum of Lu!” is one of 
the transitions between the upper excited states. 
From the intensity ratio of the L lines one can 
calculate the value of the mixture of the different 
multipolarities (assuming that the mixture is M1 
+ E2). The transition was found to be 30% M1 

+ 70% E2. The 84.19-kev transition in the spec- 
trum of Lu!” is of type E2 and is a transition 
from the first excited state to the ground state 

of the even-even nucleus Yb!” (reference 15). 
The experimental value of the Ly: Ly: Lyy ratio 
is 0.09:0.97:1, against the theoretical 0.07:0.98 
:1. The 87.30-kev transition in the spectrum Lu!® 
has an intensity ratio Ly: Lyy: Lyy =1:0.08:0.28. 
The calculated admixtures of E2 )assuming a M1 
+E2 mixture) give 9%and 4% for Lyyy/Ly and 
Ly/Ly respectively. It is obvious that the E2 ad- 
mixture does not exceed 10%, although the exact 
value of the mixture cannot be established, for in 
the region of L lines of this transition there are 
many lines of other longer-lived isotopes, which 
are difficult to separate. 


1Kel’man, Kaminskii, and Romanov, Izv. Akad. 
Nauk SSSR, Ser. Fiz. 18, 209 (1954). 

2Kel’man, Metskhvarishvili, Preobrazhenskil, 
Romanov, and Tuchkevich, JETP 37, 639 (1959), 
Soviet Phys. JETP 10, 456 (1960). 


3Kel’man, Metskhvarishvili, Preobrazhenskii, 
Romanov, and Tuchkevich, JETP 35, 1309 (1958), 
Soviet Phys. JETP 8, 914 (1959). 
a Ae Romanov, Izv. Akad. Nauk SSSR, Ser. Fiz. 
22, 191 (1958), Columbia Tech. Transl. p. 188. 

> Hatch, Boehm, Mormier, and Du Mond, Phys. 
Rev. 104, 745 (1956). 

: Chupp, Du Mond, Gordon, Jopson, and Mark, 
Phys. Rev. 112, 1183 (1958). 

Ke Siegbahn, Beta- and Gamma-Ray Spectro- 
scopy, Appendix VI, Amsterdam, 1955. 

8A. H. Cooke and J. G. Park, Proc. Phys. Soc. 
A69, 282 (1956). 

9 Elbek, Nielsen, and Olesen, Phys. Rev. 108, 
406 (1957). 

101. A. Sliv and I. M. Band, Ta6anupi 
KOSPMUNMEHTOB BHYTPeCHHEK KOHBEPCMM raMMa-M3JYYeHHKA, 
y, 2, L-o60nx04xa, (Table of Gamma-Ray Internal- 
Conversion Coefficients part 2, L Shell) Acad. 
Sci. Press, 1958. 

it Bobrov, Gromov, Dzhelepov, and Preobrazhen- 
skil, Izv. Akad. Nauk SSSR, Ser. Fiz. 21, 940 (1957), 
Columbia Tech. Transl. p. 942. 

12 J. W. Mihelich and B. Harmatz, Phys. Rev. 
106, 1232 (1957). 

13 Mihelich, Harmatz, and Handley, Phys. Rev. 
108, 989 (1957). 

4M. iE. Rose, Internal Conversion Coefficients, 
Amsterdam, 1958. 

15 J. W. Mihelich and E. L. Church, Phys. Rev. 
85, 690 (1952). 

16 Chupp, Du Mond, Gordon, Jopson, and Mark, 
Phys. Rev. 112, 518 (1958). 


Translated by J. G. Adashko 
207 


SOVIET PHYSICS’ JETP 


VOLUME 11, 


NUMBER 4 OCTOBER, 1960 


LARGE COSMIC-RAY INTENSITY FLUCTUATIONS IN THE STRATOSPHERE 


A. N. CHARAKHCHW’ YAN, V. F. TULINOV, and T. N. CHARAKHCH’ YAN 


P. N. Lebedev Physics Institute, Academy of Sciences U.S.S.R.; Nuclear Physics 


Institute, Moscow State University 


Submitted to JETP editor August 25, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1031-1036 (April, 1960) 


The energy spectrum of an abnormally large proton flux, more than 20 times normal, was 
derived from stratospheric measurements. The exponent of the differential spectrum is equal 
to 6.0 in the 120 —170 Mev energy range. It is suggested that these protons are due to corpus- 
cular beams with frozen-in magnetic fields, emitted during the solar chromospheric flare on 


May 10, 1959. 


On May 11, 1959, large fluctuations in the cos- 
mic-ray intensity were registered in the atmos- 
phere, and continued, to a varying extent, until 
May 15, 1959. On May 12, the cosmic-ray inten- 
sity at 64° geomagnetic latitude and at high alti- 
tudes was approximately 20 times normal. 

The measurements were carried out using a 
radio probe raised to the atmosphere by balloons. 
The number of discharges in a single counter, and 
the number of double coincidences in a telescope 
consisting of two Geiger-Miiller counters, were 
measured. 


1 


EFFECTS OBSERVED AT 64° LATITUDE 


The evaluation of the measurements at the 
Loparskaya station on the morning of May 11 
(operation of the apparatus was started at 10:10 
a.m.) has shown that the cosmic-ray intensity at 
high altitudes is much greater than the normal one. 
The results of the measurements are shown in 
Fig. 1. 

On the same day, at 1:00 p.m., a second balloon 
was sent up and measured mainly double coinci- 
dences. During short time intervals, information 
on the number of particles detected by single 
counters was also obtained. Data up to the atmos- 
pheric pressure p = 40 g/ cm? were obtained, and 
these confirmed the results obtained in the morn- 
ing. 

Two measurements were also carried out on 
May 12. The first (instrument started at 10:05 
a.m.) was done by means of one counter, and the 
second (instrument started at 3:00 p.m.) by means 
of a telescope and a single counter. The measured 
number of discharges in the single counter are 
shown in the same Fig. 1. As can be seen from 
the figure, at low pressures (p < 50 g/cm’), the 


cosmic-ray intensity remained roughly the same 
on May 12 as on May 11. However, at higher pres- 
sures, the number of detected particles was less 
than normal. 

The decrease in cosmic-ray intensity, also ob- 
served at sea level, was related to the strong mag- 
netic storm which began on May 11 at about 11:00 
p.m. World Time. 

The results of the measurements on May 13 
(start 10:00 a.m.) are also shown in Fig. 1. At 
the time of these measurements, the cosmic-ray 
intensity was considerably less than on May 11, as 
a result of which an excessive number of particles 
was observed only at sufficiently high altitudes. An 
increase in the number of particles at high altitudes 
in the stratosphere was also detected on May 14 
(start at 3:00 p.m.) and on May 15 (start at 3:02 
p.m.). On May 16 and 17 the intensity at high al- 
titudes in the stratosphere was already back to 
normal. 

Thus, the increase in cosmic-ray intensity at 
high altitudes at 64° latitude detected on May 11 
continued, to a greater or lesser extent, for about 
five days. 


RESULTS OF THE MEASUREMENTS AT 51° AND 
41° LATITUDE 


Simultaneously with the measurements at 64° 
latitude, measurements were also carried out at 
latitudes of 51 and 41°, where no increase in the 
cosmic-ray intensity was observed. It follows 
from this that the additional primary particles at 
64° latitude could not have been photons. On May 
12, the number of particles was 12% less than nor- 
mal at 51° latitude and 8% less than normal at 41° 
latitude (in the maxima of the intensity curves ). 
The intensity decrease at these latitudes on the 
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following days was also roughly within the same 
limits. 


NATURE AND SPECTRUM OF PRIMARY PAR- 
TICLES 


It can be seen from Fig. 1 that an increase in 
cosmic-ray intensity occurred on May 11 at pres- 
sures p = 100 —200 g/cm?, The same result was 
obtained during the fluctuations observed on July 8, 
1958.2. Therefore, the results obtained at 100 — 200 
g/cm? cannot be considered accidental. 

As can be seen from the results of the meas- 
urements on May 11 (Fig. 1) a very sharp rise in 
the number of particles occurred in the range of 
low pressures, while the increase was considerably 
smaller in the range of high pressures. It seems, 
therefore, that the spectrum of primary particles 
consists of two different branches, corresponding 
respectively to low-energy particles absorbed in 
10 —20 g/cm? of matter and to particles of rela- 
tively high energies, with a range of 100 — 200 
g/ em?. Moreover, it has to be kept in mind that 
the particle-absorption curve in the atmosphere 
is related to altitude effects, and not to time vari- 
ations. 

It follows from Fig. 1 that the fluctuations ob- 
served on July 8, 1958 and on May 11, 1959 are 
practically identical. Such a coincidence of the 
data obtained for two fluctuations which have oc- 
curred at different times is astonishing. Similar 
results can be obtained only if the spectrum of the 


primary particles remains stable for at least sev- 
eral hours, preferably for ten hours. It can there- 
fore be assumed that the observed variations in 
the number of particles are related not to time 
fluctuations but to the altitude effect. 

The analysis of the absorption curve at high 
altitudes obtained from the measurements of the 
single counter (May 11) shows that the intensities 
obtained can be explained to the same extent either 
by assuming a proton nature for the primary par- 
ticles with energies from 100 to 300 Mev, or by 
assuming that the detected particles are brems- 
strahlung photons produced by electrons in the 
range 100 — 200 kev. However, the data obtained 
from the measurements using a telescope with a 
7 mm aluminum absorber cannot be attributed to 
y rays produced by electrons in the above-men- 
tioned energy range. 

The spectrum of the primary particles is best 
studied from the measurements made on May 12 
by means of the telescope. On that day, the radio- 
sonde reached an altitude of 35 km. Low-pressure 
data and the corresponding differences between the 
measured and normal intensities, are shown in 
Fig. 2. (The numbers to the left and to the right 
of the y axis represent the number of particles 
per minute and the ratio of the additional intensity 
to the normal one, respectively.) It can be seen 
from the figure that the number of particles in- 
creases sharply with the altitude. In the range of 
15 —7 g/cm”, the number of particles increases 
by a factor of almost 8. At pressures less than 7 
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g/cm”, the curve becomes somewhat less steep. 

If we assume that the detected particles are 
protons, and that the main energy loss is due to 
ionization, we can find the energy of these particles 
from the absorption curve in Fig. 2. The differen- 
tial energy spectrum obtained is shown in Fig. 3. 
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In the 120 —170 Mev range the curve can be ap- 
proximated by a power function with an exponent 
equal to 6.0. The spectrum has a maximum at an 
energy corresponding to the critical energy of pri- 
mary protons at this latitude (100 —120 Mev). 
Before the present article had been prepared 


for publication, P. T. Kellog and later J. R. Winckler 


were kind enough to inform us that on May 12 they 
detected, by means of emulsions, in the latitude of 
Minneapolis, a large number of protons with ener- 
gies in the 110 —220 Mev range. The proton energy 
spectrum in the 110 — 220 Mev energy range ob- 
served by them had an exponent y = 4.8. 

Anderson,’ by means of an ionization chamber 
and a telescope consisting of Geiger-Miiller count- 
ers recorded, on August 22, 1958 and at an altitude 
corresponding to a pressure of 10 g/cm’, a ten-fold 
increase in the cosmic-ray intensity. This, as 
shown by his analysis, was due to protons having 
energies of about 170 Mev. 

The question whether a cut-off exists in the 
primary proton spectrum is of great interest. For 
such a steep spectrum, assuming that it continues 
in the same manner in the low-energy range, the 
flux of primary protons at extreme northern lati- 
tudes will be exceptionally great. However, data 
pointing to a cut-off in the proton spectrum can 
most probably be obtained from measurements 
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carried out by means of artificial satellites during 
chromospheric flares. 

On May 12, measurements with a single counter 
were carried out at high latitudes, practically si- 
multaneously with the telescope readings. The total 
intensity of the protons at pressures of 22 and 24 
g/cm? was calculated, using the spectrum of pri- 
mary protons obtained. The cosmic-ray intensity 
observed by the single-counter measurements at 
these latitudes was found to be twice the intensity 
obtained by the above calculation. Consequently, 
in addition to protons detected by the telescope, 
particles with a range less than 7 mm Al (ab- 
sorber in the telescope) are present in the stratos- 
phere. 

The origin of these short-range particles, which 
are most probably electrons, can be explained in 
the following manner. The primary protons pro- 
duce, with a certain probability, stars in the upper 
layers of the atmosphere, and thus produce evapo- 
ration neutrons. The absorption mean free path of 
these neutrons is considerably greater than the 
range of primary protons, and thus the neutrons 
reach greater depths. The evaporation neutrons 
produce hard y rays in inelastic collisions with 
the nuclei of the atmospheric atoms. The energy 
of these y rays is, however, not high enough to 
produce electrons that can be detected efficiently 
with a telescope containing a 7 mm Al absorber.‘ 
Preliminary estimates show that the above-men- 
tioned difference between the cosmic-ray intensity 
measured on May 12 with a single counter and the 
expected intensity under the assumption that the 
additional particles are protons can only be due 
to effects produced by evaporation neutrons. From 
this point of view, it is natural to assume that this 
increase in the number of particles detected on 
July 8, 1958 and on May 11, 1959 by means of 
single counters at 100 — 200 g/cm? is primarily 
due to the short-range electrons. In such a case, 
the assumption that the primary proton spectrum 
has a “kink” is no longer necessary. 


DISCUSSION OF RESULTS 


It should be noted that the increase in cosmic- 
ray intensity studied by us had a very long dura- 
tion, and that its amplitude was practically constant 
for many hours. These features did not character- 
ize the cosmic-ray fluctuations previously observed 
on earth, e.g., on February 23, 1956. 

The fluctuations in cosmic-ray intensity op- 
served on May 11 —15 were evidently due to a 
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large chromospheric flare which occurred on May 
10, 1959. The Research Institute for Terrestrial 

Magnetism, Ionosphere, and Radio-Wave Propaga- 
tion of the U.S.S.R. Academy of Sciences has sup- 


plied us with information obtained on chromospheric 


flares and magnetic storms during May 1959. Some 
data referring to the observations during the pe- 
riod from May 10 to May 15, 1959 are shown in 

Fig. 4. The height and base of the top rectangles 
represent the intensity and duration of the chromo- 
spheric flare, respectively. The top rectangles 
(double shading) refer to the region of heliographic 
coordinates g =+15° and 1 =—50°; the unshaded 
rectangles refer to other heliographic coordinates. 
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The lower rectangles (single shading) refer to 
magnetic storms. The arrows indicate the time 
of the measurement when an increase in cosmic- 
ray intensity was observed in the stratosphere at 
64° latitude. 

As can be seen from Fig. 4, the first data about 
the increased cosmic-ray intensity were obtained 
11 hours after the beginning of the chromospheric 
flare on the sun on May 10. For the given case, it 
is impossible to draw any conclusions about the 
decay of the arrival of cosmic rays relative to the 
chromospheric flare on the sun. Better data on 
this subject are available for the flare of July 8, 
1958. The increase in cosmic-ray intensity de- 
tected on July 8, 1958 was preceded by a chromo- 
spheric flare on the sun on July 7, 1958 of inten- 
sity 3* and duration from 0:58 a.m. to 4:14 a.m. 
World Time.® However, measurements carried 
out on July 7, 1958 at high altitudes in the strato- 
sphere at 8:30a.m. World Time did not show an in- 
crease in cosmic-ray intensity. Consequently, the 
delay in the arrival of cosmic rays relative to the 


745 


chromospheric flare was greater than 4 hours. 

Winckler et al.° report an event in which an in- 
creased intensity of cosmic rays in the strato- 
sphere at 55° latitude was observed on March 26, 
1958, about three days after a chromospheric 
flare on the sun. The authors interpret this fact 
as showing that particles accelerated during the 
chromospheric flare are kept either in the solar 
corona or in the gas clouds ejected from the sun. 

It can be seen from Fig. 4 that a very strong 
magnetic storm has set in about 27 hours after 
the chromospheric flare (intensity 3*, heliographic 
coordinates » =+15° and 1 = —50°) which began 
on May 10. The letter M in the plot for May 11 
shows the beginning of the decrease in cosmic-ray 
intensity on the earth. As has been explained, the 
cosmic-ray intensity decreased during the first 
measurements in the stratosphere on May 12 at 
altitudes corresponding to pressures > 100 g/cm? 
(while, at the same time, the cosmic-ray intensity 
remained anomalously high at relatively low pres- 
sures), which is in agreement with the observations 
on the earth. 

The decrease in cosmic-ray intensity during 
very strong magnetic storms can be explained 
satisfactorily by the influence on the cosmic rays 
of the frozen-in magnetic fields carried by solar 
corpuscular streams.”® While the earth is sub- 
merged in the corpuscular stream, the frozen-in 
magnetic fields scatter cosmic particles, which 
leads to the observed decrease in cosmic-ray 
intensity. 

As can be seen from Fig. 4, two measurements 
were carried out at high altitudes before the onset 
of the magnetic storm on May 11, and two measure- 
ments were made on May 12 during the magnetic 
storm. In spite of this, data on the cosmic-ray 
intensity at high altitudes are practically identical 
for May 11 and May 12. It seems as if the mag- 
netic storms led to a decrease in the intensity of 
high-energy cosmic rays, but had no effect on 
those primary protons having considerably lower 
energies. In order to resolve the contradiction be- 
tween these two facts, it is necessary to assume 
that the solar corpuscular streams carrying the 
frozen-in magnetic field are themselves sources 
of fast protons. Due to magnetic fields in the solar 
corpuscular streams, fast protons are trapped in 
them, and then fall upon the earth both during and 
before the time when the earth is submerged in 
the corpuscular stream. This assumption is 
strengthened by the great intensity of cosmic-ray 
flares and their delay relative to the chromo- 
spheric flare. 

It seems that the study of cosmic-ray flares in 
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the stratosphere offers new experimental possibili- 


ties for the study of electromagnetic properties of 
solar corpuscular streams. 

In conclusion, the authors express their thanks 
to I. K. Marshanov and to Yu. N. Komarov for car- 
rying out the measurements. 
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Results are presented of measurement of the temperature dependence of Young’s modulus 
and of internal friction of a disordered alloy with a composition close to that of Fe3Pt. 

A very large anomaly in Young’s modulus and a sharp internal friction peak are observed 
in the vicinity of the ferromagnetic Curie point (71°C). On application of a magnetic field, 
two types of AE effect (of different sign) are produced, due to the domain structure and 
to a decrease in the dynamic Young’s modulus near the Curie point as a result of intra- 
domain spin ordering. The experimental variation of Young’s modulus is compared with 
the corresponding temperature dependence of the modulus, deduced on the basis of mag- 
netic data from relaxation thermodynamic theory. 


{ Alloys of the Fe-Pt system, close to Fe3Pt in 
composition, have a very large volume magneto- 
striction by the paraprocess, especially in the dis- 
ordered state.! This has led to the suggestion that 
there should be an exceptionally large anomaly in 
the elastic and inelastic properties of such alloys 
near the Curie point, related not to the ordering of 
the magnetic moments of the domains when a load 
is applied, but to the ordering of the spins within 
the domains.* The aim of the present work was to 
study such anomalies in the alloy Fe3Pt. 

2. The measurements were made on the same 
58 wt % Pt, 42 wt % Fe specimen as before,! i.e., 
on a 3 mm diameter rod, 187 mm long, produced 
by drawing the melt out of an induction furnace in 
a quartz tube under vacuum. The specimen was 
homogenized before the measurements by heating 
at 1020°C, followed by quenching in water to fix the 
disordered state (the Kurnakov point of this alloy 
is between 900 and 1000°C). 

Young’s modulus E and the logarithmic decre- 
ment 6, proportional to the internal friction, were 
measured at frequencies between 1200 and 1300 
cps, corresponding to the third flexural mode of 
vibration of the specimen; we have described pre- 
viously’ the apparatus for measuring the relative 
modulus to 0.004% and the decrement to 1%. 

3. The variation of Young’s modulus with tem- 
perature for the alloy in the disordered state is 
shown in Fig. 1. An anomalous increase in modu- 
lus with temperature is found up to 220°C, but the 


steepest part of the curve is in the region of the 
Curie point (71°C). 

The anomaly at room temperature is 31.4% of 
the value of E,) at that temperature, i.e., of the 
modulus when the effect of ferromagnetic inter- 
action is discounted (the value of Ey is derived 
by extrapolating the linear part of the curve, in 
the paramagnetic state, down to room tempera- 
ture). It can be seen that the anomaly, Ep) — Ey; 
tends to increase further below room temperature. 
So large an anomaly of the elastic modulus, which 
does not disappear in a saturating field, has not 
been observed before in ferromagnets, and is 
comparable in magnitude only with the anomaly 
in the oxide antiferromagnets NiO and CoO.! The 
“technical” saturation magnetic field reduces the 
anomaly, but only very little — to 29.7% of Ep; 
from this it follows that the predominant part of 
the anomaly is due to the volume magnetostriction 
by the paraprocess. This is the same phenomenon 
observed (but less clearly) by Engler® in a 42% Ni, 
58% Fe alloy and by Belov et al.” in elinvar-type 
alloys. The temperature variation of the logarithmic 
decrement in the unmagnetized alloy is also shown 
in Fig. 1. The decrement has a fairly sharp and 
high peak a few degrees below the Curie point. 
Similar, but lower and broader peaks were found 
near the Curie point in elinvar-type alloys.” 

_4, Figure 2 shows the temperature dependence 
of the AE -effect for five magnetic field values be- 
tween 8.4 and 839 oe. The usual AE -effect, due 
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FIG. 1. Temperature dependence of Young’s 
modulus E and logarithmic decrement 6 for the dis- 
ordered alloy 58 wt % Pt, 42 wt % Fe in the unmag- 
netized state. The dashed curve shows E, calcu- 
lated from magnetic data. 
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to the alteration of the domain structure in a mag- 
netic field is observed at 19—55°C. The normal 
saturation of the AE-effect occurs if fields of 
500—8000e, but the AE-effect is negative in fields 
below 100 oe. The latter phenomenon, i.e., the 
reduction in Young’s modulus in weak fields, 

was observed in alloys, but only at room temp- 


FIG. 2. Temperature dependence of the change in 
Young’s modulus as a function of field, for various 
magnetic fields: 1—8.4, 2—84, 3-252, 4—503, 

5 — 839 oe. 


150 T °C 


erature, by Williams et al.® and also by sev- 
eral Japanese workers (see, for example, 
Yamamoto and Taniguchi’), but has not yet been 
explained. 

The non-saturating reduction in the modulus 
AE for all fields in the immediate vicinity of the 
Curie point (in the paraprocess region) has a 
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relaxation character, as has been shown earlier.” 
Its dependence on the angular frequency of the 
specimen, w, is given by the relation: 


Elon) 2) 
AE YE, 


28 /2p 
3y2RE 2H! 


(1) 


where £6 is the thermodynamic coefficient in the 
expansion for the specific thermodynamic potential 
of the ferromagnet near the Curie point (in powers 
of the magnetization and the elastic stresses), Y 
is the magnetostriction constant (in the paraproc- 
ess region), k is a kinetic coefficient that deter- 
mines the rate at which the ferromagnet reaches 
the equilibrium state of magnetization, and p is 
the density (12.2 g/em*). It can be seen from 
Fig. 3 that at 73°C the experimental points for 
AE, plotted as (AE)7! vs. H-4/3 | fit a straight 
line well. 


AE, mm?/kg 


FIG. 3. Dependence 
of (AE) on H~*/? 
near the Curie point 
(32C): 


6:104 H-*/3 oe ~4/3 


5. The following relations were derived pre- 
viously? from the theory of second-order phase 
transitions and the thermodynamics of irrevers- 
ible processes, taking account of relaxation: 


E=E,{1 —Azy (1 + ©**’)], (2) 
§ = rAgot/(1 -+ w*?), (3) 
t=1/k[(H/c) + 2807], (4) 
Ag = Eyy2s?/p[(H /s) + 280°], (5) 


where 7 is the relaxation time, Ap the degree 
of relaxation of Young’s modulus, and o the equi- 
librium magnetization. * 

Equations (1) to (5) are derived on the assump- 
tion of a one-domain specimen and for Af < 1. 
It is easy to show that to apply these expressions 
to an alloy with a large anomaly in the modulus 
it is better to replace Ag by 


Ag = Ag /(1 + Az). 


*Equations (1) and (5) differ from the corresponding ex- 
pressions of reference 2 in the inclusion of the factor p (the 
density) which was omitted there; because of this, the jump 
in Young’s modulus at the Curie point, as calculated in that 
paper (dotted curve in Fig. 1a), should be reduced by a factor 
equal to p (about 8). 
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The thermodynamic coefficients a, 8B, y, and 
the equilibrium magnetization o are calculated 
from the experimental data of reference 1. Fig- 
ure 4 shows this temperature dependence (the 
Curie point, © = 71°C, is determined from the 
condition a=0, cf. reference 8). 

In order to calculate the relaxation time T 
from Eq. (4) one must know the kinetic coefficient 


Lee 


FIG. 4. Temperature dependence of spontaneous magneti- 
zation og and thermodynamic coefficients 4, B, y: 1—os 
calculated from the thermodynamic coefficients, 2—o0, from 
data on the paraprocess magnetostriction. 


k. This was determined at the temperature of the 
maximum decrement Tmax = 66.5°C by two 
means: a) from the slope of the line in Fig. 3 and 
Eq. (1), since this slope is almost the same at 
73°C as at 66.5°C; b) from the relation 


0 —T max = © | 2koes (6) 


which follows from (4) for H=0 and under the 
condition for maximum internal friction, wrt =1, 
taking Bo? =-a=a@(®-T) (see Belov’); from 
the plot of 6 in Fig. 1 we obtain © — Tyagx = 4.9°. 
The kinetic coefficient derived by both means 
comes out as 72 cm®/g-sec. 

This value was used to calculate the tempera- 
ture variation of E near the Curie point, shown 
by the dashed line in Fig. 1. The calculated curve 
for E reaches the value E= Ep, at the Curie 
point. Instead of this, the experimental curve 
shows a relatively steep rise above the Curie 
point up to 220°C. This may be explained as the 
existence of a tail of the spontaneous magnetiza- 
tion of the structurally disordered specimen, which 
spreads out the ferromagnetic transition, and also 
as the influence of short-range order, which is not 
considered in the present theory. The decrement 
in the region of the maximum, calculated from Kq. 
(3), is one order of magnitude larger, and the max- 
imum is somewhat broader, than that observed, 
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which cannot yet be explained satisfactorily. 

In conclusion it is a pleasure to express our 
thanks to Professor K. P. Belov for his interest 
in the present work. 
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INVESTIGATION OF THE LINE WIDTH AND SHAPE IN THE PARAMAGNETIC RESONANCE 
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The broadening of the fine-structure lines in the paramagnetic resonance spectrum of Cr*** 
in single crystals of Al,O3; has been studied. The width and shape of the lines have been in- 

vestigated for different electronic transitions and for different concentrations of chromium. 

The experimental results can be qualitatively interpreted on the basis of an assumption of 

a broadening mechanism and of a local inhomogeneity in the crystalline electric field. How- 
ever, quantitative comparison of the experimental data with the theory of dipole broadening 


of paramagnetic resonance lines does not yield satisfactory agreement. 


INTRODUCTION 


(ice of data on the broadening of 
electron paramagnetic resonance (e.p.r.) absorp- 
tion lines is required for the study of internal in- 
teractions in a spin-system. The shape and the 
width of absorption lines enable us to draw conclu- 
sions with respect to the nature and the magnitude 
of these interactions. 

In the present work we have studied the width 
and the shape of e.p.r. absorption lines of a Cr*** 
ion in the corundum (A1,03) lattice at room tem- 
perature. The samples were in the form of single 
crystals of Al,O3* Cr,03 with chromium content 
from 107° to 1072 (the concentration was deter- 
mined as the ratio of the number of paramagnetic 
chromium ions, which had isomorphically replaced 
the diamagnetic aluminum ions, to the number of 
aluminum ions). The broadening of the lines of 
the “parallel” spectrum was studied (the trigonal 
symmetry axis of the crystal was parallel to the 
constant applied magnetic field). This spectrum 
is described by the spin Hamiltonian 


of = ND Sy ey pH Sat DW (1) 
i i ik 


where the summation indices i and k denote the 
paramagnetic chromium ions; H is a constant 
magnetic field; Sii is the operator for the com- 
ponent of the spin of the i-th chromium ion in the 
direction of the constant magnetic field; 2D; is 
the splitting of the energy levels in the crystalline 
electric field for the i-th chromium ion; gy is 
the spectroscopic splitting factor for the “parallel” 
orientation of the sample; f is the Bohr magneton; 


Wik is the operator for the energy of the spin- 
spin interaction between the i-th and the k-th 
chromium ions. The constants of the spin Hamil- 
tonian have been measured in references 1. 

The investigations were made at a frequency of 

= 9375 Mcs. The “parallel” e.p.r. spectrum of 

the ion consists of three lines corresponding to 
the transitions 


M, = */.—> Ye, Ms, = —*hh Vo, M3 = Yo 3/s, 


observed respectively for the following values of 
the constant magnetic field: 


H, = (2Di—hy)/g8,  H.,=hy/g 48, 
Hs = (2D; + hy)/g48. (2) 


Here Mj are the magnetic quantum numbers cor- 
responding to the operator S,, h is Planck’s con- 
stant. 


EXPERIMENTAL RESULTS AND QUALITATIVE 
DISCUSSION 


Our experiments show that the width of the e.p.r. 
absorption lines of the Cr*** ion in corundum does 
not vary on cooling the samples from 300° to 77°K. 
Therefore, the spin-lattice interaction does not 
affect the line width. 

We have also found that the anisotropic broad- 
ening of absorption lines is negligibly small for 
all samples, owing to the imperfections in the 
single crystals investigated. This conclusion fol- 
lows from the experimental fact that the lines cor- 
responding to the 4 — ¥, and ¥%—'% transitions 
have the same width. Had anisotropic broadening 
taken place, the '/, — *% line would be considerably 
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broader than the *%— ') line, for if the crystal 
symmetry axis deviates from the parallel orienta- 
tion by as little as 1° or 2° the shift of the reso- 
nance frequency of the We — ¥, transition is com- 
parable with the line width, while it is negligibly 
small for the *%— ¥, transition. 

Thus, the broadening of the spectrum lines is 
apparently due only to the magnetic dipole inter- 
actions between the spins (cf. later with respect 
to the effect of the exchange interactions ). 

We have measured the concentration depend- 
ence of the width, the peak intensity, and the shape 
of the lines for different electronic transitions. 
The concentration dependence of the width and the 
peak intensity is shown for different transitions in 
Figs. 1 and 2. The width and the shape of the line 
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FIG. 1. Dependence 
of the width of e.p.r. 
absorption lines of the 
Crt++ ion in corundum 
on chromium concen- 
tration for two elec- 
tron transitions in the 
‘parallel’? spectrum. 


FIG. 2. Dependence 
of the peak intensity of 
of e.p.r. absorption 
lines of the Cr+++ ion 
in corundum on chro- 
mium concentration for 
two electron transitions 
in the ‘‘parallel’’ spec- 
trum (the peak intensity 
is expressed in relative 
units). 


are the same for the %— , and the ¥, —% tran- 
sitions, so that in all subsequent discussions the 
data are given for only one of these two transi- 
tions. The measurements were carried out by 
comparing different samples under identical ex- 
perimental conditions, so that the relative accuracy 
of the results is sufficiently high. A comparison 

of the line shapes for different transitions among 
themselves and also with the Gaussian 


G(x) =e V 2r)4 exp (— x? / 2s”) 


and the Lorentz 


L(x) =a/ n(x? + a?) 


curves was made by using the values of the ratios 


IA/S and A/A’ which have the characteristic 
values: 
[A/S 0,936, 
PAG S=30, 6875 
Here I is the peak line intensity, A the line 
width at the I/2 level, A’ the line width taken 
between points of maximum slope, and S the 
area of the absorption line. 

The results of the measurements are given in 
the table. The table also gives the values of the 
concentration of chromium in the samples inves- 
tigated determined from the area of the absorption 
line. The index 1 denotes quantities which refer to 
the transition — ye —- ,, the index 2 denotes the 
transition ¥/, — iy From the experimental data 
exhibited it can be seen that a) the line corre- 
sponding to the ¥% — /% electronic transition is 
broader than the line corresponding to the 
- Wh — ve transition; b) at low concentrations 
(~107>) the line widths for both transitions tend 
to constant values; c) the peak intensity for both 
lines has an absolute maximum within the given 
range of concentrations; d) the ratios of the widths 
and the ratios of the peak intensities for lines cor- 
responding to two transitions are approximately 
constant and begin to increase at the highest of the 
concentrations investigated; e) the line shape for 
both transitions at high dilutions is approximately 
Gaussian and varies little with concentration, 
changing towards the Lorentz curve only at the 
maximum concentrations studied; f) the line shapes 
for the two transitions differ insignificantly (there 
is a small difference always in the direction of 
greater similarity to the Lorentz curve for the 
line shape of the *4 — ¥, transition compared with 
the line corresponding to the — , = vp transition ); 
g) the chromium concentrations in the corundum, 
determined from the areas of the absorption lines 
agree with the results of optical measurements. 

We have not succeeded in explaining the ob- 
served large difference in the line widths for the 
two transitions by means of the single mechanism 
of dipole interactions. As shown by theoretical 
calculations (cf. below), 0; >a, (0, is the sec- 
ond moment of the absorption curve). But from 
the experimental data it can be seen that the line 
shapes are approximately the same for both tran- 
sitions. Therefore, the contribution to the line 
width from the dipole spin-spin interactions is 
greater for the — We => ve transition, while experi- 
mentally it gives a narrower absorption line. The 
greater line width for the *%4— ¥, transition can 
be qualitatively explained by the spatial inhomoge- 


A/A’ = 1,175 for the Gaussian curve, 
A / A’ = 1.734 for the Lorentz curve. 
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neity of the electric crystalline field. This inhomo- 
geneity is associated with local distortions of the 
crystal lattice, which lead to different initial split- 
ting of the spin levels for the Cr*** ions situated 
at different points of the sample. This effect ap- 
pears in the spin Hamiltonian as a fluctuation of 
the constant D and, in accordance with (2), con- 

_ tributes only to the line widths of the ¥%— ¥, 
transition. 

Local distortions of the crystalline field can 
arise for two reasons. Firstly, the isomorphic 
introduction of chromium into the corundum lat- 
tice distorts the lattice somewhat. Secondly, dis- 
tortions are due to the large mechanical stresses 
in the corundum crystals containing chromium 
(single crystals of chromium-containing corun- 
dum are grown from a melt at high temperatures ). 
The fact that the ratio of the widths A,/A; does 
not vary at first with increasing chromium concen- 
tration shows that at low concentrations the intro- 
duction of chromium does not add anything to the 
stresses that are present in the pure Al,O; lattice. 
An increase in the ratio A,/A; in samples with 
higher concentrations shows that the introduction 
of a large quantity of chromium into the corundum 
lattice introduces additional local distortions of 
the crystalline field compared with the pure corun- 
dum lattice. 

The existence of a residual line width for the 
- ih — uf transitions at high magnetic dilutions 
can be explained by magnetic dipole interactions 
of the Cr*** ions with the Al?" nuclei. 

Let us consider the dependence of the peak in- 
tensity of the lines for the two transitions on the 
concentration of the solid solution Al,03~° Cr,O3. 
The maximum in the peak intensity of the line for 
the —'/, — ¥, transition observed experimentally 
in the range of concentrations investigated can 
be explained in the following manner. For high 
chromium concentrations (~ 1%) not all the chro- 
mium ions are properly situated in the lattice. 
Some are situated in an entirely different crystal- 
line field. These ions give no contribution to the 
intensity of the absorption line, but broaden the 
lines by interacting with the ions which are re- 


sponsible for the resonance absorption corre- 
sponding to the transition being observed. The 
decrease in I, with increasing concentration is 
relatively more rapid than the decrease in I, 
since the width A, increases more rapidly than 
A;, also because of the increase in the inhomoge- 
neity of the crystalline field. 


COMPARISON OF EXPERIMENTAL DATA WITH 
THE THEORY OF DIPOLE BROADENING 


We have compared the experimental line width 
for the — vs a> y, transition, for which the dipole 
contribution must be the principal one, with the 
theoretical value obtained by using the calculated 
dipole broadening of the second moment of the ab- 
sorption curve. 

The formulas for the second moment of the ab- 
sorption curves have been given by Pryce and 
Stevens? for the case when the ion spectrum con- 
sists of several lines, while Kittel and Abrahams? 
have taken into account the effect of the concentra- 
tion of the paramagnetic ions in the solid solution 
on the dipole broadening. In our case the formula 
for the second moment has the form 


<Av) = X/N (28 + 1), 


X = DK Wiel 1,1 — 2,2 We | 2,1 


i,k 


— <2,1| Wie | 1,2>? +1 <1,2| Wie| 1.2> — <2.2| Wir | 2.2> 


+ <2,1| Wie| 1,2>[? + | <1.3] Wee | 1,3) 
= 2,3) Wiel 28> 1,3) Weel 3.1 = oma e oe 
+1<1.4| Wie | 1.4> — <2,4| Wie | 2.4? 


+1 1.4| Wie [41> — ¢2,4| Wie | 4.2> PI, (3) 


with Vy. # Yo93 # V3, (the superior bar denotes an 
average). Here N is the number of paramagnetic 
ions, the spinis S=%, the indices j =1, 2, 3, 4 
denote the energy levels of the paramagnetic ion, 
and V4. is the frequency of the transition for which 
the second moment of the absorption curve is cal- 
culated. In our case this is the — Y, — ¥, transition. 

On substituting for Wj, the Hamiltonian for the 
dipole interaction between the spins 
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Wie = 2" Brie? (SiSi— 2rin? Sitix) Serix)] 


and on evaluating the matrix elements in formula 
(3), we obtain for the line corresponding to the 
-¥, —, transition 


nh Dv) =f 2, ie = Bre [Fre — SF]; 4) 
k 


f is the concentration of the chromium in the 

corundum, and yj, is the cosine of the angle be- 
tween the radius-vector rj, andthe z symme- 
try axis. We note that for the , — UE transition 


a i>? ihe 
k 


which is smaller than the second moment of the 
absorption curve for the — ve = le transition (we 


have made use of this fact in the preceding section). 


On evaluating the lattice sums we obtain, for M 
=-¥,-¥,, o,=3960Vf oe. For £=5x 107 we 
have o; = 280 oe, while for f= 2x 107° we have 
0; = 18 oe. If we take into account the fact that for 
the Gaussian curve A/o = 2.35, for the Lorentz 
curve cut off at x =10a the ratio is A/o = 0.86, 
while the observed line shape is intermediate be- 
tween the Gaussian and the Lorentz curves (being 
closer to the Gaussian curve), then the calculated 
line widths exceed the experimental ones by a fac- 
tor of several fold for all the investigated concen- 
trations. 

We have also evaluated the contribution made to 
the line width by the interaction of the chromium 
ions with the aluminum nuclei. This contribution 
turns out to be ~ 4.5 oe (for A = 2.35 0), which 
is less than the minimum observed width of 12 oe 
in a sample with f = 2x 107. 


CONCLUSION 


Thus, analysis of the experimental data on the 
broadening of absorption lines in the “parallel” 


e.p.r. spectrum in chromium -containing corundum 
shows that we can qualitatively explain the experi- 
mental data on the basis of the dipole interaction 
mechanism and of the assumption of local inhomoge- 
neity of the crystalline electric field. However, we 
have not succeeded in obtaining quantitative agree- 
ment between the experimental widths of the transi- 
tions with those calculated theoretically by evaluat- 
ing the second moment of the absorption curve. The 
experimentally observed values of the line width 
are smaller by a factor of several fold than those 
calculated theoretically on the basis of the dipole 
mechanism. This suggests that the difference 
might be due to exchange interactions. However, 
exchange interactions in such highly magnetically- 
dilute samples of chromium-containing corundum 
as we have investigated could hardly have any ap- 
preciable effect on the absorption line widths. 

The authors express their gratitude to A. S. 
Bebchuk, R. P. Bashuk, and L. M. Kharitonova 
for providing the samples of chromium-contain- 
ing corundum and for optical measurements of 
chromium concentrations. 
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Twenty seven charge-exchange scattering events with subsequent decay 7 — e~+ e*+ Y 
were recorded in a hydrogen-filled diffusion cloud chamber located in a magnetic field and 
operating in 128-Mev and 162-Mev negative pion beams. The probability for this decay rela- 
tive to that for the usual decay is found to be 0.0117 + 0.0015. Results of measurements of 
the momenta and angles of the electron-positron pairs are presented. The experimental 
energy characteristics of the pairs and angular distributions are in satisfactory agreement 


with theory. 
INTRODUCTION 


ine decay of a neutral pion into an electron- 
positron pair and a photon 


n—>e +e7+y7 (1) 


was first discussed theoretically by Dalitz.! This 
alternate decay mode may be interpreted as inter- 
nal conversion of one of the photons in the field of 
the other. Dalitz, and later Kroll and Wada,” used 
quantum electrodynamics to calculate the internal 
conversion coefficient and the principal energy and 
angle characteristics of such decays. The results 
of these calculations depend only weakly on the form 
of the meson theory. Kerimov et al.’ recently cal- 
culated the probability for the decay (1) taking into 
account the spin states (longitudinal polarization ) 
of the electron-positron pair and the photon. Ex- 
perimentally this decay was studied by a number 
of authors,*~' but with comparatively low accuracy. 
It was therefore considered important to study the 
reaction (1) further with the purpose of obtaining 
more accurate results. 

We report here on data based on the study of 27 
events representing the m—~e+et+y decay, 
found in a diffusion cloud chamber operating in 
128-Mev and 162-Mev negative pion beams. The 
results of a preliminary analysis of 14 such de- 
cays were reported by us previously.® 

The chamber was filled with hydrogen at a 
pressure of 25 atmos and placed in a constant 
magnetic field of 9000 gauss. The experimental 


*Reported at the VI session of the Scientific Council of the 
Joint Institute for Nuclear Research (May 1959) and at the Kiev 
Conference on High-Energy Physics (July 1959). 


setup, the operating conditions in the negative pion 
beams, and the method of analysis have already 
been described in more detail previously.®’!” The 
neutral pions were obtained by charge-exchange 
scattering. The indicated 27 cases of the decay 

(1) were found after scanning twice approximately 
90,000 stereo photographs and were identified by 

m™ meson tracks ending in the gas inside the cham- 
ber and accompanied by the emission of an electron- 
positron pair. Photographs of two such cases are 
shown in Fig. 1. It should be noted that all the 
pairs found were assumed to be due to internal con- 
version, since as a result of the low stopping power 
of gaseous hydrogen the probability for the appear- 
ance of one pair in the present experiment, pro- 
duced by a photon from the m7 —2y decay, ata 
distance less than 1 mm from the decay point 
(external conversion) amounts to 7 x 107°. 


DETERMINATION OF THE INTERNAL CONVER- 
SION COEFFICIENT 


The relative probability for the decay mode (1) 
for a neutral pion is given by the expression 


w (mp se- feta) 2a [, e\ O77 
tei 2 [in(se)- | = a 


where a is the fine structure constant. The re- 
sults of experimental determinations of the coeffi- 
cient 2p) are collected in Table I. The data on 
2p) of Daniel et al.‘ and Anand’ were obtained by 
scanning nuclear emulsions exposed to cosmic 
rays, where the number of neutral pions produced 
in a star could not be determined with sufficient 
accuracy. The value for 2p) found by Lindenfeld 
et al.° using counters is also of comparatively low 
accuracy. Sargent et al.’ obtained the internal 


2p) = 
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FIG. 1. Photo- 
graphs of 7 +p>7°+n 
followed by the decay 
m+>e-+et+y ob- 
tained with a hydro- 
gen diffusion cham- 
ber: a—pair No.3, 


b —pair No. 6. 
TABLE I 
2Po | Author 
0.020+0.006 Daniel et al.‘ 
0,013+0.004 Anand * 


0,0080 
0.0445 + 90045 
0.0106+0.0017 
0,0117+0.0015 


Lindenfeld et al.® 
Sargent et al’ 
This work 


conversion coefficient by working with slow 7 
mesons, which stopped in a hydrogen diffusion 
chamber. The main difficulty in determining 2p) 
by this method lies in the identification of the 
pairs due to the 7° decay and the internal con- 
version pairs from the reaction ™+p—n+y. 
Furthermore, the quantity 29) was found in that 
work under the assumption that the Panofsky ratio 
P is 0.94. If one takes for P the value 1.5—1.8, 
as determined more recently ,!! then the value of 
the coefficient 2p), calculated from the data of 
Sargent et al., will be in disagreement with its 
theoretical value and other experimental data. 
The method for determining the internal con- 
version coefficient adopted in this work makes 
use of fast negative pions, when the number of 
pairs due to internal conversion of photons from 
the reaction ™ +p—-n+vy amounts to only 1% 
of the number of 7’ — e+ e*+ y decays. There- 
fore the contribution from such pairs may be neg- 
lected in the computation of the coefficient 2p. 
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In addition the number of 7’ mesons decaying in 
the usual way (into two photons) can be accu- 
rately determined from the number of elastic 
scattering events and the known ratio of elastic 
and charge-exchange scattering cross sections. 
The direct determination of the number of charge- 
exchange events is extremely difficult in a diffu- 
sion chamber due to local insensitive regions and 
edge effects. 

The coefficient 2p) is determined from the 
formula 


Npair Sel Nel (3) 


Po = Ney otal’ ace! “pair 

where Npair and Ne] are the number of decay 
and elastic scattering events respectively; Ototal 
is the total cross section for the mp interaction; 
Og] is the total elastic mp scattering cross sec- 
tion; Npair and ne] are the efficiencies for the 
observation of events corresponding to the decay 
(1) and to elastic scattering. 

The same selection criteria were applied to the 
pairs from 7° decays as were used for elastic mp 
scattering.!° These criteria were satisfied by 26 
pairs and 1285 elastic scattering events. A correc- 
tion was made in the number of elastic scattering 
events connected with Coulomb scattering and the 
interference between Coulomb and nuclear scatter- 
ing. For otota] and ce] entering into Eq. (3) we 
took the average values of total ma p-interaction 
cross sections! and total elastic cross sections,!° 
weighted by the number of elastic scattering events 
at 128 Mev and 162 Mev. 

The detection efficiency for elastic mp scatter- 
ing events was determined from missed events, 
whose tracks lie in a plane close to the vertical, 
and was found to be 90%; the pair detection effi- 
ciency was assumed to be the same. The relative 
probability for the decay (1), as calculated from 
Eq. (3) with the above remarks taken into account, 
was found to be 2p) = 0.0117 + 0.0015, and the in- 
ternal conversion coefficient for photons from the 
nm decay was found to be py = 0.0058 + 0.0008, 
where the indicated errors are statistical probable 
errors. This value for 2p) is in good agreement 
with the theoretical value (2). 


ANGLE AND ENERGY CHARACTERISTICS OF 
THE PAIRS 


Table II shows the results of the analysis of the 
27 electron-positron pairs found in this work. The 
total energy of the electron, the positron, and the 
pair are listed in the first three columns of the 
table. In the following columns are listed the cor- 
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TABLE II 
Pair No. E-, Mev E+, Mev E=E-+E+, a, degrees 6, degrees 6*, degrees 
Mev (l.s.) (1.s.) | (c.m.s.) 
1 = — 285 418 428 
2 197 46 >238 16 50 60 
3 19 41 60 36 95 107 
4 148 >T74 222) 7 91 103 
3) 20 Ard 131 8 145 154 
6 27 6 33 22 417 127 
7 89 67 156 6 50 60 
8 >14 >96 >110 5 100 UG) 85) 
9 = _ —_ 2 440 124 
10 75 105 180 53 140 147 
14 39 Sky >194 3 99 411 
12 10 24 38 86 98 
13 166 20 186 28 65 75 
1 22 27 49 46 118.5 128.5 
15 33 40 73 25 76 88 
16 20 Syl >76 20 104 MAU 8) 
47 Wes 52 59.3 5) 119 129 
18 23 >122 >145 2 89 104 
19 7 27 406 29 44 53 
20 42 14 56 17.5 97 108 
21 — 32 32 25 90 102 
2a 16 187 203 43 92 104 
23 45 47 92 32.9 62 73 
24 >67 79 >146 5 91 103 
25 24 65 86 74 93 105 
26 | 39 29 68 10.5 54 64 
27 63 44 104 8 141 148 
relation angles a (i.e., the angle between the posi- a 
tron and the electron) in the laboratory frame, and 
also the angle @ between the direction of the total PAG 
momentum of the pair and the direction of motion i 
of the a meson in the laboratory system (l.s.) Hy 
and the corresponding angle 6* in the center -of- Zi 
mass system (c.m.s.). Momenta (energies) were SUA 
measured with an accuracy of ~ 10%, whereas Y Lop 
angles were measured with an accuracy of 1°. In Y fy 
the case of very short tracks only lower limits for YU Ss aT 
s ; : : 0 2@ @ © & 100 120 U0 10 ho 
the corresponding energies are listed in the table. a. deg 
Events 1 and 9 were found in emulsions exposed FIG. 2. The distribution of pairs from the decay 
without the magnetic field. 7° »e-+e++y in correlation angle @ (l.s.). The solid 
It is interesting to compare these experimental curve refers to the theoretical distribution in the 7° rest 
data with the results of the calculations by Dalitz frame as obtained by Dalitz (private communication) 
and by Kroll and Wada. 
es y =| Pe- — Per | /|Pe- + Pet |, (4) 


1. The experimental distribution of pairs n(a@) 
in correlation angles a is shown in Fig. 2. The 
solid line in Fig. 2 represents the theoretical form 
for this distribution as obtained by Dalitz (private 
communication) in the rest system of the 7’, For 
angles a > 2° this distribution is of the form 
n(a)da ~ da/a. If the velocity of the 7’ meson 
is taken into account the distribution is shifted 
only insignificantly in the direction of smaller 
angles and it therefore follows from Fig. 2 that 
the experimental distribution is not in contradic- 
tion with theory. 

In the rest frame of the neutral pion, half of the 
pairs should be emitted with a correlation angle 
less than a4, =18.1° (according to Dalitz). In 
this work we found for a4/, the value 16°. 

2. The distribution of the pairs in the parameter 


where Pe- and pet are the momenta of the elec- 
tron and positron in the laboratory frame, is shown 
in Fig. 3 in the form of a histogram. This param- 
eter characterizes the division of energy between 
the particles of a pair. The smooth curve repre- 
sents the theoretical distribution in the parameter 
y in the rest frame of the neutral pion, as obtained 
by Kroll and Wada. The parameter y depends only 
weakly on the velocity of the a meson. It is seen 
from the figure that the distribution of pairs in the 
parameter y is in agreement with theory and there 
is no tendency for the particles in a pair to share 
the energy equally, as suggested by the results of 
Sargent et al.’ and particularly strongly by the re- 
sults of Anand.° 

3. An important theoretical characteristic of 
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FIG. 3. The distribution of 
pairs in the parameter y. The 
solid curve refers to the theo- 
retical distribution.’ 
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the pairs from the decay (1) is their distribution 
in the parameter 


x= (E + E*)? 


(5) 


where E’, E*, po-, and pe are the total energies 
and momenta of the electrons and positrons. The 
parameter x is an invariant and can be interpreted 
as the degree to which the intermediate photon, 
which converts into the pair, is virtual, or as the 
square of the “rest mass” of the virtual photon. On 
the assumption that the linear dimensions of the 
currents responsible for the electromagnetic ra- 
diation in the decay of the nm’ are small compared 
to 2h/myec, the following distribution was obtained 
by Dalitz:! 


(Pe- Fy Pet) a 


‘ 2 2 
x + 2m; ee a 


(6) 


"lp 
j (x) = ) (ma =x). 


This distribution is shown in Fig. 4 by the solid 
curve; the histogram shows the pair distribution in 
the parameter x based on the results of this work. 
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FIG. 4. The distribu- 
tion of pairs in the pa- 
rameter x. The solid 
curve refers to the theo- 
retical distribution.” 
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It can be seen that the majority of pairs has small 
values of x. This means that the intermediate pho- 
ton is virtual to a small degree only, i.e., the char- 
acteristics of the internal conversion pairs from 
the decay (1) should not be very different from the 
characteristics of pairs produced by real photons 
(external conversion). Consequently the angular 
distribution of the pairs should practically coin- 
cide with the angular distribution of photons from 
the decay 7’ + 2y. In Fig. 5 we show in the form 
of a histogram the angular distribution of pairs in 
the angle 6* inthe m7 -p center-of-mass frame 
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FIG. 5. Angular distribution of 10 
the pairs relative to the direction of 
of the 7~ mesons in the m~-p cen- 
ter-of-mass system. The solid 
curve refers to the angular distribu- 5 
tion sin 6* do/dQ (in an arbitrary 
scale) of photons from the decay of 
neutral pions produced in the reaction 
m-+p2m°+n by 150-Mev 77 mesons. 


Yj 


Q 20 40 60 80 100 120 40 160 10 
o deg: 
obtained in this work. It is seen that this distribu- 
tion is not in contradiction with the solid curve 
which represents (do/dQ) sin @* (arbitrary 
scale) and corresponds to the photon angular dis- 
tribution from the decay of a’ mesons obtained 
from the reaction 7 + p— nm’ +n with 150 Mev 
m mesons.’ 

The total energies of the pairs E = E™ + E* 
are, as was to be expected, contained in the in- 
terval 17 —270 Mev, corresponding to the limits 
of the calculated energy spectrum of photons from 
the decay of neutral pions produced by the charge- 
exchange process. 

In conclusion, it should be noted that in the scan- 
ning of the photographs one event was found corre- 
sponding to the decay of a r according to the 
mode 1m’ —-e + e*+e>+e*.? Not one of the 27 
pairs has kinematics in agreement with the decay 
mode 7’—e + e*, the relative probability of 
which is of order 10~' according to estimates by 
Drell.'4 

The authors are grateful to Prof. R. Dalitz for 
communicating some unpublished theoretical cal- 
culations. 
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The total cross sections for positive-ion formation in collisions of H” ions (10 to 50 kev ) 
with the atoms He, Ne, Ar, Kr and Xe and the molecules Hz, Ny and O, have been meas- 
ured; the same cross sections have been measured for O7 ions with the same energy in 


collisions with inert gas atoms and Hy, and Op). 


H* are compared. 


INTRODUCTION 


Because of the great amount of work!~'6 carried 
out in recent years, chiefly by N. V. Fedorenko and 
his co-workers, a number of the characteristic fea- 
tures of the ionization of gases by positive ions have 
been established. One of the results of this work is 
an understanding of the differences in the ionization 
of gases by positive ions and by electrons. It is also 
of interest to compare ionization processes in gases 
when ionization is caused by ions of the same type 
with opposite charge. 

A comparison of this kind can be useful in es- 
tablishing the role of the sign of the charge of 
heavy particles with the same mass and atomic 
number. In H* and H’ there is a sharp difference 
in the structure of the electron shell: one is a bare 
nucleus while the other has a closed shell, similar 
to that in helium. Another important difference in 
ionization caused by positive and negative ions 
should be kept in mind. Ionization by positive ions 
is accompanied by a competing process, capture 
of a single electron (single-electron charge ex- 
change). Ionization by negative ions is not accom- 
panied by this process. The chief competing proc- 
ess in this case is the one in which a single elec- 
tron is detached from the negative ion. 

It follows that a comparison of the ionization 
of gases by positive and by negative ions should 
furnish certain data concerning ionization of gases 
by heavy particles. However, such a comparison 
is not possible because of the complete lack of ex- 
perimental data on the ionization of gases by nega- 
tive ions. The present work has been undertaken 
in order to obtain these data and to compare them 
with data on ionization cross sections for positive 
ions. For a number of reasons, ionization of gases 
by H™ is of greatest interest. To clarify the role 


The ionization cross sections for H™ and 


of ion mass, we have also measured ionization 
cross sections for D™. In addition, to determine 
the effect of the atomic number and electron-shell 
structure of the ion, we have measured ionization 
cross sections for O ions. 


METHOD OF MEASUREMENT 


When negative ions move through a gas the fol- 
lowing inelastic processes can occur: 


LAC BS Aaa B" 
Il. A7+ B- A> +B’ + ke —ionization(1 < k < Zz); 

Ill. A-4+B—> A“ + ke B— stripping(! kk — 24 -e 1) 
Wasa oR = tees 


— excitation 


— charge exchange 


(the last process is possible if particle B has a 
positive electron affinity ). 

If the gas is molecular the molecules can disso- 
ciate into positive and negative ions. In an atomic 
gas traversed by a beam of negative ions, slow pos- 
itive ions are formed only by ionization. Thus, the 
total cross section for positive-ion formation, of - 
can be measured by a potential method; the method 
used here is essentially that described in refer- 
ences 1, 3, and 6. 

A magnetic field parallel to the plane of the 
measurement electrode is used to suppress sec- 
ondary electron emission from this electrode; this 
method has also been used earlier.® 

The cross section of is computed for single 
collisions from the formula 

oF = inf, nL, 


(1) 
where ify is the positive current at the measure- 
ment electrode with the magnetic field on, Ij is 
the current of the primary beam, n is the num- 


ber of gas particles per cm*, and L is the length 
of the measurement electrode. 
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The total cross section for the formation of 
electrons and slow negative ions, o , is deter- 
mined from the formula 


Sea tall, Wl. (2) 


where i is the negative current at the measure- 


ment electrode in the absence of the magnetic field: 


The value of o computed from Eq. (2) is some- 
what high because of the secondary emission from 
the negatively charged plate of the measurement 
capacitor. If the secondary emission coefficient 


for this plate is small, the following relation holds: 


ZA 


oot + > (e+ l)oueto, (3) 
k=0 


where o_;k is the cross section for the detach- 
ment of k+1 electrons from the negative ion and 
oj is the cross section for the formation of slow 
negative ions. 


If 

ZA 

<x oF + i (e+ 1) c_yp 
k=0 

we have 

ZA 

ov = ot 4 Dae Jaliet es (4) 
k=0 


The cross section oj is determined from the 
expression 


07 = ig/IpnL, (5) 


To mass spectrometer 
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where iy, is the negative current at the measure- 
ment electrode in the presence of the magnetic 
field. 

The following remarks should be made with re- 
gard to oj. Actually, of represents the sum 


ZA 
ye kok” where ok is the cross section for ioni- 
k=1 


zation with detachment of k electrons from the 
gas particle. cs can be determined from the 
relative intensity of the peaks in the charge spec- 
trum characteristic of the slow positive ions as 
obtained by an auxiliary mass spectrometer. In 
turn, each on represents the sum of the cross 
sections for ionization without change of charge 
of the negative ion and with detachment of one, 
two, or more electrons from the negative ion. 


APPARATUS 


A diagram of the apparatus used for measuring 
the cross sections for ionization of gases by nega- 
tive ions is shown in Fig. 1. 

The negative-ion source is the negative-ion in- 
jector of the charge-exchange electrostatic accel- 
erator being built at the Physico-Technical Insti- 
tue, Academy of Sciences, Ukrainian S.8.R. The 
design of this injector and its characteristics have 
been described by us in detail earlier*’ and will 
not be considered further in the present paper. 


Z 


To negative 
ion projector 


FIG. 1. Diagram of the apparatus. 
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A monoenergetic beam of negative ions of a 
given kind is selected by the magnetic mass mono- 
chromator 1 and focused by the electrostatic quad- 
rupole lens 2 on the slit (2x 4mm). The beam 
is then deflected through an angle of 10° by the 
electric field of the plane capacitor 4 and strikes 
the input slit 5 of the collision chamber 6. The 
axis of the collision chamber is inclined with re- 
spect to the beam axis in front of the capacitor 4 
by an angle of 10° (not shown in the sketch). By 
means of the deflection capacitor it is possible 
to select neutral atoms and positive ions produced 
by collisions of ions of the beam with molecules 
of the residual gas in the space between the mag- 
netic analyzer and the collision chamber. 

The primary beam enters the collision chamber 
through an input slit (0.5 x 1 mm), traverses the 
input channel (4 x 6 mm and 25 mm long) and 
leaves through an exit channel (5.5 x 8.5 mm and 
15 mm long). In order to supress secondary elec- 
tron emission from its edges, the input slit is in- 
sulated from the frame of the collision chamber 
and is maintained at a positive potential of 300 v. 
The measurement volume is formed by the five 
plane capacitors 7 consisting of electrodes with 
an area of 50 x 50 mm which are spaced every 
30 mm. The four coils 8 wound directly on the 
frame are used to produce a longitudinal magnetic 
field in the chamber. The gas pressure in the 
collision chamber is measured with a Knudsen 
gauge. When the trap 9 is filled with liquid air 
the pressure of the residual gas in the chamber 
is 7 or 8 x 107° mm Hg. 

The current in the primary beam is measured 
with a Faraday cylinder 11. The beam transmis- 
sion through the collision chamber is monitored 
by a Faraday cylinder 10. Both Faraday cylinders 
are furnished with magnetic control. At the resid- 
ual gas pressure indicated above the chamber trans- 
mission is 100%; at a pressure of 1 x 10-4 mm Hg 
the transmission is reduced to 85 or 90%. 

The primary beam current is measured with a 
mirror galvanometer with a sensitivity of 1 x 10719 
amp per division. The primary beam current var- 
ies from 1.5 x 107’ to 1 x 1078 amp. The current 
at the measurement electrode (plate of the fourth 
capacitor) is measured with a string electrometer 
with a sensitivity of 1 x 107'2 amp per division. 
The currents Ij and ify are measured simultane- 
ously in order to avoid errors due to random fluc- 
tuations in the primary beam current. 

An auxiliary mass spectrometer is connected 
to the collision chamber; this instrument is used 
to make mass spectrometer analyses of the slow 


FOGEL’, KOVAL’, 
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ions formed in the gas by passage of the negative 
ions. 

Differential pumping for the collision chamber 
is realized by means of an MM-1000 diffusion 
pump which pumps through two ports, 12 and 13. 
Liquid-air traps are used to prevent vapors of 
the organic materials in the pump from reaching 
the apparatus. 

The energy of the negative ions is determined 
from the potential difference traversed by these 
ions. In the case of H™ resulting from H7—H', 
the energy is computed from the formula E 
=e[4Vext+ Vacc]; for H” and O7 resulting 
from H*—H™ and O* —O™ the energy is com- 
puted from the formula E=el[Vext+ Vacc]. The 
extraction and acceleration potentials Vext and 
Vaec are measured with S-96 electrostatic volt- 
meters. The random error in the measurements, 
as estimated from the spread in the results, is 
+10%; the error in the energy measurements is 
+3%. 


RESULTS OF THE MEASUREMENTS 


Before the measurements were made, a number 
of iff7/Ily =f£(H) and iff/lh = F(V) character- 
istic curves were obtained to determine the mag- 
netic field H required for suppression of second- 
ary emission from the measurement electrode and 
the electrode potential V required for obtaining a 
saturation current. Subsequently all measurements 
were made at H=140 0e and V=100v. In order 
to find the conditions required for obtaining single 
collisions, the dependence of ify /Ty on gas pres- 
sure p in the collision chamber is determined. 
The cross sections of and o are determined 
from the slope of the linear portion of this curve. 

To check the accuracy of the overall method, 
the total cross sections for the positive-ion for- 
mation by protons in hydrogen and argon were 
measured. The cross sections obtained this way 
agree, within the error limits of the measurements, 
with the data available in the literature.® !4)15 

In addition, measurements were made to deter- 
mine the total cross sections for free-electron for- 
mation in hydrogen and argon by H™ ions. The re- 
lation o =0_j9 + 20_4;+ 0}; should hold for H™ 
ions [cf. Eq. (4)]. This relation was found to hold 
fairly well, as can be seen from Fig. 2, where we 
show the dependence of o and o_49 + 20_44 + OF 
on v. The values of o_;) for argon and hydrogen 
were taken from the work of Stedeford and Hasted!® 
and Stier and Barnett!® respectively; the value of 
o_4, was taken from reference 20. For hydrogen 
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FIG. 2. The dependence 
of o~ (solid curve) and 
F_y + 20_,, + o;* (dashed 
curve) on v for argon and 
hydrogen. 


1 2 3 
ie cm/sec 
the quantities o and o_4g+ 20_4,+ 07 are in 
agreement, within the experimental errors; in ar- 
gon, however, at velocities greater than 2 x 10° 
cm/sec, the second quantity is somewhat greater 
than the first. 

The results of measurements of oj for H™ 
ions with energies from 10 to 50 kev for five inert 
gases and three molecular gases are shown by the 
oj (v) curves in Fig. 3. 


6 
10 of, cm? 


0) cm/sec 


FIG. 3. The function o;*(v) for H (dot-dashed curves), 
D, (dashed curves) and O, (solid curves) for five inert 
gases and three molecular gases. 


The dependence of oj on ion velocity is the 
same for all gases: initially oj increases as the 


velocity increases; then the oj (v) curve reaches | 


a plateau which extends up to the end of the veloc- 
ity range which has been studied. oj varies some- 
what from one gas to another. In inert gases it in- 
creases withthe atomic number of the gas while in 
molecular gases it increases in the order Hp), 
O,, No. 

To determine the effect of ion mass on Oj (all 
other conditions remaining the same) we have 
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measured this cross section for D™ ions with en- 
ergies from 10 to 50 kev in hydrogen, oxygen, neon, 
and xenon, The oj(v) curves for H” and D™ are 
compared in Fig. 3. As is apparent from the figure, 
oj is the same for H™ and D’, within the limits of 
the experimental errors, for the velocity range in- 
vestigated; thus, the ion mass does not affect oj. 

As has been indicated above, it is of interest 
to compare ionization caused by protons and by 
negative hydrogen ions. It is obvious that oj for 
H™ must be compared with o, the total cross 
section for the formation of free electrons by H*. 
In Fig. 4 this comparison is made for inert gases. 
The data for argon are taken from reference 15 
while the data for the other gases have been kindly 
furnished to us by N. V. Fedorenko from his pub- 
lications. It is apparent from Fig. 4 that oj (v) 
and o (v) vary in the same way and that the ab- 
solute values of the cross sections are approxi- 
mately the same. However, the ionization cross 
section curves for heavy particles and electrons 
differ markedly. The reasons for this difference 
have been discussed many times in papers pub- 
lished by Fedorenko and his co-workers and will 
not be considered here. A similar situation obtains 
for the molecular gases. Thus, H*, H” and D™ 
yield ionization cross sections which are approxi- 
mately the same, in spite of the differences in the 
sign of the charge, mass, and electron-shell struc- 
ture. In order to clarify the effect of the nuclear 
charge it would seem desirable in the future to 
compare oj in H', He, and Li’*. 

We have already indicated that in collisions of 
H™ with gas molecules ionization of the gas particle 
and detachment of electrons from the ion (stripping ) 
are competing processes. The stripping probability 
for the H™ depends on the sum o_4) + 0_y,, the 
sum of the cross section for stripping of one and 
two electrons from the fast ion. The total proba- 
bility for transition of electrons into the continuum 
of the system comprised of the two colliding atomic 


particles is given by the sum o_,)+ 0-4;+ oj. In 
Fig. 4 we compare the functions oj (v), 0-49 + 0-44 
=f(v) and o_y + 0_4,+ 0; = F(v) for inert gases. 
The values of o_j) are taken from reference 18 
while the values of o_,, are taken from reference 20. 
The following conclusions follow from an analy- 
sis of the curves in Fig. 4: 1) the cross section 
of is much smaller than the sum of the cross sec- 
tions o_4) + 0-44 (20 —25% of this sum for xenon, 
krypton, and argon and approximately 12% for neon 
and helium); 2) the quantities oj, 0-4) + 0-4, and 
o_49 + 0-4, + Oj increase monotonically with the 
atomic number of the gas; 3) the behavior of the 
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functions oj(v), 0-49 + 0-4,=f(v) and oy) + O44 
+ oj = F(v) is the same for all gases except he- 
lium. These conclusions would seem to be incom- 
patible with the notion of competition between ioni- 
zation and stripping in atomic collisions; according 
to this interpretation, o_4) + 0-4, + 0] should be a 
weak function of the atomic number of the gas while 
the oj and o_4) + 0_4, should vary in opposite di- 
rections as the atomic number of the gas varies. 
These quantities should also vary in opposite di- 
rections as the ion velocity varies. Actually, both 
vary in the same direction as the atomic number 
of the gas and the velocity of the ion; moreover, 
O_49 + 0-4; + 07 increases appreciably with the 
atomic number of the gas. This last finding would 
seem to indicate that the total probability for tran- 
sition of electrons from bound states in the collid- 
ing atomic particles into states in the continuum 
depends on the number of electrons in the electron 
shell of the colliding particles and increases as 
this number increases. 

The data obtained in measurements of the cross 
sections oj for O°” ions with energies from 10 to 
50 kev in five inert gases and in hydrogen and oxy- 
gen are shown in Fig. 3 in the form of oj (v) 
curves. 

A characteristic feature of the oj (v) curves 
for O” is the rapid increase in oj with ion ve- 
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FIG. 4. O—cross section for ionization by 
protons, #—cross section for ionization by He 
e—sum of the cross sections 0_,5 + 9_4,, O— 
sum of the cross sections o_,, + 0_,, + of, the 
dashed curve is the electron ionization cross 
section. 


locity; in this feature these curves differ essen- 
tially from the corresponding curves for H™. This 
difference is due to the fact that in the energy range 
which has been investigated the O velocities are 
much smaller than the H™ velocities. The increase 
in the derivative of the oj(v) curve with a reduc- 
tion in ion velocity is also observed for positive 
ions (cf. Fig. 11 of reference 7). Although the 
velocity ranges investigated for H™ and O do not 
overlap, from the behavior of the oF (v) curves 
for these ions we may conclude that at the same 
velocity the total cross section for positive-ion 
formation by O is greater than for H™. This re- 
sult is in agreement with the suggestion that the 
cross section for transition of electrons into a 
state in the continuum increases as the number 

of electrons in the electron shells of the colliding 
particles increases. A more detailed analysis of 
the results presented in the present paper will be 
made after completion of the second stage of this 
work, which will consist of an investigation of the 
slow-ion charge spectrum and the determination 
of the cross sections for ionization with detach- 
ment of one, two, or more electrons. 

In conclusion, we wish to take this opportunity 
to express our gratitude to Professor A. K. Val’ter 
for his continued interest in this work, to L. P. 
Rekova and A. F. Khodyachikh who participated in 
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the measurements, and to Technician P. A. Chudnyi 
for construction of the collision chamber. 
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A method is described for measuring the speed of propagation of weak disturbances behind 
the front of strong shock waves. The existence of two sound velocities, corresponding to the 
elastic and plastic states of the material, has been detected. With the aid of the techniques 
which have been developed, the sound velocities and isentropic compression moduli of alu- 
minum, copper, iron, and lead have been determined in the pressure range 0.4 to 3.5 Xx 108 
atmos. On the basis of the experimental results so obtained, the magnitudes of the thermal 
energy, the temperatures of the shock compression, and the Gruneisen coefficients have 


been estimated. 


INTRODUCTION 


The new methods of studying the properties of 
matter at high pressures are based on the use of 
strong shock waves./»* A determination of two of 
the wave parameters — its velocity of propagation 
and the velocity of the mass of material behind the 
front — permits the pressure and density in the 
shock compression to be found. 

A third important kinematic parameter of a 
shock wave is the speed of sound within the mate- 
rial compressed by the shock. Its value charac- 
terizes the speed with which small disturbances 
(weak shocks and relaxation waves) are propa- 
gated through the compressed material. A knowl- 
edge of the speed of sound, in this sense, is of un- 
doubted interest, not only for geophysical investi- 
gations, but also for other investigations connected 
with the propagation of sound and shock waves, and 
in particular for properly setting up experiments 
to determine dynamic compressibility. 

Measurements of sound velocity play a large 
part in the study of the equation of state. It is 
well known that a shock compression increases 
the internal energy of a body by the amount AE 
= 3Pr(v)—v), where Pry is the pressure in the 
shock, vo is the initial specific volume, and v 
is the specific volume behind the shock wave front. 
On the diagram of pressure vs specific volume 
(Fig. 1), AE is equal to the area of the triangle 
OAB. The energy thus acquired is partly spent 
in overcoming the elastic repulsive forces, in- 
creasing the elastic potential of the lattice by an 
amount equal to the area of the curvilinear triangle 
O,DA. 


FIG. 1 


The remaining part, represented by the shaded 
area in the diagram, is liberated in the form of 
thermal energy, heating up the material and in- 
creasing its entropy. As a result, the points on 
the dynamic adiabatic lie on different isentropics 
Ps above the curve for elastic or cold compres- 
sion Py. Through the relation —v? (@P/dv), = C’, 
measurements of the speed of sound behind the 
front of a strong shock wave determine the slope 
of the isentropics — in other words, the isentropic 
compressibility of the material — in the extreme 
high pressure region of hundreds of thousands or 
millions of atmospheres. 

In the present study we present methods of 
measuring the speed of sound behind the front of. 
strong shock waves, and the results of measure- 
ments on aluminum, copper, lead, and iron in the 
range of pressure from 4 x 10° to 3.5 x 10° atmos. 
On the basis of the experimental results obtained, 
the isentropic derivatives have been calculated and 
the thermal energies and temperatures in the shock 
have been estimated. The Griineisen coefficients 
have also been estimated, with somewhat less 
accuracy. 
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1. MEASUREMENTS OF THE SPEED OF SOUND 
BY THE LATERAL RELAXATION METHOD 


By definition, the speed of sound is the speed of 
propagation of small disturbances with respect to 
the moving material. Since at the wave front 
C+U>D (U being the bulk velocity of the mate- 
rial behind the shock wave front and D the velocity 
of the front), it follows that any disturbance origi- 
nating behind the shock wave front will overtake 
the front, and will produce changes in all the pa- 
rameters, including the kinematic parameters U 
and D themselves. This permits measurements 
to be made of the velocity of propagation of acous- 
tic disturbances, since it registers their arrival 
at the shock wave front. 


FIG. 2 
In the method of lateral relaxation, the shock 


wave moves along a cylindrical sample with a 
stepped shape (Fig. 2). The surface of the shoulder 


acts as a source of rarefaction waves. Expansion 
waves propagate with the speed of sound through 

the shock in the metal and overtake the shock wave 
front, causing a reduction of pressure in the periph- 
eral zone of the sample. 

Let us consider the two positions of the shock 
wave front at the instants t and t+ At. Let the 
point O separate the relaxed portion of the front 
from the unrelaxed part. After the time At the 
shock wave has progressed a distance DAt, and 
the metal particles which were originally at point 
O have been displaced along behind the front for 
a distance UAt. After the same interval At the 
relaxation waves will have reached a sphere of 
radius CAt with its center at O,. Since the 
motion of the rarefaction waves caused when a 
shock wave passes around an internal angle is 
self similar, the trajectory of the boundary point 
is a straight line, making a constant angle of re- 
laxation a@ with the direction of propagation of 
the shock wave. In the right-angled triangle O,AB 
we have AB =V(CAt)?—(D-U)*At?.. The same 
leg in the triangle AOB is AB=DAt tana. Equat- 
ing, we obtain the following expressions for the 
tangent of the relaxation angle and the speed of 
sound: 
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(1) 
(2) 


tana = V(C/D)?— [((D —U)/ DP, 
C = DVtana)? + [((D —U) / D>. 


Thus, for measurements of the speed of sound 
by the lateral relaxation method, if the parameters 
D and U for the shock wave are known, the tan- 
gent of the relaxation angle a must be determined 
experimentally. 


FIG. 3. a—Scheme of ex- 
periment for determining the 
relaxation angle. b— Front 
of the flying material. 


The general scheme of the experiment for 
measuring the angle a is evident from Fig. 3. 
Until the instant when the shock wave emerges 
from the sample slab, the relaxation waves create 
a region of reduced pressures and lower throw-off 
speeds on the wave-front surface. The velocity of 
the free surface of the sample therefore falls off 
from point B toward point A, as shown schemat- 
ically by the lengths of the arrows. The boundary 
of the unrelaxed region is found by measuring the 
throw-off velocities, or (which amounts to the 
same thing) the difference in the time of flight of 
the metal to a Plexiglas plate P fixed a short dis- 
tance away from the sample. The process of the 
collision of the thrown-off surface with the Plexi- 
glas surface is determined with a double-objective 
slit photo-chronograph with a type SFR-3 rotating 
mirror® having a sweep speed up to 6 km/sec. A 
break in the profile of the flying material (see 
points B’ in the sketch of the photochronogram, 
Fig. 3) determines the boundary of the unrelaxed 
region. Knowing the diameter of the shoulder d, 
the height h of the sample, the scale of the photo- 
graph k, and the distance B’B’ measured on the 
film, we find the quantity of interest to us from the 
formula 

tana = (d — kB’B’) / 2h. (3) 
where k is the ratio of the dimensions in nature 
to the dimensions on the film. 

The shock wave parameters necessary to evalu- 
ate the speed of sound from (2) are determined in 
separate experiments. If the dynamic adiabatic is 
known, it is sufficient to measure a single param- 
eter of the shock wave, for example its velocity D. 


2. RELAXATION WAVES — ELASTIC AND PLASTIC 


At pressures of 300 to 500 x 10° atmos, the photo- 
chronograms recording the time differences in the 
shock along the indicator surface differ fundamen- 
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tally in nature for materials having different me- 
chanical properties. With water, for example, the 
photograph records a sharp bend at the boundary 
of the unrelaxed zone (see Fig. 4a). On the other 
hand, with a steel sample the curve has a rounded 
contour without sharply defined boundaries to mark 
off the region of the relaxation waves (Fig. 4b). 


FIG. 4. Experimental 
photochronograms. Velocity 
of travel of the light across 
the film is 6 mm/microsec. 
Direction of motion is shown 
by the arrow. 


On the basis of the pictures obtained, it can be 
assumed that for rigid materials the more slowly 
moving particles of the peripheral zone retard the 
neighboring portions of the unrelaxed region, which 
originally received the maximum momentum. In 
practice, if a thin layer of water or alcohol is ap- 
plied to the metal surface to receive the momen- 
tum of the free surface, it permits the distribution 
of velocities across the sample diameter to be re- 
corded more clearly, and the boundary of the unre- 
laxed zone to be determined with high precision 
(see Fig. 4c). Nonetheless, the difference in flight 
time for different parts of the liquid layer confirms 
in basic outline the picture derived above of a 
gradual decrease of velocity in the relaxed zone, 
and a large relaxation angle. 

Table I gives the results of relaxation angle 
measurements for water, copper, and iron at 
relatively small shock pressures. The sound 
velocities C* and the corresponding compressi- 
bility moduli pyC** have been calculated from 
the observed relaxation angles. In Table I these 
quantities are compared with the values of the 
derivatives of the dynamic adiabats dPy /do, 
which for low pressures characterize the isen- 
tropic compressibilities of the materials with 
reasonable accuracy. For water the experimen- 
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tally measured modulus pyC*? is somewhat 
smaller than the derivative of the dynamic adiabat, 
in agreement with the theory of the subject; for 
copper and iron it is considerably greater — ap- 
proximately 1.5 times. 

The data given in the table prove beyond doubt 
that in the metals under consideration there are 
wave systems propagating with speeds greatly ex- 
ceeding the isentropic velocity of acoustic waves 
of volume compression. 

In order to understand their origin, let us con- 
sider the variation in the state of stress of a metal 
which has been compressed by a shock wave, when 
a plane relaxation wave acts upon it. The elasto- 
plastic properties of an isotropic medium are char- 
acterized by three constants: the Young’s modulus 
E, the Poisson ratio p, and the critical shear 
stress o,. Under the influence of the relaxation 
wave the compressive stress in the direction nor- 
mal to the relaxation front decreases by some 
amount APy, and in a direction parallel to the 
front it decreases by AP;,. From the symmetry 
conditions in the planes parallel to the relaxation 
front, two of the principal stresses are equal, and 
there will be no deformation parallel to the front. 
This condition leads to the identity 


AP, —p(AP, + AP,) = 0, 


which enables us to connect the intensity of the 
relaxation wave 


with the difference between the principal stresses. 
As long as 


APa <[(1 — 2) /((1—2p)] 20K, 


the medium behaves like an elastic body, with a 
velocity of propation for longitudinal elastic waves 
C*= Vv (Kg + 4%3G)/p. In this expression, Kg 

= E/3(1-2u) is the isentropic modulus of volume 
compression, and G=E/2(1+yp) is the shear 
modulus. When 


AP, > [(1 —p)/(1—2y)] 2/6, | 


the medium changes to a state of plastic flow, for 
which the shear modulus is taken to be zero. Under 
these conditions the speed of the “plastic” relaxa- 
tion waves C= VK/p, just as in the case of 


TABLE I 
| 
Material | «,deg |D,km/sec|/U,km/sec|C* km/sec ser sae | | v 
Water 47.5 4,42 1.52 60 31,4 34,2 — — 
Copper 41 15) 2 0,87 .oo 357.8 288.8 0,34 0,82 
Iron 46.5 0,34 0,98 Lom ie aO dies 298 .2 0,28 0,77 
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liquids, is determined by the isentropic modulus 
of volume compression Kg. The velocity ratio 


C/C* =v=V (1 + p)/3(1 —p). (4) 


depends only on the Poisson ratio. 

The existence of two speeds, “elastic” and 
“plastic,” under the experimental conditions of 
Fig. 3 leads to the appearance of two concentric 
zones of relaxation on the wave front surface — 
an inner “elastic” zone of weak relaxation and an 
external “plastic” zone. 

Making use of the relation (4), we can calculate 
from C* the value of the isentropic modulus Kg 
= poC? = pyC**v?. For both metals the values so 
obtained, Kg ~ 240 x 10!9 d/cm?, are somewhat 
smaller than dPr/do, confirming the theory 
proposed above for the phenomenon. 

The elastic relaxation zone is weakly developed 
in materials such as lead which have a large Pois- 


son ratio and a small value of critical shear stress. 


Because ox, decreases with temperature, it would 
seem at first sight that the high temperatures in 
a strong shock should lead to the disappearance 
of the elastic relaxation wave for all materials. 
However, this is countered by the high pressures, 
which increase the melting temperature’ and raise 
the critical shear stress. Thus, according to 
Bridgman’s data,’ the application of pressures of 
25 x 10? and 50 x 10° atmos increases 20, for 
soft iron from 1200 kg/cm? to 6600 and 12000 
kg/cm? respectively. For copper at these pres- 
sures 20, is equal to 1050, 3000, and 4900 kg/cm? 
respectively. In view of these statements, it is 
quite possible that longitudinal elastic waves will 
exist at shock pressures of 10° atmos and above. 
In relation to the method, the presence of an 
elastic zone makes the accurate determination of 
the boundary of the “plastic” relaxation much more 
difficult. The method described in the following 
section does not have this drawback. 


38. THE OVERTAKING-RELAXATION METHOD 


In the overtaking-relaxation method we study 
the collision between a plate and a sample, made 
of materials with known dynamic adiabats. In the 
simplest variant of the method, the plate and 
sample are made of the same material. From the 
surface of impact, shock waves OB and OA travel 
through the sample and the moving plate (see the 
x, t diagram, Fig. 5). At the instant the shock 
wave emerges from the rear surface of the plate 
(point A) a centered rarefaction wave is set up 
which overtakes the shock wave and weakens it. 
The occurrence of the first a -characteristic on 
the shock wave trajectory takes place at a distance 
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L=[(1+ M)(1—M)}A, (5) 


where A is the thickness of the striker plate and 
M = (D-U)/C is the Mach number. The relation 
(5) enables one to find M, provided that there ac- 
tually is an overtaking, and consequently to find C 
also, if D,;—U, is known. This form of the method 
was proposed by E. I. Zababakhin in 1948. 
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Since the determination of the distance 1, where 
the wave begins to slow down because of the pres- 
ence of the faster elastic relaxation wave, is beset 
with considerable experimental error, it is expe- 
dient to change the form of the method and find 
the time ty, of arrival of the shock wave at a 
given point m, already known to lie on the re- 
laxed portion of the shock wave trajectory. In this 
way one finds the slope of the a -characteristic 
Wam = Um + Cm that passes through the origin 
of the x, t diagram and the point m, whose coor- 
dinates are Xm and tm. Then by measuring the 
material velocity Uy, at the same point directly, 
or by determining it from a known shock adiabatic 
equation, we find the velocity of sound Cr = Wgm 
—U,y, from the speed of the shock wave. In an ex- 
panded form, it is not difficult to show that 

Xn + (2 — 91) Alex 
Cm = IN 


m 


D, —Um, (6) 


where 0; = D,/(D,—U,) and D, are the param- 
eters for the unrelaxed region. 

Thus, the measurement of the velocity of sound 
by the overtaking-relaxation method reduces to the 
experimental determination of the shock wave tra- 
jectory in x, t coordinates, plus a measurement of 
the material velocity at one or a number of points 
on this trajectory. 

The whole of the above treatment is valid under 
the assumption that the a -characteristics are 
straight lines everywhere in the region OAm, with 
a slope Wy, = U+ C=const. Let us go into this 
question in more detail. When two similar mate- 
rials collide, three regions of flow can be distin- 
guished in the x,t plane (see Fig. 5): I — the re- 
gion OAB; II — ABn; and III — Bnm. In regions 
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I and II the flow is isentropic, since in region I 
the value of Wq is constant over the whole re- 
gion, and in II it is constant over each a ~-char- 
acteristic. In region III the flow is not isentropic, 
since the intensity of the shock wave (and conse- 
quently also the entropy of the material behind its 
front) decreases beyond the point B, where the 
relaxation wave traveling from point A first 
overtakes the shock wave front. Here, in contrast 
to region II, the Riemann invariant £ is not con- 
stant, and consequently Wq is not constant either. 
Having determined the velocity of sound at the 
point m by the method outlined above, we then 
approximate the characteristic Anm by the 
straight line Am, introducing thereby a certain 
inaccuracy. In order to estimate the error, some 
numerical calculations have been made of the mo- 
tion of a decaying shock wave in an aluminum test 
piece. In this calculation the equation of state 


PP, =(n— lo (E—E;x), . Py=al(o,/v) — 11; 


was used, taking into account not only the elastic 
terms but also the thermal terms in the pressure 
and energy. Different values of n from 1.67 to 4 
were used in the computations, corresponding to a 
variation of the Griineisen coefficient from %; to 3. 

The calculations showed that in aluminum at 
plastic shock velocities of 5.6 km/sec, at distances 
of ten or more times the thickness of the plate, the 
maximum error in the sound velocity did not ex- 
ceed 1.5%. At this point the pressure at the front 
of a decaying wave amounts to about one half of its 
original value. The error is smaller the closer 
the measuring region is to the portion of the shock 
wave not reached by the relaxation. A similar cal- 
culation has also been carried out for lead with the 
same results, using the equation of state taken 
from reference 6. 
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For a collision between plates of unlike mate- 
rials, we must know not only the shock adiabatic 
for the striker plate but also the relation between 
the material velocity and the sound velocity in the 
rarefaction wave. In this case the computation of 
results is somewhat more complicated, since at 
the collision boundary there is a discontinuity at 
which the a -characteristics are refracted as 
they pass. 

There are two possible cases of collision: when 
the material of the test piece is “softer” and when 
it is “harder” than the material of the striker plate. 
By the terms “softer” and “harder” we mean a 
flatter or steeper slope of the Hugoniot adiabat for 
the given material in P, U coordinates. In both 
cases the refraction of the a@-characteristics can 
easily be taken into account with the aid of the x, t 
and P, U diagrams. 


4, EXPERIMENTAL RESULTS 


A determination of the speed of sound behind 
the front of strong shock waves presupposes a 
knowledge of the dynamic adiabats. In working 
out the experimental data of the present investi- 
gation, the dynamic adiabats given in reference 6 
for aluminum, copper, lead, and iron were used. 

In the first series of experiments the decay 
curves of shock waves were recorded in test 
pieces of aluminum, copper, lead, and iron when 
struck by a 2 mm aluminum plate. The speed of 
the plate was 5.60 km/sec. In order to record 
the trajectory of the shock wave in the test piece, 
which was made up of several plates, electrical 
contact pickups were introduced through small 
drill-holes. The successive short-circuiting of 
the pickups by the shock wave was recorded on 
a single-sweep cathode ray oscillograph. The 


TABLE If 
Daj, . Dorie Pim» 
Metal Beh Die Ym, mm | ty»msec Gace 10° 7om! om Cm, km/sec 
: —_ — 9513 69) 3* 1,442* — 
Aluminum 9,13 14,20 1.558 8.52 54,5 1,383 8,84 
19,16 2.205 7,92 41.2 1.320 8.13 
_- — 6, 69* 108, 7* 1.374* — 
Copper 10.45 10,95 1.697 5.92 69.2 1.284 6.32 
14.94 2.399 5,04 52,4 1.237 5.95 
— — Leis 105.2% 1.626* — 
Lead 10.34 6.47 1.373 4,16 65.6 1,502 4,24 
9,45 2.133 3,72 46.4 1,420 3,85 
= — UROte 104.5* Mola ~- 
Iron 10,31 LORIS 1.656 9,76 54,2 1,263 6.70 
14.90 2,374 5.34 41.5 1.228 6.12 


*The marked states are in the unrelaxed region. 
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TABLE I 

Metal DFe, Xm, mm tm» msec Um Pins 10" /om? om Cm 

ia km/sec km/sec km/sec 
‘aluati = = 3.77% 107 .2* 41.561* a 
luminum | 7.06 | 12.50 | 1.194 | 3/54 97.5 11534 9,76 
= = 2.77% 200.6* 4.519% a 

8.67 8.00 0,992 2,47 169.2 41.475 7.78 

Copper 1400 | edi 898) V) 2:42 135.2 1,422 TAG 
15.00 41.981 177 104.6 1.365 6.714 
= a 2.82% 197.3% 1.842# = 

8.61 6.00 0.988 Daye 146.7 1.734 5.16 

Lead 9.00 4.572 1,84 100.8 1.616 4.62 
12,00 2.225 1,56 78.0 4.545 4.29 
= = 2,86* 191.4% 4.502* a 

ae 8.54 8,00 0.940 2.62 168.0 1.472 8.49 
11.0 4,329 DD 122,3 4.405 7.85 


*See footnote to Table II. 


states in the striker plate and in the first thin 
screening plate were found graphically, from the 
intersection of the Hugoniot adiabat for aluminum 
with the adiabatic for the test piece on the pres- 
sure-velocity diagram. From the time delays 
found experimentally and the distance between the 
pickups, the trajectory of the shock wave was con- 
structed and the wave velocities in the different 
portions of the trajectory were determined. In 
each experiment the recording was carried out 
over several base-lines. 

The results of the measurements are given in 
Table II. Here ty is the time from the instant 
of collision, and xy is the distance from the col- 
lision surface. In the second column of the table 
are shown the speeds of the shock waves passing 
through the aluminum plate after the collision. 

In the second series of experiments the ampli- 
tude of the unrelaxed wave was increased to 1.0 
x 10° atmos for aluminum and to 1.8 x 10° atmos 
for the other metals. A 1.5-mm steel plate was 
used as the striker, moving at 5.71 km/sec. In 
order to make the decay curves observable, a 
thin aluminum film was applied to the surface of 
the test piece parallel to the collision surface. 
When the shock wave emerged at the boundary 
of the film and the test piece, the film was torn 
away from the test piece and was projected with 
a velocity Wa); characterizing the amplitude of the 
wave at that cross section of the sample. The time 
(and consequently also the velocity with which the 
film moved) was recorded on a velocity photo- 
chronograph by the illumination from the shock 
wave in the air. The illumination was produced 
at the instant of the first movement of the film, 
and stopped as soon as it collided with a Plexiglas 
barrier, placed at a distance of 8 —12 mm from 
the test sample. The transition from the speeds 
of motion of the aluminum film to the material 


velocities behind the shock wave front was ac- 
complished with the aid of special calibrating ex- 
periments, in which measurements were made of 
the velocity acquired by an aluminum film under 
the influence of shock waves of known amplitudes. 
The decay curves U(x) for the four metals under 
investigation are shown in Fig. 6, together with the 


U km/sec 
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FIG. 6 


experimental reference points. A knowledge of the 
U (x) curve makes it possible, with the aid of the 
known D, U relationships, to proceed success- 
ively to the D(x) curve and the curve t (x) 

x 


= ji dx/D. The subsequent treatment of the ex- 


periment in the second series was identical with 
the treatment of the experiments in the first series. 
The results so obtained are shown in Table III. 

The chief difference in the experiments of the 
third series (Table IV) consisted in a further in- 
crease of the projection velocity of the steel 
striker. Here the speed of sound was measured 
at pressures exceeding 1.5 x 10° atmos for alumi- 
num and 3.5 x 10° atmos for copper, lead, and 
iron. 


Ti, 
TABLE IV 
: ae 
Metal 10°d/em? am km/sec 
495.5 | 1.764 | 411.74 
Aluminum | 469.9 | 1.701 | 11.23 
379.6 | 1.694] 9.48 
Copper 311.7 | 1.638 | 8.93 
385.0 | 2.177 | 6.56 
Lead 279.5 | 2.003} 5.92 
I 347.8 | 1.650] 9.98 
uo 284.9 | 1.600 9.53 


The experimental values of the sound velocities 
made it possible to find the dependence of the 
Mach number, (D-—U)/C, and the tangent of the 
relaxation angle, tan a, on the degree of com- 
pression. The Mach number, as is well known, 
expresses the relative velocity of the relaxation 
wave and the shock wave. In its turn, tana de- 
fines the region of the shock wave which has been 
reached by the relaxation wave produced when the 
wave front meets a source of perturbation. Both 
these quantities can be calculated either from the 
propagation velocity C of the compressional 
waves, or from the velocity C* of longitudinal 
elastic waves. In this connection, 


1/, 


VeVi. tana == (v2 tan aso (W —1)) 


Note that when o0=1 the magnitude of tan a* 
is finite and equal to Vv 2(1- 2u)/(1+p) , whereas 


tan a drops to zero when o=1. 
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FIG. 7. Dependence of Mach number (dot-dash curves) and 
tan @ (full curves) on the degree of compression. 


Figure 7 shows the experimental values of M 
and tana for the four metals. The values of 
tan a for very high pressures lie in an extremely 
narrow interval from 0.66 to 0.73, regardless of 


the fact that these metals have different compressi- 


bilities. Even more striking is the fact that the 
same values of tan a at high values of compres- 
sion are also possessed by water, paraffin, and 
Plexiglas, according to measurements by the au- 
thors. Apparently it is possible to use the value 
tan a = 0.7 for very strong shocks waves in other 
materials also. 
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It is essential to know the values of the Mach 
numbers and relaxation angles in order to set up 
experiments for investigation of dynamic com- 
pressibilities in a proper manner. It has been 
shown above that during the collision of the striker 
with the test piece the Mach number, through the 
relation (5), determines how far the shock wave 
propagates up to the time when the relaxation wave 
reaches it; i.e., in other words it determines the 
permissible value of the base line for measuring 
D. Inits turn, tan @ imposes conditions on the 
ratio between the diameter of the test sample d 
and its height h. In order to preserve a region 
near the axis of the sample cylinder which is not 
affected by lateral relaxation, where the shock 
wave parameters can be measured, the condition 


d> 2h tan a* 


must be fulfilled. 

For high degrees of compression and corre- 
spondingly high pressures, the amplitude of the 
relaxation shock wave becomes negligibly small 
in comparison with the pressures under study. 
This permits the use of the values M and tan a 
in place of M* and tan a* in calculating sample 
dimensions. The above considerations were taken 
into account in setting up the experiments whose 
results are given in references 1 and 2. 


5. THE ISENTROPIC COMPRESSIBILITY OF 
METALS 


Let us generalize the results so far obtained 
by expressing the modulus of isentropic compres- 
sion in the form of a power series: 


Ks = oCt = J} be (o — 1). (7) 
k=1 
Integrating (7) leads to the function 
I (2) = Dy bak (6 — 1A. (8) 
k=1 
At P=0 and o=1, I(c) has a contact of the 
third order with the isentropic which passes through 
the origin of coordinates, and a second order con- 
tact with the Hugoniot adiabat. This circumstance 
determines the relations between the first three 
coefficients of (8) and the coefficients in the ex- 
pression for the dynamic adiabatic: 


Pr = >i ag (so — 1)é. 
k=1 
It is easy to show that b, =a ;, by = 2a, and bg 
= 383 —3Ypo (a, + a2), where Ypo is the value of 
the Griineisen coefficient for the lattice under nor- 
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TABLE V 
bp, 10! d/cm? 
Metal 
k=] | Zi | 38 | 4 | 5 | 6 
| 

Aluminum Hom 305.4 194,8 | —444 519 —106 
Copper 137.0 043.4 266,8 4037 | —11745 9650 
Lead 41,4 203.4 184,2 | 248 —439 167 
Iron 196.3 —157.0 | 3862.2 | —5448 3077 — 


mal conditions (P = 0; T = 20°C). The values of 
the coefficients a,, a), and a3; are borrowed 
from reference 6. For aluminum, copper, and lead 
Ypo is taken equal to 2.09, 1.98, and 2.46 respec- 
tively. The coefficients b,, b;, and be are chosen 
to fit the experimental data. The numerical values 
of the coefficients are shown in Table V. For iron, 
the chosen coefficients determine the isentropic 
modulus in the interval 1.20 <a < 1.8. These co- 
efficients are not related to the parameters of iron 
under the initial conditions, since at o = 1.22, 
according to Bancroft? there is a break in the 
compressibility curve caused by a phase tran- 
sition. 
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FIG. 8. Dependence of isentropic compression modulus K, 
on the degree of compression. O— initial value of Kg = pC. 


Figure 8 shows the variation of the isentropic 
modulus with the degree of shock compression. 
The isentropic modulus increases rapidly with 


the amplitude of the shock wave. Thus, for lead 
at o=2.1 and Pp =3.2 x 10!2 d/cm? it exceeds 
its initial value by more than ten times. 

The experimental dependence of the speed of 
sound Cr = VKg/py on the degree of shock com- 
pression is shown in the left-hand side of Table VI 
for the four metals under investigation. 


6. UPPER LIMIT OF THE CURVES OF “COLD” 
COMPRESSION. ESTIMATES OF THERMAL 
ENERGIES AND TEMPERATURES 


Let us assume that the total pressure is the 
sum of the “cold” and thermal pressures: Pr = Px 
+ Py. Inasmuch as (d8P7/39p)g > 0, it is possible 
to establish unconditionally that C%(o) < CH(o, T), 
where Cy(c) is the speed of sound at T= 0. 
Hence it follows that 


Px(2) < \ pgChde = 1(2) —1(9,) = 1 (25, %)s 
ok 

where o; = p/px, and py, is the density of the ma- 
terial at T=0°K and P=0. Thus the function 
I(o, ok) appears as the upper limit of the possible 
positions of the cold compression curve. The rela- 
tive positions of the dynamic adiabatic, the function 
I(o, ox), and the cold compression curve Py, (c) 
taken from reference 6, are illustrated in Figs. 9 
and 10. Comparison shows that the curves P, (c) 
are located below I(o, ox), in agreement with 
the above. It is characteristic of all the metals 
that I(o, ox) is considerably closer to Px (co) 
than to Pr. The presence of a difference PL 
—I(o, o,) was the first experimental evidence, 
ten years ago, of the large part played by thermal. 
pressure in the shock compression of solid bodies. 


(9) 


TABLE VI 

Cp (km/sec) from ref. 7 Cf (km/sec), calculated® 
: Al, | Cu | Pb | Fe Al Cu Pb 
Sa 6.25 AO Nee col 6.16 4.67 PROS 
ee Healit 1 Skee eos AOL mle on 40 2.80 
1.3 8.03 6.36 3.29) 6,94 7.87 Gat 3,24 
1.4 8.81 Hel? 3,74 7,83 8.67 6.98 3.70 
46) ONO Unt) 4.18 8.70 ei 7.80 4.45 
NG 10.34 8.59 4.60 9.54 40.34 8.73 4.60 
“iced HT 0) 9.67 4.98 10.40 11.04 9.80 4.98 
458 : ec oee a 5.32 
NGS) ! Nia) 2.08 
2.0 3.98 5.82 
zal 6.26 6.45 
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FIG. 9 


The thermal energy of the shock compression is 


Co 
fe 


Let us find the lower bound of the value Ey — Eo, 
by replacing Px in the integrand of (10) by the 
function I(o, o,), considered as a first approxi- 
mation to Px (a). The thermal energies calcu- 
lated in this way are shown in Table VII. They 
are very close to the true values, since for small 
degrees of compression Pr, Px, and I(o, ox) 
are close together, while at high compressions the 
major role in (10) is played by the first term, with 
the result that the relative error due to the substi- 
tution of the function I(o, o,) for the true curve 
Px (o) is very small. It should be emphasized 


E>— Ey = + Pr (s—1)/ p99 — \ (Px/ p0s")ds. (10) 
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2 
210d /com? 


that the upper limit of the position of the compres- 
sion curve at the absolute zero of temperature 

and the values of the thermal energy have been 
obtained directly from experimental measurements 
of the dynamic and isentropic compressibilities, 
without appealing to any one form or another of the 
equation of state. 

Assuming the specific heat of the metals to be 
of the form Cy = Cyp+ fT (Cyp being the spe- 
cific heat of the lattice, and BT the electronic 
specific heat), then by solving the equation 

Ey Ey Co Cee 


(11) 


it is possible to calculate the temperature of the 
shock compression to the same degree of approxi- 


TABLE VII 
| | | | | | 
6 4.4 ee ace ie, Be ate the Bul aes 
| i 
Aluminum 
E,, — Eq, 10° erg/g|0.043|0. 164|0. 449|4 ,.027|2.086|3.817} 6.334) 9.616 | 
T, 108 deg K 0.34 10,48 |0.78 |1.40 |2.46 [4.48 | 6,47 | 9.25 | | 
T from ref. 6, 10°°K |0.35 |0.49 |0.82 |1.48 |2.64 [4,41 | 6.79 | 9.67 
%p 45407 |SaaeTea alee dee 
Xo eee Ree | 1.44 |1.43 | 1,39 | 4.30 | 
Copper 
E,—Eo, 10Merg/e|0.026|0. 103|0.345|0.752)1.514/2.882| 5.069 
T, 103 deg K 0.36 0.56 |1.41 |2.20 |4.29 17.24 144.97 
T from ref. 6, 10°°K|0.36 |0.58 {1.15 12.30 |4,35 17.53 |12.42 
Tp We NG Ae 
Yp from ref. 6 | des) 4 tPkon Ih ah ayA 
Lead 

E,—Eo, 10! erg/g|0.042/0,067|0. 127|0. 26510, 50510. 884! 1.432] 2.139| 3.005] 3.985] 5.138 
T, 103 deg K 0.36 0.55 |0.99 |1.92 |3.43 [5.54 | 8.23 |41,30 [14.64 [18.05 124. 
T from ref. 6, 10°°K |036 |0.56 11.04 |2.00 |3.55 |5.73 | 8.48 [11.59 115.00 [48 47 sae 
1p 1.5. 4b.4) [Sy 425 be oO, Ong 
“jp from ref. 6 | 1.77 |1.69 | 1,60 | 1.48 | 4.35 | 1.21 | 1,07 
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mation.* As can be seen from Table VII, the tem- 
peratures calculated in this way differ very little 
from the temperatures obtained in reference 6. 

Replacing Px by I(o, ox) makes it possible 
also to obtain a lower limit for the values of the 
Griineisen coefficients, if the pressures on the 
Hugoniot adiabatic and the shock wave tempera- 
tures T, found above, are substituted into the 
equation for the dynamic adiabat:® 


PP =i eo fyoCopYp LL Dig ieny Cont 4 pyo8T? (12) 


Equation (12), apart from quantities which have 
already been mentioned, involves the quantities 

B = Boo 1/ 2 By being the coefficient of electronic 
specific heat at o=1, and Ty and Ey being the 
temperature and internal energy under normal 
conditions. The observed Yp are about 20 — 25% 
smaller than the values calculated in reference 6 
(see Table VII). 

Finally, let us use the measured sound velocity 
data, and the approximate values of T and Yp 
which have been obtained, to determine the slopes 
of the dynamic adiabats. To this end we write the 
expression for the sound velocity at the Hugoniot 
adiabat: 


aPRe din Te Copp 5 
ds = [i = dine = Go aE = | PoCopYp! 


PCr =a 


1 P 
+ 5 | PopT”. 


Rabe + 8T 


Cop FBT 03) 


{ 

a) 

Differentiating (12) and eliminating dP, /do 
with the aid of (13), we arrive at the relationT 


oa Tic. 8T oie 


An estimate of dPr/do with the aid of the ap- 
proximate values of T and yp by means of (14) 
is considerably more accurate than an estimate 
frem the results of dynamic measurements because 
of the inevitable inaccuracies in recording the co- 
ordinates, which are sufficiently trustworthy to fix 
the location of the Hugoniot adiabat in the field of 
the P, o diagram, but not its slope. In deriving 
the equation of state for the high pressure region, 
the original experimental data in references 6 and 


8 are the results of dynamic compressibility meas- 
urements, in the form of an equation for the dynamic 


*In these calculations we have used the values given in 
reference 6 for E,, Ty, Cyp, and B. 

tThe derivation of (14) given here is due to Yu. M. 
Shustov; in its general form, the relation between the Griin- 
eisen coefficient and the derivatives of the two intersecting 
curves in the field of the P-p diagrams was previously given 


by K. K. Krupnikov. 
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n 
adiabatic Pp = Dy ak (o-1 yk, The equation of 


state obtained by this method, according to (14), 
can represent the actual slope of the isentropic 
correctly only in case the original analytical ex- 
pression for the Hugoniot adiabatic describes the 
true values of the derivatives with sufficient accu- 
racy over the entire length of the adiabat. Taking 
this fact into account made it possible to obtain, 

in reference 6, an equation of state suitable for 
calculating the speed of sound. As Table VI shows, 
the discrepancy between the experimental and cal- 
culated values of Cr does not exceed 2%. 

The present work was begun under the initiative 
of Academician Ya. B. Zel’dovich in 1948. A num- 
ber of valuable proposals were made by Corre- 
sponding Member of the Academy of Sciences 
(U.S.S.R.) E. I. Zababakhin. K. K. Krupnikov, 

B. N. Ledenev, and A. A. Bakanova contributed 

to the success of the investigation by their studies 
on the shock compression of metals, and also by 
taking part in the discussions. The authors re- 
ceived assistance on questions of apparatus and 
methods from Prof. V. A. Tsukerman and his co- 
workers, I. Sh. Model’ and M. A. Kanunov. Indi- 
vidual measurements which contributed to the work 
were obtained by V. I. Borodulin. In carrying out 
the experiments, N. S. Tenigin, A. N. Kolesnikova, 
L. N. Gorelova, and M. S. Shvetsov took part, along 
with the authors. 

To all these comrades the authors express their 
profound gratitude. 
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The energy of secondary shower particles in stars produced by 9-Bev protons in photographic 
emulsions was determined. The mean total energy of secondary 7 mesons has been found to 
be equal to (0.78 + 0.10) Bev, and the mean transverse momentum equal to (0.19 + 0.03) 
Bev/c. It has been found that (40 + 5) % of the primary proton energy is spent in meson 


production. 


ly the study of the mechanism of interaction of 
high-energy particles and nuclei with nucleons 

and atomic nuclei, the spectrum of secondary rela- 
tivistic particles, the majority of which are mes- 
ons, is of considerable interest. The knowledge of 
the energy spectrum of the mesons and, conse- 
quently, their average energy, makes it possible 

to compute the inelasticity coefficient and to solve 
the question as to whether one or another meson 
production theory is applicable. 

For this purpose, we have determined the energy 
of secondary shower particles in stars produced by 
9 Bev protons on emulsion nuclei. The energy was 
determined from multiple Coulomb scattering. 
Tracks (longer than 2.5 mm) for which the grain 
density g satisfied the condition g = 1.4 gy, where 
go is the grain density in a primary proton track, 
were chosen for the measurements. Out of 101 
stars, 62 stars were selected, in which 95 tracks 
suitable for scattering measurements were found. 

Scattering was measured for three cells simul- 
taneously, and the momentum of the particles was 
determined as in the experiment of Chasnikov et 
eile according to the formula 


rel 2 2. 1/2 
pp = xe (PEPE 


D*p? —.D4 i) 
where D;, Dj, and Dy, are second differences of 
coordinates on the cells with the length of t,, 2t,, 
and 4t; respectively, and K is the scattering con- 
stant of the emulsion, whose numerical values for 
the various cell lengths are taken from the article 
of Fichtel and Friedlinder.* Equation (1) was ob- 
tained under the assumption that the measured sec- 
ond difference of the ordinates 

D? = D? 


coul | 


n*, (2) 


where n= Vv D2+D? is the sum of the “false” 
scattering and of the measurement “noise.” More- 
over, the value of n for cell ty is then deter- 
mined from the equation (see reference 1) 


(3) 


The correctness of the method of measurement 
used was checked on the tracks of primary protons, 
for which the sum n, of “false” scattering and of 
“noise,” as determined according to Eq. (3), was 
compared with the value of n determined accord- 
ing to Eq. (2). In the latter case, Decoy] corre- 
sponded to an energy of 9 Bev. It was found that, 
for all primary protons, both equations give the 
same values of n coinciding with the values of n 
obtained from the tracks of secondary particles. 

Using the above method, which we call the 
“multiple-cell method,” we found the energy of 
primary protons to be (9.0 + 0.8) Bev. This pro- 
vides the basis for considering the multiple-cell 
method useful for excluding the “false” scattering 
and “noise” in the measurements of the scattering 
of relativistic particles. The measurements have 
also shown that “false” scattering for the type of 
emulsion used varies with the cell length (in the 
range of cell lengths from 0.25 mm to 2 mm) ac- 
cording to the law t*, where x=1. 

The particles were identified from the well- 
known curves of the variation of ionization with 
pp. In all doubtful cases, the track was identified 
as a meson or a proton track following the method 
of Kalbach et al.? As a result of the analysis, it 
was found that 60 tracks belong to 7 mesons and 
35 to protons. 

The energy spectrum of investigated mesons 
in the laboratory system of coordinates is shown in 
Fig. 1. The x axis represents the kinetic energy, 
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FIG. 1. Energy spectrum 
of 7 mesons in the laboratory 
4 system. 
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and the y axis the number of mesons per given 
energy interval. The mean meson kinetic energy 
is (0.88 + 0.11) Bev. 

The measurements of scattering and grain den- 
sity along the track showed that all protons were 
emitted at angles 6 < 25°. In this range of angles, 
for particles whose momentum was measured, the 
ratio of the number of 7 mesons to the number of 


protons was found to be equal to 1.32. In the follow- 


ing discussion, it is assumed that, for angles 6 

= 25°, such a ratio is correct for all shower par- 
ticles, including also those which could not be iden- 
tified because of the small track length. It was 
found that the total number of relativistic particles 
in that angle interval was equal to 151 for 62 stars. 
Hence, it follows that 65 tracks belonged to fast 
protons (on the average 1.05 protons per star). 

The angular distribution of mesons whose mo- 
mentum has been determined differs from the an- 
gular distribution of all shower particles in the 
same stars. From the angular distribution of all 
shower particles, the contribution due to protons 
has been excluded. It was assumed that, in each 
angle interval, the ratio of the number of 7 mes- 
ons to the number of protons is the same as for 
particles with measured momentum. Using this 
corrected angular distribution for m mesons, 
and the variation of the kinetic energy with the 
angle of emission as determined by us, it was 
found that the mean total energy of mesons is 
equal to (0.78 + 0.10) Bev. 

If we take into account that the mean number of 
secondary shower particles in stars selected for 
measurements is equal to 4.14, and that there are 
1.05 protons per star, then the number of charged 
and neutral a mesons equals 4.6. The energy 
fraction of the primary protons spent for meson 
production is then equal to (40 + 5) %. This value 
is in agreement with the results of references 
4 —7, within the limits of experimental errors. 

The differential energy spectrum of mesons in the 
c.m.s. is shown in Fig. 2. The x axis represents 
the total meson energy, and the y axis the num- 
ber of mesons in a givenenergy range. The energy is 
recalculated from the laboratory system to the c.m.s. 
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FIG. 2. Energy spectrum of 7 mesons in the c.m.s. 


under the assumption of a nucleon-nucleon interac- 
tion and of an isotropic angular distribution of pro- 
duced particles in the c.m.s. The histogram shows 
the experimentalresults. The solid line represents 
the energy spectrum for nucleon-nucleon interac- 
tions, calculated according to the Heisenberg the- 
ory and normalized for the total number of inves- 
tigated particles. The maximum in the experimen- 
tally-obtained distribution occurs for mesons with 
an energy of about 0.25 Bev, and the mean meson 
energy is equal to (0.38 + 0.05) Bev, which is in 
agreement both with the results obtained for 
nucleon-nucleon interactions at an energy of 9 
Bev,® and with the results of Fretter and Hansen 
pertaining to the interaction of nucleons with 
light nuclei, the mean energy of the primary par- 
ticles being of the order of 100 Bev. It can be 
seen from Fig. 2 that the experimental spectrum 
of mesons produced in the interaction of protons 
with the emulsion nuclei agrees with the theoret- 
ical spectrum ealculated under the assumption of 
a nucleon-nucleon interaction. We find these re- 
sults very interesting. They may clearly indicate 
the fact that almost all mesons are produced in a 
single nucleon-nucleon interaction. The same re- 
sult is reached from an analysis of data presented 
in references 6 and 7, from which it follows that 
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the mean number of shower particles ng is almost 
independent of the size of the target nucleus. This 
problem will be discussed by us in greater detail 
in a future article. 

The transverse momentum distribution of the 
mesons is shown in Fig. 3. The maximum of this 
distribution lies inside the range 0.11 to 0.16 Bev/c, 


8 FIG. 3. Transverse momentum 
distribution of mesons. 
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which corresponds to the value of m;c. The mean 
transverse momentum of mesons whose scattering 
has been measured is equal to (0.19 + 0.03) Bev/c, 
i.e., is considerably smaller than the value ob- 
tained by Barashenkov et al.' 

It should be noted that the conclusion about the 
cascade character of the nucleon-nucleus interac- 
tion’ is in agreement with the results obtained by 
us earlier’ in the analysis of the energy spectrum 
of protons with ionization from 1.4 gy to 6.8 gy 
from stars produced by cosmic-ray particles with 
a mean energy on the order of 10 Bev. The develop- 
ment of the nucleon cascade inside the nucleus does 
not exclude the possibility that all mesons are pro- 
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duced in a single interaction between the incident 
nucleon and one of the nucleons of the nucleus, with 
the ensuing collisions between nucleons and mes- 
ons possibly being elastic. 
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We have measured the differential cross section for the photoproduction of positively-charged 
m mesons on hydrogen at photon energies 153 —175 Mev. We also give the total cross section 
for the photoproduction of negative mesons on deuterium. A comparison is made between 
the experimental and theoretical values for the squares of the matrix elements [Kp |? and 
|K, |? for the photoproduction of 7 and 1 mesons on free nucleons. The quantity | Ky |? 
is compared with the Panofsky ratio and with the meson-nucleon interaction S-phase shifts. 
The value of the ratio o /a* has been obtained in the photon-energy range from 153 to 175 


Mev. 


INTRODUCTION 


A large number of experiments have been done 
on the photoproduction of charged 7 mesons on 
nucleons. In most of these the quantity measured 
was the cross section for meson production at 
large photon energies. Up to the present time, no 
measurements have been made on the differential 
cross section for the photoproduction of + mesons 
for photon energies in the range 150 to 170 Mev. 

At these energies, only the total cross section for 
the photoproduction of positively charged 7 mesons 
on hydrogen has been measured.! The photoproduc- 
tion of negative ma mesons on deuterium has been 
studied with nuclear emulsions doped with heavy 
hydrogen.’ 

A comparison of the experimental data with the 
results of theoretical calculations’ has yielded the 
squares of the matrix elements for the photopro- 
duction of m mesons on free neutrons for photon 
energies in the 153 —188 Mev range. Extrapolation 
of these data to lower energies leads to a value for 
the square of the matrix element at threshold. The 
method used was that employed by Beneventano et 
al.* to find the threshold value for the square of the 
matrix element for the photoproduction of 7* me- 
sons on protons. It is based on an empirical rule 
valid in the 170 — 250 Mev energy range, and also 
on the experimental data on photoproduction near 
threshold obtained by Leiss et al.! In a succeeding 
paper these authors have noted that their earlier 
results were wrong.° 

In principle, the threshold value for the square 
of the matrix element for photoproduction of 7 


mesons can be obtained from an investigation of 
the radiative capture of slow negative 7 mesons 
by protons, ™+p—-n+y. However, it would be 
very difficult to study this reaction directly, be- 
cause there are two neutral particles in the final 
state. For this reason it is customary to measure 
the Panofsky ratio, i.e., the ratio of the probability 
of scattering with charge exchange to that of radia- 
tive capture of negative 7 mesons. It is uniquely 
connected with the threshold value of the square 

of the matrix element for photoproduction of 7 
mesons on neutrons, |Ky|?, through the limit of 
the quantity |a;-—a,|/n as n—0. Here a, and 
a3; are the S-phase shifts for the scattering of 
mesons in the states with isotopic spin y, and We 
respectively, and 7 is the meson momentum in 
the center-of-mass system. 

As is well known,? the threshold value of |K, Le 
obtained by extrapolation or from the difference be- 
tween the S-phase shifts |a,;—a;|=0.287,° dis- 
agrees with the directly-measured Panofsky ratio.'»8 
Baldin® attempted to explain this discrepancy by as- 
suming the existence of a neutral m7 meson, an iso- 
topic spin singlet. However, it was later shown ex- 
perimentally that an isotopic scalar meson does not 
exist. Cini et al.® then pointed out that in the ex- 
trapolation of Beneventano et al.4 no account was 
taken of the direct interaction between the electro- 
magnetic field and the meson current. This con- 
tribution to the amplitude for meson photoproduc- 
tion is described by the so-called “retarded term” 
and it has a significant effect in the analysis of the 
experimental data on the photoproduction of charged 
mesons near threshold. In particular, this “retarded 
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term” contradicts the extrapolation employed and 
can improve the agreement between data on the pho- 
toproduction of 7 mesons and the Panofsky ratio. 
To check these aspects of meson theory, it is nec- 
essary to measure the cross section for the photo- 
production of 7* mesons near threshold and to im- 
prove the statistical accuracy of measurements on 
the cross section for photoproduction of 7 mesons 
on deuterium. Good measurements of these quan- 
tities would also lead to a value for the ratio of 
probabilities for production of m and m* mesons 
on free nucleons near threshold. 


EXPERIMENT 


The purpose of the experiment was to find the 
cross sections for the photoproduction of charged 
m mesons near threshold: 


(1) 
(2) 


These reactions were investigated on the syn- 
chrotronof the Academy of Sciences Physis Institute. 
The methods used to study the reaction (1) depended 
on the energy range. To measure the differential 
cross section of this reaction for photon energies 
in the 153 — 161 Mev range, a polyethylene film of 
thickness 0.00905 g/cm? was used as a target. Data 
for hydrogen were obtained by subtracting the back- 
ground due to photoproduction of 7* mesons on 
carbon. To do this, we irradiated a carbon target 
of thickness 0.0129 g/cm? simultaneously with the 
polyethylene film. This technique was feasible be- 
cause the Coulomb field inside the carbon nucleus 
sharply inhibits the production of low energy 7* 
mesons. Since we were interested in slow 7* me- 
sons, thin films had to be used, which eliminated 
the necessity for making corrections for scattering 
and energy loss of mesons in the target. 

The photon beam was obtained by bremsstrahl- 
ung of 263-Mev electrons. The mesons from the 
target were detected by NIKFI K-400y nuclear 
emulsions. Both the emulsions and the targets 
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were in vacuum. The entrance window (100, Al) 
was 1 m from the targets and the plates. A mag- 
netic field inside the vacuum chamber was used 
to filter out electrons from the beam. Lead and 
carbon blocks shielded the chamber from exter- 
nally scattered y rays. 

The plates were scanned twice. The average 
efficiency for detecting mesons was 90%. The total 
number of 7* mesons was found by counting the 
number of the —~y decays for which the p-meson 
track ended in the emulsion. The energy of each 
m* meson was found by measuring its residual 
range; the other quantity measured was the angle 
between its direction of motion and the photon 
beam. 

The geometry of the experiment was such that 
the plates would register mesons in the energy 
range 0.5 to 6 Mev and at angles to the photon 
beam ranging from 60° to 120° in the laboratory 
frame of reference. To find the cross section in 
the center-of-mass system, all the events were 
sorted out into energy and angle intervals. The 
values of the cross section were obtained from 
mean values taken in these intervals. 

The table shows the cross section for photon 
energies in the ranges 152.9 —158.3 Mev and 
158.3 —161 Mev, and for a c.m.s. mean angle 
6 = 120°. 

To measure the differential cross section of 
reaction (1) at higher photon energies, the target 
used was liquid hydrogen in a foamed polystyrol 
vessel. The 7m*-meson detectors were layers of 
unbacked type NIKFI P-400y emulsion. The 
placing of the emuisions depended on the 7 meson 
energy. 

To detect mesons produced by photons of energy 
160 —165 Mev, the emulsion stack was placed in a 
small vacuum chamber in the vessel with the hy- 
drogen. The entrance window of the chamber was 
a brass foil 30 thick, 6 mm from the axis of the 
beam. The average angle between the mesons de- 
tected and the beam was 78° in the laboratory frame 
of reference. The target was irradiated by a photon 
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cm?/sr (c.m.s.) 7 ‘ 
150 | t 4.0720.25 
456.5 3.4+0.6 4.01-0.57 0.078+0.013 0770.01. 
ae | pee 184 3 0.077=0.014 
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163.5 6.974.0.79 0.082-.0.009 
167.5 5,940.97 0.081 =0.009 7 
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170.5 8.98+1.09 0.087 +. 
172.5 7.50=0:58 0.090 =0.007 i 
181 6.68+0.69 | 0.085=0,009 
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beam obtained by stopping 180-Mev electrons. 

To measure the differential cross section in the 
165 —175 Mev energy range, the mesons were de- 
tected by emulsions placed right in the liquid hy- 
drogen, 2 cm from the axis of the photon beam. 
The mean angle between the 7 mesons and the 
beam was 90°. In this case the energy spectrum 
of the photons had a maximum at 200 Mev. The 
plates were scanned and measured as described 
above. 

The table gives the measured values of the dif- 
ferential cross section for the photoproduction of 
m™ mesons on hydrogen in the center-of-mass sys- 
tem for mean photon energies 162.5, 167.5, and 
172.5 Mev. 

In all experiments on reaction (1), the photon 
energy was measured with an ionization chamber 
calibrated against the thick-walled graphite cham- 
ber used to measure photon intensities.’ 

Data on reaction (2) were obtained by studying 
the reaction 


(3) 


using nuclear emulsions doped with deuterium and 
irradiated in the photon beam of the synchrotron of 
the Academy of Sciences Physics Institute. The ex- 
periment has been described in detail previously.” 
For the present investigation, the statistical accu- 
racy was increased and several non-essential im- 
provements were made. In particular, the follow- 
ing were taken into account: 1) the detection effi- 
ciency (96% )?; 2) the increase in the concentration 
of ordinary water in the heavy water after each 
doping of the emulsion (this increased the calcu- 
lated cross sections by 5%); 3) the low efficiency 
with which the upper 20 and bottom 100, of the 
doped emulsion registered the reaction studied.” 
The table shows the total cross section for re- 
action (3) for photons in the energy intervals 153 
— 160, 160 —167, 167 —174 and 174—188 Mev. The 
statistical accuracy here is significantly higher for 
the more energetic photons, than that previously 
quoted.* 
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DISCUSSION OF THE RESULTS 


Figure 1 shows the experimentally derived val- 
ues for the squares of the matrix element for photo- 
production of 7 mesons: 


(Kp{? = (7 /W)dot* /dQ. 
As usual, 
W=yo/(l+o/M)(1+v/™), 


where 7 and w are the c.m.s. momentum and 
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total energy of the meson, v is the photon energy, 
and M is the nucleon mass. The same figure 
shows the experimental data obtained by Barbaro 
et al.'° with the Illinois betatron. 

The solid curve on the figure is the theoretical 
curve IKp |? = (1/W) do*/dQ for photoproduction 
of m* mesons near threshold (taking into account 
S states and the direct m-meson photo effect: 


0) (1 


where yp is the meson mass, and the meson- 
nucleon coupling constant f? is taken to be 0.08. 
As is evident from the figure, in the photon en- 
ergy range 155.6 — 172.3 Mev the experimental 
data agree with the supposition that the 7* meson 
is formed primarily in an S state. The statistical 
accuracy of the experimental data is not great 
enough to distinguish between the solid curve and 
a constant value for |Kp|*, so it is difficult to 
conclude whether the experimental data agree with 
the theory or not. However, if we compare the 
old Illinois data‘ in the 170 — 250 Mev energy 
range with Barbaro’s data!® and our own, 
then it appears that in the 156 — 250 Mev range 
the experimental values of | Kp |? increase with 
decreasing photon energy. This agrees qualita- 
tively with the theoretical prediction, but it is too 
early to speak of quantitative agreement. 
The data on reaction (3) and Baldin’s calcula- 
tions yield the total cross section for photoproduc- 
tion of m mesons on neutrons: 
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where |Ky |? is the square of the matrix element. 
Figure 2 shows the experimental values of [Ky ks 
The solid curve on this figure is a theoretical one, 
calculated from the formula 
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with f? = 0.08. 

As was the case with photoproduction of 1* 
mesons on protons, the inadequate statistical ac- 
curacy makes it difficult to discuss agreement 
between theory and experiment. However, the ex- 
perimental points do tend to follow the theoretical 
curve, but do not contradict a constant |Ky |? in 
this energy range. At the same time, an extrapola- 
tion to the threshold with |Kn |? =const leads to 
a contradiction between the threshold value of |Kny 
and the Panofsky ratio. If the experimental data in 
Fig. 1 were extrapolated to the threshold with for- 
mula (5), then the threshold value of |K, |? would 
become 1.16 x 107?’ cm”, which agrees with the 
measured value of the Panofsky ratio.”8 The de- 
parture from linearity of the S phase as a func- 
tion of meson momentum is taken into account.? It 
is clear that to really check the theory it is neces- 
sary to have experimental data at energies close 
to threshold and high statistical accuracy. The 
same applies to the photoproduction of 7* mesons 
on protons. 

The table shows the meson nucleon coupling con- 
stant f? obtained from hydrogen (column 4) and 
deuterium (column 5). As is clear from the table, 
the values of the constant agree with each other 
within experimental error. In particular, the 
mean value of f? found from the experiment on 
the photoproduction of 7* mesons on protons is 
0.085 + 0.005, while the mean value found from 
negative mesons is 0.083 + 0.005. The uncertain- 
ties quoted are statistical. 

Using the experimental value of the constant for 
m* and m mesons, we obtain the following value 
for the ratio o-/o* in the 153 —175 Mev photon- 
energy range. 


is 
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This value of the ratio of the cross sections for for- 
mation of negative and positive mesons on free 
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nucleons agrees well with the theoretical predic- 
tion.!! 

In an earlier paper” we quoted a value of 1.34 
for the ratio o /o* at photon energy very near 
the threshold for production of 7 mesons. This 
was obtained by extrapolating to the threshold the 
data of Beneventano et al.‘ regarding the photopro- 
duction of 1* mesons on hydrogen and our data on 
m mesons, the extrapolations being made accord- 
ing to the same law. The value of ao” /o* quoted 
in the present paper is free of uncertainties in the 
calibration of the photon beam. It should be noted 
that the threshold value of o /o* does not depend 
on the nature of the extrapolation. 

In conclusion, the authors express their grati- 
tude to A. M. Baldin for useful discussions, to I. N. 
Usova and Yu. I. Krutov for help in measuring the 
beam intensity, and to Eo Bakhtinskaya, L. G. 
Samokhvalova, I. D. Bannikova, L. I. Ivanova, V. A. 
Kuznetsova, N. P. Nayashkova, N. G. Shvedova, 

V. D. Paramonova, R. G. Dikaya, R. A. Kozlova, 
and L. G. Kasparova for scanning the emulsions. 
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The dependence of the yield of a number of photonuclear reactions on the peak bremsstrahlung 
energy from the synchrotron was measured by the induced-radioactivity method. The differen- 
tial cross sections were computed from the yield curves by the “photon-differences” method. 
The form of the energy dependence of the effective cross sections indicates that photonuclear 
reactions at photon energies above 60 — 80 Mev proceed mainly without the formation of an 


intermediate nucleus. 


ee purpose of the present experiments was to 
obtain information about the character of the inter- 
action of photons and nuclei in the 30- to 260-Mev 


energy range. Three photonuclear reactions, giving 


rise to radioactive isotopes, were investigated: 


Al?? -s INES, Coe Mine, p31_, Na?4, 


The experiments were performed with the 260- 
megavolt synchrotron of the Physical Institute of 
the Academy of Sciences. The peak energy of the 
synchrotron is known within +2%. Intermediate 
values of the energy were established with the 
same precision. The targets were prepared from 
sufficiently pure substances, so that the reactions 
with the impurities could be neglected. The activ- 
ity of the samples was measured with three iden- 
tical 47 arrays of beta counters. The efficiency 
of the arrays was monitored in the course of the 
experiment against a radium standard within a 
precision of 1%. The radioactive isotopes were 
identified by their half-lives. 

The Al, P, and Co samples were simultane- 
ously irradiated within an identical geometry. To 
introduce corrections for the nonuniformity of the 
intensity, its time distribution during irradiation 
was measured by an ionization chamber with a 
flux integrator. The intensity integrated over the 
time of irradiation (~ 40 minutes) was measured 
by means of the cl2 (y, n) c!! reaction, whose ab- 
solute yield was measured as a function of the peak 
bremsstrahlung energy up to 260 Mev by Barber 
et al.! In all, we carried out 48 irradiations for 
15 values of the synchrotron energy. The spread 
of the irradiation results, carried out at the same 
nominal energy value but at different times, did 
not exceed the experimental error, which was de- 


termined mainly by the statistical accuracy of 
each reading and by the energy instability of the 
synchrotron. 
The yield of the reaction investigated 
E, 
B,(E) = \ o,(E,)4(E, £,)4E 
0 
is expressed in terms of the yield of the 
cl? (vy, n) C!! reaction 
ES 
Bo (Eq) =| oc(E.)(E E,)4E 
0 
and in terms of the quantities measured during the 
experiment as follows: 


B, (Ey) = Bz (Eo) Bo (Es): 


where Ej, is the peak value of the bremsstrahlung 
energy spectrum, E is the energy of the photon, 
Ox(E) is the effective cross section of the inves- 
tigated reaction, o0Q(E) is the effective cross 
section of the Cc!” (y, n) eu reaction, 1 (E, Eo) 
is the spectrum of the bremsstrahlung and Bx (Ej) 
is the ratio of the number of active nuclei, pro- 
duced as a result of the investigated reaction and 
the C!2(y, n)C!! reaction with carbon, reduced to 
equal numbers of irradiated nuclei. We obtained 
this ratio from measurements of the activities of 
the investigated samples by introducing correc- 
tions for the decay, the registration efficiency, 
and for the differing number of irradiated nuclei. 
The values of B,(E)) and B,(E)) are given 
in Fig. 1. We have plotted the errors connected 
with the energy instability of the synchrotron 
along the abscissa, and the statistical errors along 
the ordinate axis. The precision with which the 
absolute values of the yields were determined is 
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FIG. 1. Active yields of the Al?” > Na”*, Co*? > Mn®°, and 
P*! > Na” reactions as a function of the peak bremsstrahlung 
energy. The values of By(E,) are given by the continuous 
curves, of By(E,)—by the dashed curves [the values of Bx(E,) 
are given in arbitrary units]. 


about 20%. The main part of the errors is con- 
nected with the inaccuracy in determining the ab- 
solute B activities of the samples. 

The differential effective cross sections o 
were calculated from the yield curves by the 
“photon differences” method.? The results ob- 
tained are shown in Figs. 2 —4. 
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FIG. 2. Effective cross section for the Al?” —~ Na** reaction. 
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FIG. 3. Effective cross section for the Co®® — Na”* reaction. 
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FIG. 4. Effective cross section for the P** ~ Na’* reaction. 


The reactions Al?’?—- Na*4 and Co? — Mn*® 
can result from three different processes [(y, He?), 
(y,Dp), and (y, 2pn)] whose thresholds, calcu- 
lated with account of the Coulomb barrier, are 23, 
29, and 31 Mev for Al”’, and 34, 41, and 43 Mev 
for Co®, respectively. Since the registration of 
the corresponding activities of Al and Co begins 
at energies around the threshold of the (y, Dp) 
and (y, 2pn) reactions, it is obvious that, of the 
three, the two latter processes play the most sub- 
stantial part in both elements. 

The reaction P*! — Na is the result of a large 
number of processes of which the energetically 
most convenient (vy, Be’) has a threshold of about 
40 Mev; the energetically least convenient process 
(y, 4p3n ) has a threshold of about 90 Mev. The 
experimental threshold of the Na™ yield from P*! 
is in the neighborhood of 60 Mev. This indicates 
that in this reaction processes involving emission 
of bound nucleons, i.e., of the type (y, He’, 2pn), 
play a substantial part. 

However, regardless of the relation between 
the discussed processes, the effective cross sec- 
tions for the production of Na*4 and Mn°*® should 
have a resonance character if the reactions pro- 
ceed with the formation of an intermediate nucleus.* 
The presence of various processes should only lead 
to an increase in the resonance width. The experi- 
mentally-obtained effective cross sections do in- 
deed have a maximum in the energy range of ~ 10 
Mev above threshold. However, they do not fall 
off to zero after the maximum, as expected accord- 
ing to the intermediate-nucleus model, but after 
reaching approximately half their maximum value, 
they remain constant in the Al and Co reactions, 
and even increase in the P reaction. This fact can 
be explained in two ways. One can assume that at 
large energies interactions involving the formation 
of an intermediate nucleus play the main part, but 
that the effective cross sections of the investigated 
reactions remain constant, owing to the increase 
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in the effective cross section for photon absorption. 


However, available experimental data indicate that 
the effective cross sections for photon absorption 
by nuclei in the 60- to 130-Mev energy range in- 
crease very slowly, and consequently such an ex- 
planation is unsatisfactory. The following explan- 
ation is more probable. At photon energies ex- 
ceeding 60 Mev the interaction between photons 
and nuclei does not lead to the formation of an in- 
termediate nucleus. The energy and momentum of 
the photon are absorbed not by the nucleus as a 
whole, but by a group of nucleons which leaves 

the nucleus, transferring to it only a part of the 
energy. One such mechanism is probably the 
much-discussed “quasi-neutron mechanism.”® In 
such an interaction it may turn out that the proba- 
bility of transferring to the nucleus a given portion 
of energy varies little with the energy of the inci- 
dent particle, and consequently the effective cross 
section for the production of a given isotope will 
also vary little. 

Thus, the variation of the effective cross sec- 
tions which we have obtained permits us to assume 
that at energies above 60 — 80 Mev the interaction 
of photons with nuclei proceeds mainly without the 
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formation of an intermediate nucleus, via photon 
absorption by a group of intranuclear nucleons. 
This conclusion and also the experimental results 
are in agreement with those obtained in analogous 
experiments with heavy particles.’ 

The authors thank Professor P. A. Cerenkov 
for his interest in this work, and the synchrotron 
crew for the high quality of their work. 
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A special magnetic balance and press were constructed to observe piezomagnetism experi- | 
mentally. In agreement with theoretical predictions, piezomagnetic moments mp were found 
to appear in CoF, and MnF, on applying shear stresses oj,. The values of the piezomagnetic 
modulus are ~ 1073 gauss (kg/cm*)~! for CoF, and 107° gauss (kg/cm?) ! for MnF). A de- 
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tailed analysis of the results obtained is made in terms of the thermodynamic theory. To- | 
gether with the piezomagnetic moment perpendicular to the direction of sublattice magnetiza- 

tion, which is equivalent to the well-studied weak transverse ferromagnetism, a moment was 

observed parallel to the sublattice magnetization, which is equivalent to a weak longitudinal 


ferromagnetism not previously observed. 
1. INTRODUCTION 


Tae possibility in principle of a piezomagnetic 
effect has long been discussed. As early as 1928, 
Voight! considered all the crystallographic classes 
in which, according to his view, a piezomagnetic 
effect was possible from symmetry considerations, 
i.e., the appearance of a spontaneous magnetic mo- 
ment on applying elastic stresses. However, his 
treatment was erroneous, since he did not take 
into account the additional symmetry element, R, 
for magnetic crystals, which involves a change 
of sign of the magnetic moments on inversion.” 
The symmetry group of any paramagnetic crystal 
contains the transformation R, and therefore the 
appearance of a spontaneous moment different from 
zero is impossible here. In substances possessing 
magnetic structure (ferromagnets and antiferro- 
magnets), the transformation R, enters only in 
combination with other symmetry elements; it 
follows that in principle such substances can be 
piezomagnetic.*»* Naturally, the greatest interest 
lies in the study of the piezomagnetic effect in 
antiferromagnets, which do not under normal con- 
ditions possess macroscopic spontaneous moments. 
Dzyaloshinskii,° from considerations of magnetic 
symmetry, indicated a number of actual antiferro- 
magnets in which the piezomagnetic effect should 
be observed. More recently, Tavger® and Le Corre’ 
determined the piezomagnetic tensors for antifer- 
romagnets of all magnetic structure classes. 

The piezomagnetic effect in antiferromagnets 
is closely connected with the appearance of weak 
ferromagnetism, which has been experimentally 


studied in detail in a-Fe,03,° and MnCO, and 
CoCO,.**!° A theoretical consideration of these 
phenomena!!>!2 showed that in many cases, in the 
same crystallographic structure, different types 
of antiferromagnetic ordering with different mag- 
netic symmetries are possible. Thus, magnetic 
symmetry in some types does not permit a spon- 
taneous ferromagnetic moment, whilst in other 
types antiferromagnetism is accompanied by weak 
ferromagnetism. It follows that if, on the applica- 
tion of stress to a crystal not possessing a spon- 
taneous moment, the crystal deforms in such a 
way that its magnetic symmetry changes, then a 
ferromagnetic moment can arise in it. 

We have already communicated the discovery 
of the piezomagnetic effect in the fluorides of co- 
balt and manganese.'? These compounds transform 
into the antiferromagnetic state in a temperature 
region convenient for study: MnF, at Ty = 66.5°K,'4 
CoF, at Ty =37.7°K.! So, even at 20°K, the mag- 
netization of the sub-lattices in them is almost satu- 
rated. Both substances have a simple tetragonal 
lattice (group Des In the antiferromagnetic 
state the spins of the ions at the centers of 
the crystallographic cells are antiparallel 
to the spins of the ions at the corners of the 
cells!’ — as shown in Fig. 1. Dzyaloshinskii has 
shown®"® that in these compounds a piezomagnetic 
moment should be observed along all three axes, * 


*In Dzyaloshinskil paper’ a term was omitted in the expres- 
sion for the thermodynamic potential responsible for the ap- 
pearance of a piezo-magnetic moment along the z axis. A 


complete analysis of this problem was given in his disserta- 
tion.** 
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FIG. 1. The mag- 
netic structure of MnF, 
and CoF,. Open cir- 
cles —Mn, Co; shaded 
circles —F, 


but only on applying shear stresses 


Oa p p 
a AySyz, My = Ayoxz, Mz = Aooxy. 


(1) 


In a previous paper! we described the discovery 
of the “transverse” piezomagnetic moment (A,cx,). 
In the present paper a more detailed description is 
given of the results of these experiments, and ex- 
periments demonstrating the “longitudinal” piezo- 
magnetic moment (A20xy ). 


2. APPARATUS AND SPECIMENS 


Considering the smaliness of the expected piezo- 
magnetic effect, we decided on the balance method 
of measuring magnetic moments as the most sensi- 
tive of known methods. A diagram of the apparatus 
we used is shown in Fig. 2. The specimen under 
study, 1, situated in tube 2 of press 3, lay in the 
inhomogeneous field of the electromagnet 4, 5. 
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FIG. 2. Diagram of the 
magnetic torsion balance. 
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The use of a small electromagnet situated directly 
inside the Dewar excluded all effects involving the 
magnetization of the material from which the press 
was made. 

If the specimen possesses a magnetic moment 
m, then the force 


Fo = Onlin 


acts on it, where the constant C = H~!dH/dz de- 
pends on the position of the specimen relative to 
the poles of the magnet. For a magnet of small 
dimensions, C changes markedly, even for small 
changes of specimen position. Before the start of 
each series of measurements the specimen was 
placed in the region where C had its maximum 
value. Then a displacement of the specimen by 
+0.1 mm caused the constant C to diminish by 
~0.5%. By using a photocompensator device, we 
were able to maintain the specimen position con- 
stant with an accuracy of +0.03 mm. 

To measure the force F acting on the specimen, 
the press 3 was suspended on vertical tungsten 
wires 6, with a diameter of 50 and length of 10 
cm. The lower wire was fixed directly to the 
press and the upper to plate 7, which was rigidly 
connected to the press by means of quartz rod 8. 
The upper end of the upper wire was fixed to the 
movable stem 9. Rotation of the stem enabled 
the zero correction of the system to be made, 
and, by lowering it, it was possible to arrest the 
balance. Spring 10 maintained a constant tension 
in the wires. The measurements were made by a 
compensation method. A compensating moment 
was created by passing a current through coil 11, 
which rotated in the gap of permanent horseshoe, 
magnet 12. The current was fed to the coil through 
the two tungsten wires. 

The entire torsional balance was situated in a 
vacuum jacket, 13, 14, 15, and 16. 

An essential part of the apparatus was the press, 
with the aid of which stresses were created in the 
specimen. A detailed diagram of the press is given 
in Fig. 3. Using a suggestion by P. L. Kapitza, the 
press, suspended on the fine wires, was controlled 
by a bellows. To bellows 17 were soldered upper 
and lower rigid plates 18 and 19. After this the 
bellows was evacuated through capillary 20, The 
capillary was squeezed off and soldered up. The 
external atmospheric pressure thus compressed 
the bellows with a force of ~ 2.5 kg. The lower 
cap of the bellows lay on supporting frame 21, 
fixed to the body of the press, 22. On lowering 
the pressure in the space surrounding the press, 
elastic forces started to straighten out the com- 
pressed bellows. The pressure thus arising was 
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FIG. 3. Diagram of 
the press and bellows 
(the numbering of the 
components follows 
that of Fig. 2). 


transferred through rod 23 to the long arm of 
lever 24, oscillating about shaft 25, which was 
fixed to the body of the press. The other lever 
arm (the ratio of the arms was 1:6) bore on 
rod 26, by means of which the pressure was trans- 
mitted to the specimen, 1. The specimen was at 
the end of tube 2, screwed into the body of the 
press. The dependence of the pressure created 
in the press on the pressure of the helium gas 
surrounding the press was determined with a wire 
strain gauge fixed to the side surface of the tube 
and previously calibrated by using a direct load 
on rod 26. This dependence was not completely 
linear, owing to the non-linearity of the bellows 
compression and small deformations of the lever. 
Thus, the maximum force acting on the specimen 
(~7 kg) was smaller than calculated. 

The magnetic balance had a photocompensator 
(used also in our previous work), which automat- 
ically maintained the current through compensating 
coil 11, such that an optical beam reflected from 
a mirror fixed to plate 7 remained in the null posi- 
tion (with a displacement accuracy dictated by the 
photocompensator control circuit). In the photo- 
compensator amplifier a differentiating circuit was 
included which ensured damping of the magnetic 
balance.* 

The parameters of the compensating system 
were such that a moment of 1 dyne-cm was cre- 
ated by a current of 830ua. The uncertainty of 
the balance reading was approximately +0.3 ya. 
The sensitivity can thus be estimated at 4 x 1074 
dyne-cm. For a specimen of weight 10 mg this 


*The author is very grateful to V. I. Ozhogin for construct- 
ing the photocompensator circuit, and also to A. N. Vetchinkin 
for a number of valuable discussions on the choice of the photo- 
compensator circuit. 
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gave a sensitivity in measuring the susceptibility 
of ~2~ 1078 emu/g for H = 400 oe, which is 
equivalent to a sensitivity in measuring the mag- 
netic moment in the same field of ~107* emu/g. 
However, the calibration of the absolute reading 
was not better than 5%. 

All measurements of the piezomagnetic effect 
were performed at the temperature of liquid hy- 
drogen (T = 20.4°K). 

Single crystals of MnF, and CoF, were used; 
they were grown by N. N. Mikhailov and O. S. 
Zaitsev from a melt subjected to an atmosphere 
of HF vapor. Small pieces of the crystals, of ar- 
bitrary shape and dimensions (0.3 cm’), were 
oriented in the necessary way by an x-ray goni- 
ometer. They were then ground by hand to pro- 
duce a rectangular parallelepiped of dimensions 
1x1x2mm. The end of this parallelepiped was 
glued to the lower end of the rod with BF-2 glue. 
Then the rod was held in a special mandrel, and 
the other end of the specimen was ground strictly 
perpendicular to the axis of the rod. A small 
layer of vacuum grease ensured a close contact 
between the specimen and the end of the tube. On 
applying a pressure p to the specimen thus 
mounted, homogeneous stresses arose in it: 

a) Ojj =p (Okk = Ol] = Cik = Ci] = 9K7 = 0), if the 

i axis was along the long edge of the specimen, 
and b) ojk = p/2 (0ij = okk =p/2, Ol] = oj] = OK] 
=0),ifthe i and k axes made angles of 45° with 
the long edge of the specimen (see Fig. 4). 
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The main measurements were made with a 
CoF, crystal in which the axes were directed as 
follows:-i—x, k—z, l—y (see Fig. 4, B): In 
this case the magnetic field was along the y axis. 
Figure 5 shows the variation of magnetic moment 
my with field, on changing the field within the 
limits of —1.1 koe to +1.1 koe at liquid-hydrogen 
temperature (T = 20.4°K). The line 1 was ob- 
tained when no pressure was applied to the speci- 
men. The experimental results in this case are 
described by the equation 


FIG. 4. Orientation 
of the specimens for 
investigations on 
piezomagnetism: A — 
shear stresses absent, 
B-—a shear stress oj, 
= p/2 arises. 


3. RESULTS 


THE ANTIFERROMAGNETIC 


mov'y? emu/mole 


FIG. 5. Variation 
of molar magnetic mo- 
ment my of CoF, with 
magnetic field: 1—in 
the absence of stress, 
2 —under a stress ox, 


= 340 kg/cm?. 


0 240 
Mm =m,+y,H, 


where yy = 56x10 * emu/mole and my = -1 


emu/mole. On applying to this specimen the max- 
imum pressure obtained, p = 680 kg/cm’, the ex- 
perimental points are described by two straight 
lines (2 in Fig. 5) 


iy =m, = yi: (2) 
p= 


The value of the spontaneous moment my = 16 emu/ 
mole and does not depend on the field. In weak 
fields (up to 500 oe) the direction of the moment 
remains unchanged. For large fields in the oppo- 
site direction to the moment my, the magnetiza- 
tion of the specimen reverses. The reversal of 
magnetization takes place comparatively slowly. 
For a fieldof 810 oe, ~ 40% reversal of magnetiza- 
tion occurs in 5 minutes. Further change is very 
slow. On increasing the field further to 980 oe, 
almost complete reversal of magnetization takes 
place in 7 minutes. The results on magnetization 
reversal were not well reproducible; we have 
therefore limited ourselves to a qualitative study, 
and in Fig. 5 the region of magnetization reversal 
is tentatively shown by broken lines. 

The results obtained in Fig. 5, and additional 
measurements at two intermediate pressures, 
show that within the limits of accuracy of our ex- 
periments the paramagnetic susceptibility Xy does 
not change on applying pressure. Therefore, we 
studied the variation of piezomagnetic moment 
my on pressure by measuring the change of the 
total moment m, in a constant magnetic field, 

H = 1.1 koe, while changing the pressure on the 
specimen. The results of these measurements 
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are given in Fig. 6, from which it is seen that 
my varies linearly with pressure, with 


my = 5.1-10-%s,, emu/mole = 2.1-107%c,, gauss 
(3:2 in kg/cm?). 
Measurements were made on the same crystal 
of the magnetic moment along the [101] direction, 


FIG. 6. Variation of trans- 
verse piezomagnetic moment per 
unit volume my for CoF, on the 
value of the applied shear 
stress oy,. 
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where the field was perpendicular to the y axis. 
As in the previous case, a small residual moment 
m? = 1.1 emu/mole was observed. On applying 
pressure its value changed only by 30%. 

Analogous results were obtained on a specimen 
in which the axes were directed as follows: i—x, 
k—y, 1— z. During measurements of the mag- 
netic moment mz (the field H was along the z 
axis), curves were obtained analogous to those 
shown in Fig. 5. In this case 


72 = 42 = 13-10 %emu/mole, m= 1.2emu/mole. 


On applying pressure a piezomagnetic moment mP 
appears, which also varies linearly with pressure 
(Fig. 7): 


mE = 1.9-10°*s,,emu/mole= 0.8-107c,, gauss 


(sx, in kg/cm?). 


FIG. 7. Variation of the 
longitudinal piezomagnetic 
moment per unit volume m?P 
for CoF, on the value of 
the applied shear stress oyy. 
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During magnetic measurements along the [ 110] 
axis we also observed a small residual moment, 
m’ = 0.8 emu/mole which changed by 30% on ap- 
plying the maximum pressure. 

A specimen was also studied with axes orien- 
tated as shown in Fig. 4,A (i—x, k—y,l—z). 
In this specimen also, residual moments m, = 
emu/mole, mz = 1.3 emu/mole were observed, 
which changed on applying the maximum pressure 
by 30 and 20%. 
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A piezomagnetic effect was also discovered in 
the MnF, crystal. The results shown in Fig. 8 


4m, emu/mole 


Hy, 


FIG. 8. The piezomag- 
netic effect in MnF,. The 
koe broken curve corresponds 
to a susceptibility change 
of 1%. 


were obtained on a specimen having the orienta- 
tion shown in Fig. 4,B (i—x, k—z, 1—y, the 
field H applied along the y axis). Because the 
piezomagnetic moment amounted to only ~1% of 
the paramagnetic moment yxH, on the abscissa 
axis is plotted the difference of moments meas- 
ured under pressure (p = 520 kg/cm”), and with- 
out pressure, Am = m? —my. The results ob- 
tained show that under a pressure p = 520 kg/cm’, 
a piezomagnetic moment my = 0.12 emu/mole 
=5x 107° gauss appears in the specimen. Together 
with this a slight (~ 0.2%) decrease in the suscepti- 
bility occurs. We found that the direction of the 
piezomagnetic moment remains unchanged on ap- 
plying a field in the opposite direction of a magni- 
tude up to the maximum we used —1.1 koe. The 
direction of the piezomagnetic moment could only 
be changed if the compressed specimen was cooled 
in the magnetic field from a temperature above the 
Néel point (Ty = 67.5°K) to hydrogen temperature. 
The direction of the piezomagnetic moment was al- 
ways coincided with the direction of the field in 
which the specimen was cooled. This direction 

was then always preserved during repeated pres- 
sure removals and applications of opposing fields. 
Thus, depending on the direction of the field in 
which the compressed specimen was cooled, we 
obtain the points which belong to the upper and 
lower lines in Fig. 8. 


4. DISCUSSION OF RESULTS 


1) Following Dzyaloshinskii,>»!* the thermody- 
namic potential for the investigated fluorides, 
taking into account relativistic terms linear in 
the stress 0; and in the magnetic moment 
Mm = 8; + 82, and invariant with respect to trans- 
formations of the group Dj}, can be written in 
the following form: 


G4 1 Ving 2 sae ge Shae Ois ! 
DO = 74x + ty) + > Bm? + + bm, + e(yxtMy + YyMx) 
iF Ny (MxSyz ain MyS xz) Tz an fine lo @reny: =i YxFxz) Ve 


46 RoMzY23.xy + VYotxYySxy — mH, (3) 


where ‘x, Yy> Yz are the components of a unit 
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vector along the antiferromagnetic vector l= 8 
—s,. As is seen from Fig. 1, in the absence of an 
external field and stresses (H = 0 and oj, = 0) 
Yx = Vy = 0. To this corresponds the condition 

a’ =a—e?2/B > 0. 

We shall use polar coordinates 6 and ¢g to 
label the directions of the vector y. Analysis of 
the thermodynamic potential (3) in the absence of 
stresses shows that on applying an external field 
H, the angle @ remains equal to zero if the field 
is along the z axis. If the field has a component 
H, perpendicular to the z axis, the appearance 
of a magnetization m, = (a/a’B)H, is accompa- 
nied by a rotation of 1 by an angle @ = eH, /a’B. 
Here the condition ~+ g = 7/2 should be satisfied 
(~ is the angle between H, and the x axis). 

We shall analyze the thermodynamic potential 
(3) in the presence of elastic stresses for the par- 
ticular cases occurring in our experiments. 

2) For the first specimen we have dyy = Oyz 
=0, Oxz ~ 0. In this case minimization of the 
potential in the absence of a field gives* 


0 = | ox2 | (mB — eh) / (GB —e’) (4a) 


and g =0 or m depending on the sign of o,,. 
Thus, in agreement with the result obtained by 
Dzyaloshinskii,° a spontaneous moment arises 
along the y axis: 


My = xz (CM — Ady) / (aB—e?). 


(4b) 


In this way the application of a stress 0,, causes, 
as is shown schematically in Fig. 9, the magnetiza- 
tion of the sublattices to be no longer strictly anti- 
parallel, and by rotating in the zy plane they in- 
clude an angle —28, where B= mf /1. This is 


FIG. 9. Rotations 
of the magnetic mo- 
ments of the sublat- 
tices in the transverse 
piezomagnetic effect: 
a—in the xz plane, 
and b—in the yz 
plane. 


accompanied by the rotation of the antiferromag- 
netic vector as a whole through an angle @ in 

the xz plane. This picture agrees completely 
with what was observed in previously studied anti- 


ferromagnets with weak transverse ferromagnetism. 


The application of a magnetic field along the y 
axis increases the angle 6 by eHy /a’B; the fol- 
lowing expression is obtained for the magnetic 


*In all the calculations which follow we assume that in the 
initial state 0, = 0. If we take the initial value 0; =7, then 
the expression for 6 will have the form & = 2 ~ 6; piezomag- 
netic moments change sign on inversion. 
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moment in this case: 
my = my + (a/a’B) Hy. (5) 


This conclusion of the theory is in complete 
agreement with what we observed in experiment 
[see Fig. 5 and Eq. (2)]._ The experimental data 
we obtained allow the evaluation of the rotation 
angle of the sublattices and some of the coeffi- 
cients of the expression. For further calculation 
we will neglect the difference between a and a’ 
(taking e?/B <a). Then, in the case of CoF,* 
we have B=1/y, = 0.5 x 103; assuming that both 
terms in (4b) give approximately equal contribu- 
tions, we obtain an estimate for the coefficient 
A, ~ 0.5 (in any case Ay <1). On applying the 
stress Oy, = 500 kg/ cm”, we obtain the following 
estimates for the angles: a =0,,/G~ 2x10 
(the shear modulus G was here taken to be 0.25 
x 1078 kg/cm”); B= my /l ~5x107%. To evalu- 
ate 6 it does not suffice to know the coefficients 
e and a. If it is assumed that the value of the 
relativistic terms amounts to ~ 107° of the ex- 
change energy, then for the angle 6 the value 
~1073 is obtained, i.e., all three angles are of 
the same order of magnitude. 

If the applied field is directed perpendicular to 
the y axis, minimization of the potential (3) gives 
the following solution for the components of the 
moment: 


Mee (ala B) Hs, iy =, Mm, — | (B+ 6), 


which also agrees with our measurements of the 
moments along the [101] axis — in this direction 
the magnetic properties do not depend on pressure 
and the crystal does not display ferromagnetism 
(we shall return to the weak parasitic moment). 
The angle 6 is changed by the field also, as in 
the previous case, whilst the angle g does not 
remain constant, but increases gradually and 
tends in large fields (eH, > Byjoxz) to gy = 7/2. 
3) Special interest attaches to the case oxz 
= Oy, = 0; Ox, = 0. In this case, in the absence 
of a field, the direction of the spontaneous mag- 
netization vector is not changed on applying pres- 
sure (9=0). A piezomagnetic moment, as al- 
ready shown,” is obtained along the z axis: 


Mz = hsSxy | (B+ 6). 


Thus there arises here weak longitudinal ferro- 
magnetism, which has not been previously ob- 
served. In distinction from the transverse, the 
longitudinal weak ferromagnetism is caused by 


*Below all quantities are given in the cgs emu system cal- 
culated for 1 cm? of substance. The pressures are given in 
kg/cm’. 
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the difference in the values of the magnetic mo- 
ments of the ions in the two sublattices. As is 
seen from Fig. 10, the ions 1 and 2, which are 
equivalent before deformation with respect to 
symmetry of the crystalline field, after shear 
deformation in the xy plane, cease to be equiva- 
lent. It is apparent that, if the change of the angle 
between the x and y axes from 7/2 causes 
such a change of the crystalline field, while the 
size of the magnetic moments changes linearly 
with deformation, then the signs of these changes 
in both sublattices should be opposite. The micro- 
scopic nature of the different changes of the crys- 
talline fields for different ions is connected with 
the different signs of the changes in distance to 
nearest fluoride ions, as seen from Fig. 10. 


FIG. 10. The longitudinal piezomagnetic effect: a —the 
change of symmetry of the crystalline fields, b—the change 
of the sublattice magnetic moments. 


On applying a magnetic field the angles g and 
6 change, to a first approximation, just as they 
do in the undeformed crystal, and for the magnetic 
moments the solution is obtained 


m, =(a/a'B)H,, 
mz = H,/(B +6) + dosxy/(B+ 8). (6) 


This result also agrees completely with what we 
observed in the experiments with the second CoF, 
specimen. From the experimental data the value 
A, = 1.6 is found directly. 

4) The crystallographic symmetry of the fluo- 
rides is such that the thermodynamic potential 
only contains terms for shear stresses Oj, 

(i #k). This agrees with the negative results 
obtained on the third CoF, crystal, where we 
provided only compressive stresses (0jj). 

5) During measurements on all the specimens 
we encountered a weak ferromagnetic moment even 
in undeformed crystals. The size of this moment 
varied within limits of up to 13 times in different 
specimens, and was approximately 10 times 
smaller than the piezomagnetic moments we ob- 
served. In distinction from the latter, this mo- 
ment was practically isotropic. The size of the 
observed parasitic moment was such that it could 
be caused by a susceptibility decrease of ~ 2% on 
changing from a field of 1 koe to a field of 10 koe. 
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It should be pointed out that a variation of xy on 

H in CoF, of such an order has also been ob- 
served by other workers.!»?" It is possible that 
the parasitic moment is caused by a piezomagnetic 
effect due to inhomogeneous internal stresses in 
the specimens studied. However, an anneal we 
carried out on one of the specimens did not change 
the value of the moment. 

6) The thermodynamic theory naturally cannot 
predict the size of the piezomagnetic effect. Dzyalo- 
shinskii,!® from very crude premises, has given a 
formula to estimate the size of the piezomagnetic 
modulus: 


A~YV ay /E, 


where © is the Néel temperature in energy units 
and E is Young’s modulus. The ratio a/@, ac- 
cording to the data on the weak ferromagnetism, 
lies within the limits 107? and 107°. Accordingly, 
an estimate for A gives a value of 107? to hOme 
The result for MnF, gave a value an order smaller 
than the lower limit of this estimate, which is not 
unreasonable, considering the crudity of the esti- 
mate. The smallness of the piezomagnetic effect 
in MnF, is easily explained if it is assumed that 
the weak ferromagnetism is caused by spin-orbital 
and not dipole interactions.* For the Mn** ion in 
the S state, the spin-orbital interaction should be 
very small. Most favorable in this respect is the 
Co** ion. The particular splitting of its ground 
state by the crystalline field?*»?3 means that the 
effect of spin-orbital interaction in it should be 
the greatest of all the transition element ions. 
With this is apparently associated the anomalously 
large size of the piezomagnetic effect. In particu- 
lar this refers to the longitudinal effect, which is 
entirely due to the effect of the crystalline fields. 
7) From the thermodynamic discussion given 
above, it follows that for the same sign of oj, 
the direction of the piezomagnetic moment is 
uniquely connected with the direction of the anti- 
ferromagnetic vector (my ~ sin 6; mP ~ cos 6, 
where the angle @ lies within the limits 0 and 
m7). Therefore, a reversal of the piezomagnetic 
moment by an external field should be accompa- 
nied by a rotation of the antiferromagnetic vector 
l through 180°. The two states with @=0 and 
§= m7 are divided by a potential barrier with a 
height of the order of the anisotropy energy 
a~ 10! erg/ cm?, In our experiments we showed 
that in the same crystal repeatedly cooled, the 


*This has been shown for rhombohedral structures by Ber- 
taut;?* analogous calculations confirm this effect for the fluo- 
rides also. 
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spontaneous moment observed in the absence of 

a field was always in the same direction. This 
indicates two facts: a) in the crystals studied a 
single-domain antiferromagnetic structure is 
formed, b) the direction of the antiferromagnetic 
vector in a given crystal is always the same, for 
which some imperfection of the crystal is respon- 
sible, causing the energetic preference of one of 
the states. The energy difference can be estimated 
from the size of the magnetic energy required for 
magnetization reversal. In our experiments mag- 
netization reversal was observed for mH ~ 5 x 10? 
erg/cm®. We established that this value decreased 
somewhat (by ~ 30%) after an anneal of one of the 
specimens. It should be emphasized that the en- 
ergy indicated is four orders smaller than the 
height of the potential barrier. It can be assumed, 
therefore, that the observed magnetization reversal 
time (in our experiments T ~ 30 sec) is associ- 
ated with the lifetime of the sublattices. How- 
ever, to obtain quantitative conclusions, it is nec- 
essary to develop the theory of magnetization re- 
versal kinetics, and perform further experiments 
in this area. 

8) In view of the low accuracy in orienting the 
crystals, the values we obtained for x, and x, 
at T = 20.4°K can contain significant errors — 
up to 10% of the difference x, — x). Up to the pres- 
ent only the difference of susceptibilities’? has been 
measured in CoF, single crystals. Our data, 

X1 — Xp = 48 x 1073 emu/mole, agree within the 
limits of accuracy indicated above, with the value 
48 x 107% emu/mole obtained by Stout and Mata- 
resse.!® In this connection, attention should be 
turned to the fact that in the case of CoF, the sus- 
ceptibility x, does not apparently tend to zero as 
Te Oe 

In conclusion, the author expresses his deep 
gratitude to Acad. P. L. Kapitza for constant in- 
terest in the work, N. N. Mikhailov and O. S. 
Zaitsev for making the MnF, and CoF, single 
crystals, I. E. Dzyaloshinskii for useful discus- 
sions, and also V. I. Kolokol’nikov for assistance 
in carrying out the experiments. 

Note added in proof (March 9, 1960). Moriya, 
in a recently published paper [T. Moriya, J. Phys. 
Chem. Solids 11, 73 (1959)], by considering the 
change of potential of the crystalline field during 
compression in the [110] direction, evaluated the 
quantity A, = 4x10? gauss/(kg/cm”), which is 
only eight times greater than our experimental 
result. 
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Results of measurements of differential cross sections for the elastic scattering of m- mesons 
of energies 240, 270, 307 and 333 Mev by hydrogen are given. 


‘Shain of the scattering of * mesons by hydro- 
gen in the energy region up to 360 Mev'~? has made 
it possible to establish the main features of the in- 
teraction of a mesons with nucleons in the states 
with isotopic spin T = dé Until recently, very 
little was known about the interaction of mesons 
with nucleons in the T=, states. The state with 
T= ob enters only into scattering of negative 1 
mesons. Determination of the contribution of these 
states in the energy region near resonance is prac- 
tically impossible because of the overwhelming 
contribution of the interaction in T = ob j= Wf 
states. It might be hoped that more specific infor- 
mation about the interaction in T= '/ states could 
be obtained at high energies. In connection with 
this, the authors carried out a systematic study of 
the interaction of m mesons with hydrogen in the 
energy range 240 — 330 Mev on the synchrocyclo- 
tron of the Joint Institute, using scintillation count- 
ers. 

Preliminary results of this work have been 
given earlier.*~' 


1. EXPERIMENTAL ARRANGEMENT 


A detailed description of the apparatus and 
liquid-hydrogen target used has already been given 
by the authors.’ Therefore, we limit ourselves to 
only a few remarks here. 

The geometry of the experiment is shown in the 
figure. The beam of mt mesons falling on the hy- 
drogen target is detected by counters 1 and 2, con- 
nected in coincidence. The 7 mesons scattered 
at various angles are counted by two “angular” 
telescopes consisting of counters 3, 4 and 5, 6 
connected in coincidence with counters 1, 2. In 
order to cut down the number of spurious coinci- 
dences, the counters 1 — 6 were connected in anti- 
coincidence with counter 7, placed behind the tar- 
get. This made it possible to decrease the back- 
ground of random coincidences by a factor of 15 
or 20, so that the number of random coincidences 
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Geometry of the elastic-scattering experiment: 1, 2 — scin- 
tillation counters (6 x 6 cm); 3, 4, 5, 6 — scintillation counters 
(12.6 x 11.5 cm); 7 — anticoincidence counter (12.6 x 11.5 cm); 
8 — deflecting magnet; 9 — liquid hydrogen. 


did not exceed 4 to 7% of the scatterings from hy- 
drogen. A special control was established so that 
the working intensity of the synchrocyclotron did 
not fluctuate more than 10% relative to the mean 
level. Therefore, the error in measurements 
arising from fluctuation in the background of ran- 
dom coincidences did not exceed + 0.7%. 

In the following, where four-fold coincidences 
1234 or 1256 are referred to, coincidences of the 
type 12347 and 12567 are implied. 

In measurement of the differential cross sec- 
tions at 30, 45 and 60°, aluminum filters were 
placed in front of counters 4 and 6 to absorb re- 
coil protons; the thicknesses of these filters at 
the various energies are given in Table I. In 
measurements at other angles, filters of thick- 
ness 5.4 g/cm? were always placed in front of 
counters 4 and 6 in order to decrease the back- 
ground from low-energy particles. 


2. MEASUREMENT OF THE DIFFERENTIAL 
CROSS SECTIONS FOR ELASTIC SCATTER- 
ING OF 7m MESONS OF ENERGIES 240, 270, 
307 AND 333 Mev BY HYDROGEN 


The angular distributions of mt mesons scat- 
tered elastically by hydrogen were determined by 
measuring the ratios of four-fold coincidences Q 
in counters 1, 2, 3, 4 and 1, 2, 5, 6 to the two-fold 
coincidences D in counters 1 and 2. The measure- 
ments were carried out at 30, 45, 60, 80, 100, 125 
and 150° in the l.s. 
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TABLE I. Thicknesses of where (Q/D) aise = (Q/D) with — (Q/D).withoutH 
aluminum filters for ab- 
sorption of recoil is the effect per 10° counts of the monitor (mean 
protons (g/cm?) weighted value for all of the series of measure- 
rere ments) with corrections to the observed values of 
Ls., deg |249Mev)270 Mev |307Mev| 333 Mev Q/D for erroneous counts in the coincidences 1, 2; 
5 n,z0 is the effect produced by electrons and posi- 
30 | 16.2 | 24.6 | 28.4] 31.0 trons from the decay of 7’ mesons (per 10° counts 
e | Sree ee hati of the monitor); N is the mean number of hydrogen 
atoms per cm’, this number being 0.447 x 10%4 to 
All of the measurements were carried out in an accuracy of +1% for all energies; © is the solid 
several series. Some of them were made simul- angle subtended by the angular telescope; f isa 
taneously with the study of charge-exchange scat- correction to the observed cross section which is 
tering of the t mesons. The measurements of independent of scattering angle and h is a correc- 
a given series of the ratios Q/D for 240-Mev 7 tion depending on angle of scattering. 
mesons are given in Table II. The variation in The values of all terms in Eq. (1) are given in 
observed values with change in energy is illus- Tables IV — VII. 
trated by the analogous Table III for 333 Mev. The nyo effect is composed of two parts. The 
From Tables II and II it can be seen that at some main part is from electrons and positrons produced 
angles the effect from hydrogen is two or more by conversion of y rays from 1° decays in hydro- 
times smaller than the background from scattering ge”, walls of the target and counters 3 and 5. From 
of mesons off the walls of the target and counters. | measurements of exchange scattering, the effect of 


y -ray conversion in a lead convertor of thickness 
7.4 g/cm? is known at each angle. Knowing the 
cross sections for conversion and Compton effect 
in one of the series of in lead, carbon and hydrogen,®!® we can determine 
measurements the number of electrons falling on the angular tele- 


ee (Q/D) x 10° | @/D)x 10° | Ditfer- scope to a sufficient accuracy. The counts pro- 
deg with H | withoutH | ence duced by these electrons constituted 3.3 + 1% of 


TABLE II. Values of the ratio 
Q/D, observed at 240 Mev 


30 144.3 + 4.28 133.2+3.6131.145.6 the counts observed in ile same conditions with a 
e oe 22.0 1 36/521,5126:622.5 lead convertor. In addition to electrons coming 
= $ = : 
ee pee ik ae pve ae es ate from conversion of y rays, electrons produced 
100 | 23,4 £40 | 10.0+0,7 1415, 141.3 in ~1.6% of m° dec molt on + 
125 | 29'8+£4.6 | 13.0+0,7/16.6+2.0 % decays, IE ti CS 
450 |-48,0+ 1.7 |.30,64175 |17.442,3 taken into account. In determining the no cor- 
rections, the absorption of electrons in the alumi- 
TABLE III. Values of the ratio num filters!®»! placed between counters 3 and 4, 
Q/D, observed at 333 Mev and between 5 and 6, was taken into consideration. 
in one of the series of The correction f, which did not depend on 
measurements scattering angle, included corrections for the ad- 
Angle mixture of » mesons in the beam and absorption 
in Ls., | (Q/D) x 10° (Q/D)x 10°| Differ- 4 : 
deg with H [without H| ence of mt mesons in counter 2, the front wall of the 
target, and in the hydrogen. The correction h, 
30 | 102.3 + 3,3 |73.543,2 |28,744.6 ich depended upon angle, came mainly from the 
45 | 53.1 44.7 |29.3+4.3|23.822.4 Dees 0 P pee aunper 
60 | 45.64 2.1 .|27,341.7 |18.342,7 absorption of 7 mesons in the aluminum filter 
80 29.6+£0.9 |15.440,9 |14.2+1,3 S 
foo | 49.24 4h M0.4e1.4| B8e4.6 placed between phe counters of the angular tele 
425 | 24.0+4.2 | 8,040.8 |13.0=1.5 scope. The magnitude of the absorption was de- 
150 35.0 + 2.2 |26.042.1| 9,043.0 


termined experimentally by measuring Q/D with 
and without the aluminum filter. The measure- 
ments were carried out in the direct m™ beam 
with decreased intensity. The energies of the 7 
mesons were chosen to correspond to those of 7 
mesons scattered at the corresponding angle. 

In. addition to this main effect, the correction 
(is) airlines Bae se Keiad, (1) h also takes into account: 
Heike gah (a) absorption of the scattered m™ mesons in 


Before beginning each series, the energy of 7 
mesons in the beam was determined and the work- 
ing of the apparatus was checked. 

The differential cross sections were determined 
from the formula 
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TABLE IV. Differential cross sections for the elastic scattering 
of 240-Mev 7 mesons by hydrogen 


— ow 

® 
ai 1027 (do/dQ) Angle | 10?” (da/d) 
oo ; at f A l.s.-| in Ls., in c.m.s., 
re Q, sr |(Q/D)gitt| "= Braye nde mitre 
<sg | 
30) 020287 126.622 408.4 0.920 0.804 2.44+£0.24 39.9 | 1.48+0.15 
45 OR0342) 25. Sade daiiond) 0.920 0.848 Ae9 Ae ORT Homa 1,30+0.12 
60 0.0414 |20.621,4] 2.8 0.920 0.893 Ae rlex()). 414) 76.3 0.9530 087 
XO) |) OROAWA WiBewensleai il ace 0.920 0.900 | 0,779+0,090 97.8 |0.763+0.088 
100 0.0444 |11.8+0.8] 1.0 0,920 0.902 |0.707+0.062| 4147.4 |0.856+0.076 
120 0.0410 |15.3+0.9|} 0.9 0.920 0,904 |0.945+0.078| 138.6 4.44+0.12 
150 0.0414 |17.4+1.4| 1.0 0.920 0.895 1.075+0.106| 158,4 4,92+0.19 


TABLE V. Differential cross sections for the elastic scattering 
of 270-Mev a mesons by hydrogen 


¢ oO 
- 2 1027(do/dQ) ia aoe 1077 (do/dw) 
& ‘ (ome +S. AbD -m.S. 
eee ae ee leg ck me Siete ee 
30 ORO2 37M 22562 1Nilewee, 0.925 0,756 DsPAO 22022 40.6 A302 0.13. 
45 OROS42 Sate we Zco 0.925 0.844 1.60+£0.15 59.6 (ROTOR O: 
60 0.0444 |16.9=41,2) 1.8 0,925 0.892 0.990+0.093 Til ooo Omics On Ofer 
0,0414 ytaat alll A) 0.925 0.899 0.574+0.074 98.8 |0.563+40,073 
100 DOAN AO OsOctelh Ose ORIZ5 0.900 0.608+0.064 417.9 |0.748+0.074 
125 OLO41 Om Mae: ORS Ole 0.925 0.905 0.678+0.057 139.3 1.06+0,09 
150 | (020494 435520521 On7 0.925 0.909 0.819+0.086 158.4 1.51+0.16 


TABLE VI. Differential cross sections for the elastic scattering 
of 307-Mev m mesons by hydrogen. 


10°7(do/d2)1 5 Correction to oo 
ae ritiout coe oi: (de/dQ), 4.) S& [1027 (do/da) 
& 5 ae rection for or meson 2 > in c.m.s 
= - Q, sr |(Q/D)aift| "> f A meson pro- production, bb cm?/sr 
§ a duction cm?/sr _ & 
= | cm?/sr o 
30 10.0340} 27.5=2.6] 3.4 |0.934]0,724 2,34£0.27 |0,052£0.040) 41.3) 1.3120.16 
45 |0.0413] 24.3=2.3} 2,0 |0.934| 0.774 4.67+0.19 |0,053+0.040) 60,6] 1.06=0.13 
60 |0.0413) 16.841.2) 1.3 |0,.934]0.865 1.04+0.106} 0.066+0,050| 78.5 |0.752+0.094 
80 |0.0513} 11,5+0.9} 0.8 |0.934|0.909| 0.548=0.048| 0.043+0.028] 100.0 }0.500+0.056 
100 |0.0543) 10.4=0.9} 0.5 |0,934]0.895} 0.515£0.054] 0.017+0.017] 119.0 |0.625+0.072 
125 10.0513} 41.4=4.4] 0.4 |0.934]0.893] 0.574+0.065} 0.002=+0.002} 140.0 |0.923+0.105 
152 0.0494] 11,4+1.0] 0.5 |0.9384|0.893} 0.594=0.062 0 1605 3'| 464520512 


TABLE VII. Differential cross sections for the elastic scattering 
of 333-Mev m mesons by hydrogen 


10°7(do/dQ); 5 Correction to ry) 

ae without €or- ae cs Fg |10?7 (do/da) 

©2710, sr |(Q/D)aite | ?p0 f h rection for forjmesony itgucieintcuneet 

OD > = meson pro- | production, | %% em?/sr 

om) duction cm?/sr & & 
oz cm?/sr B) 
30/0.0340)27.1=1.5 | 3,2 |0,939]0.728] 2.30+0.24 | 0.42+0.06 | 41.9 1,.22+0,44 
45|0 ,0413)22.841.3 | 2.3 |0.939]0,799! 41.48+0.12 | 0.43+0.06 | 61.3 0.874+0 ,093 
60)0,0413)16,2£4.3 | 1.4 | 0.939] 0,871) 0.985+0.084| 0.14=0.05 | 79.2! 0.675+0.076 
80/0.0541/12.8+0.8 | 0.9 |0.939]0,919 | 0.604+0.046] 0.093=0.03 1100.8 0.508+0.055 
100 0.0514 9,47+0.75) 0.4 | 0.939 | 0,900 | 0.47040. 038] 0,056=0.028/119.7 0.527+0,060 
125/0,0541]11.7+0,9 | 0.4 | 0.939] 0.883 | 0.595+0.057] 0.017=0.007 140 6] 0.954+0 ,096 
150|0.0511}9.3244.13) 0.3 | 0.939] 0,896 | 0:468=0.052] 0.004=0.0021159.2 0.914=0, 104 


hydrogen (mainly because of charge-exchange 
scattering), scattering of mesons in the walls 
of the target and counters 3 and 5; the size of this 
correction was 2 —4%. 

(b) random coincidences in counters 1, 2, 3, 4 
and 1, 2, 5, 6 of the type of coincidences 123 of 


the recoil proton accompanied by a spurious par- 
ticle traversing counter 4 (this correction did not 
exceed 1% of that from the hydrogen). 

(c) a geometrical factor — a small (not larger 
than 1.2%) change in the observed cross section 
as compared with the true one, coming from the 
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finite dimensions of the counters, which means 
that the measured cross section was averaged 
over an angle of 13 — 15°. 

At 307 and 333 Mev it was already necessary 
to take into account processes in which charged 
mesons are produced by the a mesons. The 
contribution from these processes at 80° in the 
l.s. was determined experimentally.’ For the 
other angles, corrections for this effect were 
made under the following schematic assumptions: 
the angular distribution of mesons participating in 
inelastic processes is isotropic in the c.m.s.; the 
energy spectrum of these mesons has the form of 
an isosceles triangle. The corrections to the dif- 
ferential cross section in the l.s., calculated under 
these assumptions, are given in Tables VI and VII. 

The errors in the differential cross sections, 
shown in Tables IV — VII, include, in addition to 
statistical errors, errors in the determination of 
terms which enter into Eq. (1). The contributions 
from individual effects to these errors for 270 Mev 
are given in Table VIII. At different energies, the 
errors differ only little from those given in this 
table. 

The c.m.s. angles and differential cross sec- 
tions are given in the two last columns of Tables 
Iv — VII. 

Additional measurements of the cross section 
for 1m elastic scattering were carried out at 80° 
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in the l.s. at 270, 307 and 333 Mev using the method 
of conjugate telescopes, i.e., the scattered  me- 
son was detected in coincidence with the recoil pro- 
ton. Because of this, the background was a factor 
of about five less than the scattering from hydro- 
gen. In processing these results, practically the 
same corrections as in the processing of data ob- 
tained by the usual means were made. The only 
difference was that, instead of corrections for the 
conversion of y rays, a correction was introduced 
into h for absorption of recoil protons (1.4—1.9%) 
in the hydrogen and in the walls of the target. The 
production of mesons by mesons obviously does not 
have to be taken into account. 

The results of these measurements and the cor- 
rections carried out are given in Table IX. The 
differential cross section in the c.m.s., obtained 
by averaging the results of measurements carried 
out in the usual way and by the method of conjugate 
telescopes, is given in the last column. 


3. CONCLUSIONS 


We represent now the angular distribution of 
elastically scattered mesons in the c.m.s. as a 
sum of three Legendre polynomials: 


(2) 


sr!) 


= Ay + Aj Py (cos 9) + Ay Ps (cos 9). 


2 


The values of the coefficients Aj (in cm 


TABLE VIII. Individual effects (in percentages of the differential 
cross section) entering into the errors in the differential 
cross sections at 270 Mev 


e 6 

| | | anen | LDN . LSS y %¢ wo Ae 
< wo S< g See ae gabe 530 2 cEse eS g 
ao au] Bs |lodo|] 50 |28sce| of olor grew aisevin| § 

ov An 50d) $2 lola] Gao | BP Fos] OF lou Qovogl soggy 
ee WM loss) ZOOS 2) £5 152209) gee le> dan Feort 3 
ea Peo] o (Se3| Se | SSSSl| BES \spssvsalssoes | 5 
a of | § Gero | So Bie Baek ees ele e rt eae 
BO) fl ARPA 4 4 1 0.3 4 3 0.5 6.3 
45 4.4 | 2.5 1 1 4 0.95 1.5 3 0.8 6.4 
COM Sonn il 4 4 0.5 bs) 3 0.8 5.8 
80 Boo || 2 il 1 1 0.5 1,9 3 0.8 5.6 
100 273 | 2 A 1 1 0.5 4.5 3 0.8 5.0 
125 Dad 2 af il 4) 0.5 1.9 3 0.9 4.9 
150 whey | 1 1 4 0.5 4 3 0.5 4.8 


TABLE IX. Differential cross sections for elastic 7 -meson 
scattering by hydrogen at 80° l.s. and 270, 307 and 
333 Mev, obtained by the method of 
conjugate telescopes 


88” 
's 3 | | | 1027(do7/ dems. Me 
‘a= | : | 27 obtained by the | 1077G0/d®Jo.ms,, 
oa &% 1(Q/D)qieg | fF | oh Pe ees peers 3 method of con- mean value, 
SR = =| H | em?/sr Saae jugate tele- cm?/sr 

SD (ey } | degrees 2 

Lo H | | scopes, cm?/sr 
o£ | | 

97010,0344|7 .66=0.72 | 0.925 |0.879|0.613=0. 060 98.8 0.601=0.065 0.989=0.053 
307/0.0417|7 .91+0.30 | 0.934 10.894)0.508=0.038} 100.0 0.502+0.038 0.501=0.032 
333)0. 0417/8. 0320.31 | 0.939 10.907 0.506=0.037| 100.8 0.50340 037 0.505=0.032 
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TABLE X. Coefficients of the angular distribution of 
a mesons (1072" sr7') 


on-snt = 

oak Ae Ay Aa M Mo, expected| = 4A), 
Mev 10-2?.cm? 
240 4.20+ 0.06 |0.147+0,44 |0.89+0.15 5.67 4 15.4 =0.8 

270 0.99 + 0.05 |0.21+0.09 |0.74+0.12 2.80 4 12.4+0.6 
307 0.91 £0.06 |}0.88+0.41 |0.7240.411 2.09 4 11.4+0.8 
333 0.82 + 0.05 |0.32 0.06 |0.57 £0.10 4.54 4 10.3 +0.6 


calculated by the least squares method, are given 
in Table X. These coefficients give the minimum 
value of the sum of weighted squares of deviations 


/6.—f 2 

L L 

M= i earre, : 
hd! 


where fj; is the differential cross section at the 
i-th angle calculated from Eq. (2), oj is the ex- 
perimental value of the differential cross section, 
and ¢; is the error in the measured differential 
cross section. 

According to the theory of errors, !3*!4 with the 
correct relation between experimental points, the 
most probable value of M is roughly equal to the 
difference between the number of experimental 
points and the number of parameters fitted. In 
our case, this number is four at all energies. 
Comparison of the expected values of M and 
those obtained (Table X) shows that the experi- 
mental values of the differential cross sections 
satisfy the dependence Eq. (2) sufficiently well. 

Integrating the angular distribution of Eq. (2), 
one obtains the total cross section for elastic 
scattering of m mesons by protons. Integration 
leads to the expression 


(3) 


Cpa ae 


The magnitudes of the total cross sections ob- 
tained in this way are given in the last column of 
Table X. 
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The decay scheme of As" was investigated with a scintillation coincidence spectrometer. 
Excited states of Se’® were found at 0.56, 1.21, 1.76, 2.42, 2.63 and ~ 2.85 Mev. Thirteen 
y transitions between these levels were detected and their relative intensities were deter- 


mined. 


1. INTRODUCTION 


Tue decay scheme of As" (T = 26.7 hours) has 
been investigated by many authors. In reference 1, 
where the available experimental data are analyzed 
and an extensive bibliography is provided, Gustova 
and Chubinskii have shown that the generally ac- 
cepted decay scheme of As" (see reference 2, for 
example) is very incomplete and have proposed a 
new decay scheme, which takes the most recent 
data into account.!»?»4 These data are, however, 
insufficient to determine the decay scheme unam- 
biguously. Excited states of Se’’, according to the 
scheme proposed in reference 1, are so located 
that gamma transitions with identical or almost 
identical energies can occur between different 
levels. Such transitions cannot be resolved in the 
observed gamma spectrum, which is therefore not 
amenable to an unambiguous interpretation. The 
decay scheme given in reference 1 includes levels 
and transitions that lack direct and reliable experi- 
mental confirmation. The relative intensities of 
many transitions are based only on indirect data 
(intensity balance), which cannot be regarded as 
reliable since the intensities of the partial beta 
transitions have not been definitely determined. 
Earlier results obtained by means of y-y co- 
incidence studies‘ were actually only qualitative 
since the coincidence spectra were not analyzed 
and the results were interpreted on the basis of a 
simplified decay scheme.? The y-y coincidences 
studied in the present work have enabled us to es- 
tablish unambiguously the existence of several ex- 
cited Se'® states and of y transitions between 
them. The relative intensities of the transitions 
were determined through a quantitative analysis 
of the spectra. 


2. APPARATUS, SOURCE, AND EXPERIMENTAL 
PROCEDURE 


We used a coincidence scintillation spectrom- 
eter, which was a modification of the instrument 
described in reference 8. The gamma rays were 
registered by NaI(Tl) crystals, measuring 4 cm 
in both thickness and diameter, in conjuction with 
a FEU-13 photomultiplier. The spectrometer reso- 
lution was 9.5% in the analyzing channel and 10.5% 
in the control channel for the 662-kev y line of Cs!8". 
Pulses from the single-channel pulse-height ana- 
lyzer in the control channel and from the integrat- 
ing discriminator in the analyzing channel were 
fed to a coincidence scheme with a resolution time 
27 =1.5 x 107’ sec. Pulses from the photomulti- 
plier of the analyzing channel were simultaneously 
fed to a 100-channel analyzer (AI-100-1) triggered 
by the coincidence circuit. 

The efficiency calibration of the spectrometer 
was based on the total efficiency curves of NaI (T1) 
crystals, which were computed in reference 9, and 
on the experimental ratios of the photopeak area to 
the area of the entire spectrum for certain gamma 
emitters with a simple decay scheme in the 150 — 
2620 kev region. The resulting photoefficiency 
curve was verified by measurements with a num- 
ber of isotopes for which the relative intensities 
of gamma transitions are well known. These meas- 
urements showed that the curve couid be used to 
determine such relative intensities with 5 —10% 
accuracy in not too complex spectra. The spectra 
were resolved with the aid of characteristic curves, 
from which the line shape for a gamma transition 
of given energy could be determined. The method 
of plotting these curves is described in reference 
10. 
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FIG. 1. Gamma-ray spectrum of As’®. Energies are given in 
Mev. Statistical errors for energies under 2.2 Mev are smaller 
than the size of the circles. Resolution of the hard part of the 
spectrum is represented by dashed curves. The ordinates are 
counting rates in arbitrary units. 


The As" source was prepared by irradiating 
arsenic metal with thermal neutrons in a reactor 
for a period of 40 hours, after which the arsenic 
was evaporated at about 500°C. Control measure- 
ments were performed with a source in which the 
bombarded arsenic was converted into AsHs3, thus 
completely eliminating the activity of Sb!24, which 
amounted to less than 1% impurity in the bombarded 
arsenic. 

For coincidence measurements the source was 
placed between two Nal(T1) crystals 15 cm apart. 
A lead absorber 2 mm thick was placed before the 
crystal of the control channel. Single gamma rays 
were measured with large distances between the 
source and crystal (up to 60 cm) in order to 
eliminate the possible summation of pulses from 
cascade gamma rays. 


3. RESULTS 


The gamma spectrum. Figure 1 shows the 
gamma-ray spectrum of As’ which was measured 


with 50 cm distance between the source and crystal. 
This spectrum was used to determine the relative 
intensities of nine gamma lines, which are given 


in Table I. The 0.56-Mev line was taken as 100. 
TABLE I 
Energy, Relative 
Mev intensity 
0,56 100 
0.65 13.6=£1,5 

0.87 0.46+0.09 
eet 12e8= Oe 

1,42 11540510 
1.76 OL7620 4 
2.07 {Ee Gfe= ONS) 
242, 0.09+0.03 
263 Ohaliles(0) 08} 
20) <0.04 
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Our results for the relative intensities are in good 
agreement with references 4 and1. The greatest 
discrepancies are found in the cases of the 1.42- 
and 2.63-Mev lines, although the results still agree 
within experimental error. It should be noted that 
in references 1 and 4 the existence of a few more 
weak gamma lines is indicated. We did not detect 
these lines, but we are not absolutely certain of 
their nonexistence because it is difficult to resolve 
the spectra with the required degree of accuracy. 
As already mentioned in the introduction, some 
of the relative intensities in Table I do not corre- 
spond to actual gamma-transition intensities since 
certain lines may include contributions from tran- 
sitions of equal or nearly equal energy between dif- 
ferent levels of Se’*, as has been confirmed by in- 
vestigation of the y-y coincidence spectrum. 
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FIG. 2. y-y coincidence spectra. Energy ranges de- 
fined by the control analyzer window are: a—2.0—2.2 
Mev, b= 1.6—1.76 Mev, c=1.4—1.5 Mev, d= 1.11.3 
Mev. 
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Y-y coincidences. Figure 2 shows the y-y coin- 
cidence spectra for four window positions of the 
control channel analyzer. In Fig. 2a the 2.07-Mev 
transition is in cascade only with the 0.56-Mev 
transition. Figure 2b shows peaks representing 
transitions with the energies 0.56, 0.65, 0.87, and 
1.21 Mev. Comparison with the preceding spectrum 
showed that the 0.56-Mev photopeak may be entirely 
attributed to the 2.07 —0.56 Mev cascade. Thus the 
1.6 —1.8 Mev gamma rays are in cascade with 0.65-, 
0.87-, and 1.21-Mev gamma rays. Figure 2c shows 
the same peaks with a different intensity distribu- 
tion. Taking Fig. 2b into account, it can be shown 
that the 0.87-Mev photopeak results entirely from 
the 0.87 — 1.76 Mev cascade, and that the 1.42-Mev 
gamma ray is in cascade with 0.56-, 0.65- and 
1.21-Mev transitions. Figure 2d shows photopeaks 
at 0.56, 0.65, 1.21, 1.42 and ~1.64 Mev, all of 
which represent transitions in cascade with the 
1.21-Mev transition. 

In addition to the spectra in Fig. 2 we measured 
coincidences while the analyzer window was set for 
the 0.56-Mev photopeak. These results confirmed 
the preceding measurements; specifically, no 0.56 
— 1.76 Mev cascade was observed. 


FIG. 3. Decay scheme 
of As’. 


The observed noncoincidence and coincidence 
spectra can be completely accounted for on the 
basis of the Se’® level scheme in Fig. 3, which 
will be discussed in the following section. In ac- 
cordance with this scheme the relative intensities 
of the 0.87-, 1.42-, 1.76-, 2.07-, and 2.63-Mev 
transitions can be determined directly from the 
noncoincidence spectrum; the corresponding lines 
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cannot be accounted for by superposed transitions 
with nearly identical energies. 

When the decay scheme in reference 1 was con- 
structed it was most difficult to determine the 0.56-, 
0.65- and 1.21-Mev intensity distribution. These 
intensities were found by comparing the photopeak 
areas in the coincidence spectra, using noncoinci- 
dence line intensities. For example, by comparing 
the areas of the 1.21- and 1.42-Mev peaks in Fig. 
2d we determined the relative intensity of the 1.21- 
Mev transition between the 1.21- and 2.42-Mev 
levels. Similarly, the spectrum in Fig. 2c (using 
the results in Fig. 2b) yielded the intensity ratio 
of the direct transition (1.21 Mev) to the 0.65 — 
0.56 Mev cascade transition from the 1.21-Mev 
level to the ground state of Se’®; this ratio was 
found to be 0.85 + 0.15. 

The intensity of the 0.66-Mev transition between 
the 2.42- and 1.76-Mev levels was obtained from 
the spectrum in Fig. 2b by comparing the areas of 
the 0.66- and 0.87-Mev peaks. The relative inten- 
sities of other transitions were determined simi- 
larly by comparing the photopeaks in the coincidence 
spectra. For a number of transitions the intensities 
could be determined by different independent meth- 
ods, thus providing an additional check on the cor- 
rectness of the results. Table II shows the relative 
intensities that we obtained by the described pro- 
cedure. 


4. DISCUSSION 


The decay scheme which we propose for As 
is shown in Fig. 3. In addition to the previously 
well known levels of Se’® at 0.56, 1.21, and 2.63 
Mev (see reference 2, for example) we have in- 
troduced levels at 1.76, 2.42, and ~ 2.85 Mev. The 
2.85-Mev level is required to account for the ob- 
served 1.21 —1.64 Mev cascade. There is no ad- 
ditional evidence for the existence of this level, 
from which no ground-state transition was ob- 
served. The existence of the 2.42-Mev level is 
shown by the direct 2.42-Mev transition and the 
1.21 —1.21 and 0.66 —1.76 Mev cascades. The 
1.76-Mev level provides a reasonable explanation 


TABLE II 
; . 
Energy, | Levels, Mev__!| Relative | Energy, | Levels, Mev Relative 
ev | initial | final | intensity Mev initial . | final intensity 
{ | | 
| f | | _ 
0.56 | 0.56 | 0 | 100 Orbos | 22 IG) Sa 
RGGHn adie Wise) atta 1,651 iy A sod Dein ie dc2d Diese ite (ay 
"04 | 4.24 | 0 pO r sede oa! 2.42 1 0 19.09 = 0.05 
eee ee, . |-0.87 2.63 1.76 | 0.46 +0.0" 
eC trot er ie 2.63 aol Loon doe OD 
Pen eo) | Oye = 0.11) 207 | 2.63 | 0.56 | 17 orl 
ace eee | WSS 632 12768 0 0.44 = 0.03 
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for the 0.87 —1.76 and 0.66 —1.76 Mev cascades 
without introducing additional levels between 0.56 
and 1.21 Mev. 

The Se™® levels in Fig. 3 enable us to account 
for all transitions observed by us and for their 
relative intensities. Our measurements do not 
indicate the existence of the 2.07-Mev level intro- 
duced by Gustova and Chubinskii.! Nevertheless, 
an effort was made to process the data under the 
assumption that such a level exists. The measure- 
ments could not be accounted for when the exist- 
ence of this level was assumed. If transitions 
associated with a 2.07-Mev level do exist their 
intensities are much smaller than the intensities 
of the transitions represented by the same ener- 
gies which are shown in Table II. 

The experimental data were inadequate to de- 
termine the relative intensities of the 0.55- and 
1.2-Mev transitions from the 1.76-Mev level. 
Only their combined intensity could be determined, 
but the existence of at least one of the two transi- 
tions is shown by coincidences between 0.87- and 
1.21-Mev photons. 

The partial beta intensities in Fig. 3 were not 
obtained directly in the present work but were 
computed from the intensity balance of gamma 
transitions using reliable data for the two hardest 
components of the As" beta spectrum. The com- 
bined intensity of the softer beta transitions ob- 
tained in this manner does not disagree with the 
available very inaccurate experimental data. 

The authors wish to thank V. S. Shpinel’ for his 
interest, and Cheng Tsung-Shuang and V. I. Anikin 
for assistance with the measurements. 
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The lifetime of the first excited state of Se"® (0.56 Mev) was measured through the reso- 

nance scattering of gamma rays from a gaseous As’ gource in the form AsH3. (1.3 4 0.2) 
x 107" sec was obtained for the lifetime. The absence of resonance scattering of 1.21-Mev 
quanta, representing the ground-state transition from the second excited state of Se’®, indi- 


> 


cates that the corresponding partial lifetime of the second excited Se"® state is greater than 


6 x 10722 sec. 
1. INTRODUCTION 


ie eaan investigations»? have shown that the 
beta decay of As" is accompanied by gamma ra- 
diation corresponding to transitions between at 
least seven levels of Se”*. More than 90% of these 
beta decays go to the ground level and first two 
excited levels of Se’® (0.56 and 1.21 Mev). Both 
excited states have the spin and parity assignment 


2*, and electric quadrupole transitions are observed 


from these levels to the ground level of Se”® (see 


the decay scheme of As” in the preceding article”). 


The end-point energies of the beta transitions to 
the 0.56- and 1.21-Mev levels of Se”® are 2.41 
and 1.76 Mev, respectively. Favorable conditions 
thus exist for the observation of the resonance 
scattering of 0.56- and 1.21-Mev gamma rays by 
Se" nuclei using the method of cascade transi- 
tions.2-> Following the beta decay of As", gamma 
rays are emitted by excited Se’® recoil nuclei 
which are in motion. The Doppler effect changes 
the magnitude of the emitted quanta, a certain 
fraction of which are increased by the amount of 
energy required to compensate for recoil losses 
during emission and absorption; this is a necessary 
condition for the observation of resonance scatter - 
ing. In this type of experiment, it is usually nec- 
essary to use gaseous sources of gamma rays to 
insure a sufficiently long mean free time for the 
recoil nuclei. Otherwise, following the beta de- 
cay, collisions with neighboring atoms of the 
source material would slow the recoil nuclei down 
before radiating and the described compensation 
mechanism could not come into play. 

The resonance scattering cross section is asso- 
ciated with the width of the excited level; observa- 
tion of this process therefore enables us to deter- 


mine the width and, consequently, the lifetime of 
the level. Temmer and Heydenburg,® as well as 
Alkhazov et al.’ have obtained 1.7 x 107!! sec and 
£3.x110-"" sec. respectively, for the first excited 
level (0.56 Mev) of Se” by means of Coulomb 
excitation. Coulomb excitation has led to conflict- 
ing values for the partial lifetime of the second ex- 
cited state (for the direct transition to the ground 
state of Se’), Reference 7 gives 2.5 x 107!” sec, 
while the preliminary result given in reference 8 
is of the order 1071! sec. 


2. RESONANCE GAMMA-RAY SCATTERING 
PROBABILITY 


The calculation of the resonance scattering 
probability resembles earlier calculations by the 
present author® and by Metzger.° The resonance 
scattering probability can be expressed as a func- 
tion of the excited level width. Constants are de- 
termined from the characteristics of the As’ de- 
cay scheme and from the parameters of the scat- 
terer. The total scattering probability for a given 
experimental geometry is obtained by numerical 
integration over the volume of the scatterer. It 
is necessary to know the energy distribution N (E) 
of the gamma rays and its density at the resonance 
value of E. 

The decay-scheme data which are required for 
the calculation are given in the preceding paper;? 
the uncertainties in the decay scheme have no es- 
sential effect. 

N ( Ep) depends on the type of beta interaction. 
Despite recent progress in the study of beta decay, 
we have advanced no specific hypothesis regarding 
the type of interaction. The resulting uncertainty 
is included in the overall experimental error. 
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3. EXPERIMENTAL PROCEDURE 


As already mentioned, the observation of reso- 
nance scattering requires the use of a gaseous 
gamma-ray source. It would be simplest for this 
purpose to use metallic arsenic containing As", 
which sublimes at a relatively low temperature. 
However, in arsenic vapor As, molecules are 
formed, so that the recoil atoms resulting from 
beta decay are not, strictly speaking, free. Al- 
though the energy of the recoil atoms considerably 
exceeds the atomic binding energy in the As, mole- 
cule, in some instances the bonds might not be 
broken (for example, when the recoil atom is mov- 
ing toward the center of the molecuie). Recoil en- 
ergy may also be partially lost through other proc- 
esses such as molecular rotation. Since such proc- 
esses cannot be taken into account exactly, the gas- 
eous source must either be a monatomic gas or a 
compound of As and a very light element such as 
hydrogen. In the latter case the molecular mass 
would be practically that of the As atom and the 
uncertainty associated with the chemical bonds 
would be unimportant. 

In the present work arsine (AsH;) was used as 
the gaseous source. About 5 mg arsenic metal was 
irradiated with thermal neutrons in a reactor for a 
period of 40 hours and was then used to prepare the 
alloy As,Zn;,. The arsine produced by the interaction 
between this alloy and 30% sulfuric acid was col- 
lected in a 9-cm® glass ampoule and was solidified 
by cooling with liquid air. During this process the 
ampoule was evacuated and then sealed. Evacua- 
tion was required since collisions between recoil 
atoms and air molecules would otherwise reduce 
the resonance scattering effect. The pressure of 
the AsH3 source gas did not exceed 0.02 atm, thus 
entirely excluding the possibility that collisions 
would affect the experimental results. The total 
activity of the source was of the order 10 mC, but 
only about 35% and 5% of the total number of de- 
cays is accompanied by the emission of 0.56-Mev 
and 1.21-Mev gamma rays, respectively. 

The experimental geometry and the method of 
determining the resonance scattering cross section 
are described in reference 5. The scatterer was 
a hollow thin-walled aluminum cylinder filled with 
99.5% pure selenium powder. The cylinder was 
13.5 cm long and had an outside diameter of 30 
cm. The selenium formed a layer 1.45 cm thick 
with a total weight of 6185 g. An arsenic scatterer 
of similar dimensions was used for comparison; 
the two scatterers were interchanged every 2 min- 
utes. Similar measurements were also performed 
with a solid As"® source whose activity was equal 
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to that of the gaseous source. When the solid 
source was used the counting rate of scattered 
radiation was identical for both scatterers. In 
conjunction with the gaseous source the counting 
rate for the selenium scatterer increased due to 
resonance scattering by Se’. The experimental 
results were corrected for decay during the 70- 
hour period of continuous measurements. 
Preliminary measurements were obtained with 
a source in the form of arsenic metal vapor pro- 
duced by heating to ~ 500°C. Comparison with the 
results obtained with the AsH3 source shows that 
the above-mentioned chemical-bond effect actually 
occurs; the resonance scattering cross section was 
10 — 15% less in the first case. The experimental 
results that are discussed in the following section 
were obtained with the gaseous AsH3 source alone. 


4, RESULTS AND DISCUSSION 


The average counting rate of resonance-scat- 
tered 0.56-Mev gamma rays was 0.52 + 0.02 pulse/ 
sec. This was 6% of the total counting rate, which 
represented mainly the laboratory background and 
elastic nonresonance gamma-ray scattering. A 
multichannel pulse-height analyzer was used to 
measure the scattering spectrum shown in the 
figure. Scattering by arsenic is represented by 


Gamma-ray scattering spectrum. 
1 — Se scatterer; 2 — As scatterer; 
N — pulse counting rate in arbi- 
trary units. 
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a smoothly falling curve while scattering by selen- 
ium exhibits a resonance peak at 0.56 Mev. The 
lifetime of the first excited Se"® state was found 
to be (1.3 + 0.2) x 1071! sec, which is in excellent 
agreement with the Coulomb excitation value of 
1.32 x 107! see given in reference 7. The differ- 
ence between these two results and 1.7 x 107!! sec, 
which is given in reference 6 on the basis of Cou- 
lomb excitation, is within experimental error. 

We did not observe resonance scattering of 1.21- 
Mev gamma rays, corresponding to the ground- 
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state transition from the second excited state. In 
any event the counting rate of resonance scattering 
was under 0.002 pulse/sec, thus making it possible 
to measure only the lower limit of the lifetime. 

The partial lifetime of the second excited Se” state 
for direct ground-state transitions must therefore 
be greater than 6 x 107!2 sec. This disagrees with 
the 2.5 x 107!? sec lifetime given in reference 7, but 
agrees with reference 8, where a lifetime of the 
order 107!! sec was obtained. 

When we used the intensity ratio of the direct 
and cascade transitions from the second excited 
Se’ state, which is given in the preceding paper, 
we found that the partial lifetime for the cascade 
transition is also greater than 6 x 107! sec. 

In references 6 and 7 Coulomb excitation was 
used to determine the reduced probabilities for 
electric quadrupole transitions from the first ex- 
cited states of even-even selenium isotopes with 
mass numbers A = 76, 78, and 80. A relation- 
ship is found between these reduced probabilities 
and the excitation energies similar to that previ- 
ously noted in references 5, 10 and 11 for even- 
even isotopes of several elements; an increase 
of excitation energy is always accompanied by a 
decrease of the reduced transition probability. 

The author wishes to thank V. S. Shpinel’ for 
directing this work, and V. I. Anikin for assist- 
ance with the preparation of the sources and with 
the measurements. 

Note added in proof (March 4, 1960). New 
measurements of the lifetimes of excited Se’ 
states produced by Coulomb excitation were pub- 
lished after the present paper had gone to press. 
Alkhazov, Andreev, Grinberg, Erokhina, and 
Lemberg obtained 1.8 x 1071! sec for the lifetime 
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of the first excited Se’ state (Abstracts of the 
Tenth Conference on Nuclear Spectroscopy, Mos- 
cow, 1960, p.95). The review article by Van 
Patter [Nuclear Phys. 14, 42 (1959)] gives re- 
sults obtained by McGowan and Stelson: (1.62 

+ 0.15) x 1071! sec for the lifetime of the first 
excited state and (1.2 + 0.4) x 107!! sec for the 
partial lifetime of the second excited state. These 
results are in agreement with our present work. 
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The production of multiply charged fragments by 100-Mev protons incident on photoemulsion 
nuclei was investigated. The cross section for the fragmentation was found to be (1.93 + 0.64) 
mb for heavy emulsion nuclei and (1.16 + 0.36) mb for light nuclei. Energy and angle char- 
acteristics of the process are presented. A number of arguments are given in favor of the 
hypothesis that the multiply charged fragments are produced at 100 Mev by quasielastic scat- 


tering on nucleon clusters in the nucleus. 
1. INTRODUCTION 


‘Tae study of the process of emission of many- 
nucleon structures (nuclei of He, Li, Be, etc.) 
from nuclei under the influence of bombardment 
by high-energy particles has recently become of 
considerable interest. 

A study of this phenomenon throws light on the 
subject of nuclear structure, and also provides us 
with a better understanding of the mechanism of 
nuclear reactions. The Brueckner! model of 
strongly correlated particles provides an addi- 
tional stimulus for the study of the fragmentation 
process. 

Despite the large number of papers devoted to 
the study of this phenomenon, there exists as yet 
no unified point of view as to the mechanism of 
production of many-nucleon structures, or frag- 
ments, in nuclear reactions. 

In this paper we study the production of frag- 
ments in photoemulsion nuclei by 100-Mev protons. 
The choice of energy was dictated by two consider- 
ations. First, at this value of Ep the nuclear cas- 
cade is not yet very well developed, and secondly, 
fragmentation takes place at an energy below the 
meson production threshold. All these circum- 
stances simplify the study of the fragmentation 
process. 


2. EXPERIMENTAL METHOD 


In this work we used fine-grain nuclear type 
P-9(ch) photoplates, sensitive to protons with 
energies up to 100 Mev. The emulsion used made 
it possible to detect all charged products of nu- 
clear disintegrations and to separate by visual 
means multiply charged particles with Z > 2 from 
q@ particles and protons. 


The irradiation by 100-Mev protons was per- 
formed at the synchrocyclotron of the Joint Insti- 
tute for Nuclear Research. A decrease in the en- 
ergy of the accelerated protons was accomplished 
by slowing them down in a copper block. The ge- 
ometry of the experiment excluded from the beam 
the admixture of higher energy protons and of back- 
ground neutrons. | 

In the scanning process stars with dense cone- 
like tracks of fragments with Z> 2 were selected. 
The number of fragments with charge Z=3 might 
have been somewhat underestimated, because the 
tracks of @ particles and Li nuclei were sepa- 
rated from each other visually and some Li frag- 
ments may have been missed. The charge was 
determined only for those fragments whose tracks 
formed with the emulsion plane an inclination angle 
(prior to development) of less than 35° and whose 
range was longer than 18u. The separation of 
fragments by their charge was accomplished by 
track thickness measurements.” Then a distribu- 
tion of individual events was constructed as a func- 
tion of the track width, utilizing the last 18 of the 
range. The hammerlike tracks of Li® and Be® 
were used for calibration. As a result charges 
were determined for 86 fragments from among the 
295 fragments found. These data include also 
events consisting of the emission of two @ par- 
ticles with approximately equal energies in a nar- 
row cone (< 3°), which could be identified as the 
decay in flight of a Be® nucleus. 

We discuss next the method used for separating 
stars formed from light (C, N, O) and heavy (Ag, 
Br) emulsion nuclei. To that end the Coulomb 
barrier criterion was used: stars containing a@ - 
particle tracks with a range less than 50u (Eq 
= 9 Mev) but more than 4 (which corresponds 
to the maximum range of the recoil nucleus), as 
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well as stars containing tracks of two protons with 
ranges less than 120u (Ep = 4 Mev), were con- 
sidered to be due to disintegrations of light nuclei. 
The validity of such a classification by “infra- 
barrier” particles, repeatedly verified for normal 
(without fragments) disintegrations of emulsion 
nuclei, was confirmed in the following manner. An 
analysis of the distribution in the number of prongs 
of stars with fragments produced from light nuclei 
showed, on one hand, good agreement with the cor- 
responding distribution for normal stars also pro- 
duced from light nuclei,®** and, on the other hand, 
a difference from the distribution of stars with 
fragments produced in the disintegrations of heavy 
emulsion nuclei. As a final test the distribution 

in the number of prongs was analyzed for those 
stars with fragments which contained also a re- 
coil nucleus and therefore must have been due to 
the disintegration of a heavy nucleus. It was found 
that the distributions of stars with fragments and 
stars with fragments and recoil nuclei were the 
same which testifies to the validity of the adopted 
criterion. 

In this manner, 169 stars were classified as 
disintegrations of heavy nuclei and 126 stars as 
disintegrations of light nuclei. All these were 
subjected to a detailed analysis. 


3. EXPERIMENTAL RESULTS 


a) Cross section and character of the disinte- 
grations. An estimate was obtained for the cross 
section for production of fragments from light and 
heavy emulsion nuclei. The proton flux was deter- 
mined from the number of stars with prong number 
n= 2. The cross section for production of stars 
with n> 2 was taken to be equal to 139 mb.> In 
this manner the fragmentation cross section was 
found to be (1.93 + 0.64) mb for Ag and Br nu- 
clei and (1.16 + 0.36) mb for C, N, and O nuclei. 

A comparison with the data on fragment produc- 
tion cross sections by higher energy protons® is 
possible only for fragments with Z=4 and with 
ranges 1>15y. In our case these cross sections 
are (0.81 + 0.29) and (0.44 + 0.16) mb respec- 
tively for heavy and light emulsion nuclei. Figure 
1 shows data taken from reference 6 together with 
the results of this work. As can be seen, the frag- 
ment production cross section from heavy nuclei 
continues to fall with decreasing proton energy Ep. 
The light nuclei fragmentation cross section also 


falls with decreasing Ep, but considerably more slow- 


ly. However, the latter conclusion may be influenced 
by the inadequacy of the method used for identifi- 
cation of light and heavy nuclei in this work and in 
refere.1ce 6. 
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FIG. 1. Fragment production 2 
cross section o as a function of 
the proton energy Ep: @ — from 
heavy nuclei, x — from light 
nuclei. 
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Disintegrations of heavy nuclei with fragment 
production are accompanied by a release of more 
energy than in normal disintegrations, as was also 
observed at other proton energies.® The average 
number of prongs in stars with fragments produced 
from heavy emulsion nuclei is equal to three, 
whereas in normal disintegrations it is equal to 
two (we use the average of the data of Hodgson? 
and Lees et al.‘). 

At the same time we obtained the relative prob- 
ability for fragment emission from heavy nuclei as 
a function of the number of prongs in the star. The 
results of this analysis are given in Fig. 2 and show 
that the probability in question has a maximum. 


FIG. 2. Relative probability W 
of fragment emission as a function 
of the number n of prongs in the 
star (for heavy nuclei). 


For stars due to light nuclei the large statistical 
errors make it impossible to draw any definite 
conclusions about the behavior of the correspond- 
ing probability. 

b) Fragment distribution in charge, energy and 
range. Charges were determined for 49 fragments 
produced in disintegrations of Ag and Br nuclei, 
and for 37 fragments produced in disintegrations 
of C, N, and O nuclei. The results of the meas- 
urements are given in the table. 

We note that the distribution in charge for frag- 
ments from Ag and Br nuclei is very similar to 


Fragments 
Nuclei 
Hiyajcber gan 
Ag, Br 30 | 14 5 
CuNTO 20 12 ) 
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the corresponding distribution obtained with 660 be seen the most probable range is approximately 
Mev protons.® Starting from the range-energy re- the same at different proton energies, Bees the 
lations for multiply charged ions,’ we constructed considerable difference in the distributions at large 
the energy spectrum for fragments with identified range values. 


charges. The energy spectrum for Li and Be c) Angular distribution of the fragments. As 
fragments is shown in Fig. 3 for light and heavy can be seen from Fig. 5a substantial asymmetry 
emulsion nuclei separately. Events corresponding exists in the angular distribution of fragments ob- 
to Be® are also included in the Be spectrum. tained from the disintegrations of heavy and light 
M li N Li gts 
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4 4 
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1] 10 20 30 40E Mev 0 10 20 30 E Mev 


M M Be : 
6 6 
4 4 
0 wx 60 9% th 150 1600" 
2 2 


0 10 a 30 40E Mev 0 10 20 2 E™Mev 


FIG.. 3. Energy distribution of Li and Be fragments: a — for 
heavy nuclei, b — for light nuclei. 


Poor statistics make it impossible to compare 
the fragment energy distributions with the corre- 
sponding distributions obtained with higher energy 
protons. However, the similarity of the distribu- 
tions in charge permits a comparison of the distribu- 
tions in ranges which is shown in Fig. 4. As can 
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FIG. 5. Angular distribution of fragments produced on light 
(a) and heavy (b) emulsion nuclei. The solid line refers to all 
fragments, the dashed line refers to fragments with / > 25u for 
light, and with / > 40y for heavy, emulsion nuclei 


emulsion nuclei. The ratio of the number of frag- 
ments in the forward hemisphere (with respect 

to the direction of the proton beam) to that in the 
backward hemisphere is equal to 9.0 + 2.7 in the 
case of heavy emulsion nuclei. This is signifi- 
cantly larger than at higher proton energies (3.1 
£0.5 at Ep = 350 Mev‘). The asymmetry in the 
angular distribution of fragments from light nuclei 
is 24:1 and this value, too, is considerably larger 
than that obtained with 660-Mev protons. The pre- 
viously obtained data®»® on the dependence on the 
incident proton energy of the asymmetry in the 
disintegrations of heavy emulsion nuclei are shown 
in Fig. 6. These data show quite unambiguously 
that as Ep increases the fragment distribution 
becomes more and more isotropic. 


4. DISCUSSION OF RESULTS 
FIG. 4. The distribution of fragments in range R: a — for 


heavy nuclei, b — for light nuclei. The dashed line refers to We must first discuss the very fact that frag- 
the E, = 660-Mev data.° ments are produced at energies below the meson 
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FIG. 6. The dependence of 
the asymmetry of fragment pro- 
duction in the disintegrations 

i of heavy nuclei on the proton - 
J energy E,. Along the ordinate 

Miele is plotted the ratio of the num- 
ber of fragments emitted in the 
"70 1000 
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forward and backward direc- 
tions. 
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production threshold. In a number of radiochem- 
ical investigations (see, e.g., Friedlander et al.’) 
the production of fragments with masses ~ 10 —40 
was associated with intense meson production and 
absorption in the nucleus. It is, of course, not pos- 
sible to put an equality sign between the reaction 
products studied by us and those obtained by Fried- 
lander et al.,? but it does follow from our work that 
multiply-charged fragments can be produced also 
without meson participation. Consequently it is 
quite likely that at least some of the fragments 
produced in the bombardment of nuclei by high- 
energy (~ 1 Bev) protons are of the same origin 
as the fragments studied by us. 

It is of interest to discuss the production of 
multiply-charged fragments by 100-Mev protons 
from the point of view of fission, evaporation, and 
nuclear cascade processes. 

The possibility of fragment production as the 
result of asymmetric fission was studied in detail 
by Lozhkhin and Perfilov,® who showed that asym- 
metric fission fails to explain satisfactorily many 
of the experimental facts of fragmentation: for ex- 
ample, it is rather difficult to relate asymmetric 
fission and the appearance of fragments with en- 
ergy in excess of the Coulomb repulsion. 

It has been suggested by some authors (see, in 
particular, Hodgson!” and Skjeggestad and Soren- 


sen!!) that fragments might be produced in the proc- 


ess of evaporation from a strongly excited nucleus. 


It appears to us that in this case, too, there are sig- 


nificant contradictions with experiment, of which 
the most important is the pronounced asymmetry 
in the fragment distribution. In the evaporation 
model the asymmetry is due to translational mo- 
tion and is given by the ratio (u+ v)/(u-—v), 
where u is the speed of the “evaporating” par- 
ticle and v is the speed of the nucleus. This 
ratio is equal to 1.16, in disagreement with the 
experimental value of 9 for the asymmetry. 
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However, a certain fraction of the fragments 
might, apparently, be produced in the evaporation 
process. Indeed, of the 169 fragments found in the 
disintegrations of heavy nuclei, 17 were emitted 
into the backward hemisphere relative to the di- 
rection of the beam. Let us suppose that these 
fragments were produced in the evaporation proc- 
ess from the Ag and Br nuclei. Then, making use 
of the value of the asymmetry expected for the evap- 
oration process (1.16), we come to the conclusion 
that only 37 fragments can be due to evaporation. 

The probability for the emission of various par- 
ticles relative to the probability for proton emis- 
sion may be obtained from the evaporation theory 
developed by Hagedorn and Macke.'* The calcula- 
tion of the relative probability of evaporation of 
Be? fragments from Ru!” nuclei (Ru is between 
Ag and Br), using the values 2.58 Mev for the 
parameter T and 18.8 Mev for V, gives a result 
in good agreement with experiment if it is assumed 
that 37 fragments are due to evaporation. 

Consequently it may be assumed that the evapo- 
ration process is responsible for the production of 
at most one fifth of all fragments. 

The possibility that multiply charged fragments 
are produced by the nuclear cascade process is 
evident already from their anisotropic distribution. 
It may be supposed that the fragments are emitted 
from the nucleus as a result of quasielastic inter- 
actions of the incident nucleon with strongly bound 
nucleon clusters in the nucleus.'® Indeed, there 
exist a number of reasons for the belief! that 
when a nucleus is traversed by a nucleon not only 
nucleon-nucleon interactions are possible, but also 
interactions between the nucleon and a cluster 
formed as a consequence of a shortlived nuclear 
matter fluctuation.!® The experiments of Meshche- 
ryakov et al.!4 showed that the existence of such 
clusters (type d) is possible; in all probability 
the cascade a particles detected in photoemulsion 
experiments!® are also due to such shortlived clus- 
ters. The similarity of a majority of the character- 
istics of the knock-out processes of fast q@ par- 
ticles and of heavier fragments should be noted. It 
is therefore plausible to assume that occasionally 
also larger structures of the light nuclei type can 
be formed in a nucleus and it is with these struc- 
tures, as a whole, that the incident particle inter- 
acts. If fragment emission is due to quasielastic 
scattering of protons by nucleon clusters in the 
nucleus then there should exist a correlation be- 
tween the directions of emission of the multiply 
charged fragments and the fast recoil proton. A 
search for such a correlation was carried out for 
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all disintegrations with fragments. The number 

of disintegrations with two cascade protons did not 
exceed 4%. Consequently in almost all disintegra- 
tions we measured one spatial angle between the 
direction of emission of the fragment and of the 
proton with an energy in excess of 20 Mev. The 
angular distribution so obtained is shown in Fig. 7 
for the disintegrations of heavy emulsion nuclei 
(the picture was analogous for fragments from 
light nuclei). As can be seen from the figure, a 
pronounced correlation exists between the direc- 
tions of emission of the fragment and the fast pro- 
ton. The dotted line in the figure refers to the cal- 
culated distribution in the angles between the frag- 
ments and cascade protons derived from the angu- 
lar distributions of the fragments and the protons. 
Figure 7 shows that the discovered correlation is 
not accidental. 
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FIG. 7. Correlation between fragments and cascade protons 
(for heavy nuclei). The dashed line refers to calculated acci- 
dental correlation. Along the abscissa is plotted the angle be- 
tween the directions of the fragment and the proton (E>20 
Mev). 

Starting from the hypothesis of a collision mech- 
anism for fragment production, we can discuss the 
dependence of the fragment energy on its emission 
angle according to the formulas for elastic colli- 
sions. Figure 8 shows curves calculated for the 
interaction of a 100-Mev proton with nuclei of 
mass 7 and 9, and also the experimental points. 
These experimental points are rather widely scat- 
tered and fall significantly below the calculated 
curve. This circumstance suggests that for 100- 
Mev protons the fragments are knocked out not by 
the primary, but by secondary, nucleons produced 
in the branching out process of the nuclear cascade 
and having a significantly lower energy. Indeed, if 
we construct curves for elastic collisions in such 
a manner that the deviations towards larger and 
smaller angles are approximately equal, we find 
that these curves correspond to protons with en- 
ergies between 30 and 60 Mev, in agreement with 
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FIG. 8. The dependence of fragment energy Eg on the emis- 
sion angle 6. The curves refer to calculations for elastic col- 
lisions: 1 — for fragments with mass M = 7 (Li); 2 — for M=9 
(Be). @ — experimental points for Li; x — for Be. 


the results obtained for the knockout of cascade a@ 
particles.'” The scatter of the points relative to 
the calculated curves might be explained by the 
momentum distribution of the fragments in the 
nucleus. 

We conclude therefore that multiply-charged 
fragments are produced at E, = 100 Mev mainly 
by quasielastic knock-out of nucleon clusters from 
the peripheral region of the nucleus by secondary 
nucleons, arising from a branched-out cascade. 

The available data, unfortunately, do not allow 
a more precise determination of what part of the 
fragments under study is due to the nuclear cas- 
cade and what part is due to evaporation, although 
it seems to us that in such an approach to the frag- 
mentation process the influence of the evaporation 
mechanism could have been only overemphasized, 
and that basically fragments are produced on heavy 
emulsion nuclei in the process of a branched-out 
nuclear cascade. 

In the above discussion we have said little about 
fragmentation of light emulsion nuclei. The basic 
experimental results on fragment production are 
the same for light and heavy nuclei. The different 
energy dependence of the cross section and of the 
anisotropy are apparently related to a different 
degree of development of the cascade process. In- 
deed, calculations on the nuclear cascade process 
using the Monte Carlo method'® show that for light 
nuclei the number of cascade nucleons changes 
slowly with proton energy, which explains the 
comparatively weak energy dependence of the 
cross section and anisotropy. In the fragmenta- 
tion process of light nuclei the collision mechan- 
ism should operate almost exclusively, since the 
term “evaporation” is not applicable to light nuclei, 
and fragment production as residual nuclei is in 
contradiction with the angular distribution. Thus, 
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in the case of nucleus pulverization the ratio of 
fragments emitted forward and backward should 
not exceed 1.5 and consequently no more than 10% 
of the fragments could be produced in this manner. 

Thus the results of this work are evidence that 
at comparatively low incident proton energies 
(~100 Mev) fragments are produced by quasi- 
elastic scattering of secondary nucleons on moving 
nucleon clusters in the nucleus. 
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The limits of stability (relative to nucleon emission) of light nuclei are considered. The 
existence (in the sense of stability against decay with emission of a nucleon) of the follow- 
ing nuclei is predicted: Hewes OL. Bae aun, Neat Mg””, The problem of the 
possibility of existence of heavy nuclei composed of neutrons only is considered. The prob- 
lem is reduced to that of a Fermi gas with a resonance interaction between the particles. 


The energy of such a gas is proportional to w 


2/3, where w is its density. The accuracy 


of the calculations is not sufficient to determine the sign of the energy and answer the ques- 


tion as to the existence of neutron nuclei. 


ike problem of the possible isotopes has been 
treated by Nemirovskii!»? for 8 < Z < 84, and by 
Baz’? for the region 17 < A <40. The former 
uses the one-particle approximation, with an at- 
tempt to find the dependence of the parameters of 
the well on the numbers of neutrons and protons. 
For nuclei with an excess of protons Baz’ bases 
his discussion on the experimental data on the 
mirror nuclei (with excess of neutrons) and on 
the well-known expression for the Coulomb energy. 
For nuclei with an excess of neutrons he extrapol- 
lates the binding energy in series of nuclei with 
constant isotopic spin. 

These papers predict the existence of many as 
yet unknown £-active isotopes. In the table given 
below the isotopes so predicted are enclosed in 
dashed-line squares. One of them has very re- 
cently been observed experimentally.‘ 

In the present paper (Sec. 1) we make addi- 
tional predictions in the region of the lightest nu- 
clei; the isotopes so predicted are enclosed in 
solid-line squares in the table. We point out par- 
ticularly the conclusion that there is a large prob- 
ability that He® exists. For nuclei with an excess 
of neutrons the writer has tried to take the effect 
of shells and the pair interaction of neutrons into 
account as accurately as possible. 

In Sec. 2 the question is raised of the existence 
of nuclei composed solely of neutrons. In the lim- 
iting case of a large number of neutrons, by using 
the data on resonance in the !S scattering, one can 
find the general form of the dependence of the en- 
ergy on the density of the nuclear matter, but the 
accuracy of the first approximation obtained in 
this paper is insufficient to give a definite answer 
to the question of the existence of such nuclei. 


1, LIGHT NUCLEI 


Following the method of Baz’,® one easily con- 
vinces oneself that there must exist a nucleus O18 
with a proton binding energy not smaller than 1.2 
Mev and with B*-decay energy 16 to 17 Mev. Using 
the data‘ on the mass of O79, we conclude that the 
mirror nucleus Mg?’ must exist with proton bind- 
ing energy not less than 2.7 Mev and £*-decay 
energy about 7 Mev. The existence of O!2, Ne!®, 
and Mg? is not excluded (empty spaces in the 
table );* the corresponding mirror isotopes Be!2, 
c!®, and N! are predicted in this paper (see later 
argument), but their energies cannot be predicted 
with enough accuracy to give a definite conclusion 
about O!, Ne!®, and Mg’, The isotopes Ne!”, 
Na}? Mg”!, and Mg” are predicted by Baz’. 

Regarding all the other nuclei in the upper right- 
hand part of the table we can assert with assurance 
that they are unstable against emission of a proton, 
i.e., they do not exist, which is shown in the table by 
the minus signs in all the upper cells. 

Let us turn to the nuclei with an excess of neu- 
trons. A nucleus with an excess of neutrons does 
not exist in the case in which all the discrete levels 
are already filled up with neutrons. An important 
point here is that the nuclear forces fall off rapidly 
with distance, and therefore the number of levels 
in the field of the nuclear forces is limited (in 


*These nuclei may be unstable with respect to the emission 
of two protons at once. On the other hand, at the limit of stabil- 
ity the expression for the Coulomb energy of the last proton, 
1.2(Z —1) AW’, gives too large a result; for example, in the 
pair Li*—B* we have for Li* the binding energy Q, = 2 Mev and 
for B* the value Qp = 0.2 Mev, so that the difference is 1.8 
Mev, whereas by the formula we would get 1.2 x 4 x T 4 = 2.5 
Mev. 
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contradistinction, for example, to the case of the energy is 12 —13 Mev; for c!® these values are 
Coulomb field). With the spin taken into account 3 —4 Mev and 8—9 Mev, respectively. 
the number of levels is always even; therefore if It is much harder to settle the existence of 
a nucleus exists containing an odd number of neu- other isotopes. Extrapolation for fixed isotopic 
trons (2n +1), then there is also a place for a spin® T is not reliable, since it involves compari- 
subsequent ( Qn + 2)-nd neutron. On account of son of neutrons that are in different shells. 
the mutual attraction of a pair of neutrons the For the lightest nuclei the idea of a smooth de- 
binding energy of the (2n + 2)-nd neutron is al- pendence of the parameters of the well on N and 


ways larger than that of the preceding (2n + 1)-st Z'»2 does not take sufficient account of the indi- 
vidual peculiarities of the shells. We shall try to 


neutron. 

In each cell of the table that corresponds to an make maximum use of the experimental data. It 
experimentally known isotope there is written the is known from the scattering of neutrons by He‘ 
binding energy of the last neutron. It is easily that for the partial wave P3/. there is a resonance 
verified that in all cases Eyp.2 > Eonyi- There- at the energy +1.0 Mev (i.e., in the continuous 
fore the existence of the nuclei Be!” and c!® defi- spectrum) with width 0.55 Mev (which corre- 
nitely follows from the existence of Be!! and C. _ sponds to an He? lifetime of 10™* sec). The nu- 
As a rough estimate, the binding energy of a neu- cleus He° does not exist, and consequently there is no 


tron in Be!? is about 2—3 Mev, and the B-decay discrete bound state of a neutron in the field of He’. 
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In the same sense, the dineutron does not ex- 
ist, since from experiments on the scattering of 
neutrons by protons it is known that in the Ig 
state, which is allowed for two neutrons by the 
Pauli principle, the attraction is not sufficient for 
the formation of a bound state. Therefore the He® 
nucleus is a remarkable system of three particles 
(n +n + He‘), which cannot be bound together in 
pairs, but all three together form a bound system. 
Quite crudely we can imagine that He® consists 
of two neutrons in the state (Ps/2)* in the field of 
He*. The energy of interaction between the two 
neutrons (about —3 Mev) is more than enough to 
compensate for the positive energy of each neutron 
in the state Psp (+1 Mev) in the field of He’. 

The P32 shell has four places in all. There- 
fore we can raise the question of the possibility of 
He’ and He’. According to Kurath,° in the limit of 
small range of the forces and weakly bound nucle- 
ons, and for large radius of the orbits of the shell 
(rp) < ry, L=3K, in his notation), one gets a 
simple result: if the energy of interaction of two 
neutrons is B, then the energy of the interaction 
of three neutrons is also B, and the energy of the 
interaction of four neutrons is 2B, i.e., the neu- 
trons combine in pairs, as it were. From this 
there follows the conclusion that He’ does not ex- 
ist, but He® exists; the expected binding energy 
of a neutron in 0.8 —0.5 Mev, and the £-decay 
energy is about 12 Mev. It would be extremely 
desirable to verify the existence of He® experi- 
mentally and determine its binding energy. 

How accurately the rule of the combining of 
neutrons in pairs in a single shell around a doubly 
magic (closed) core holds experimentally can be 
seen from two examples.* 

1) The filling up of the ds,. shell on the closed 
01 (see table). We quote the binding energies 
(in megavolts). The subscript on E is the num- 
ber of neutrons in the d;;. shell (the upper in- 
dex is the atomic weight): 
eh 4.15) EL 8.07, “bY = 306 eh 7 65n 


There are no data on E; and Eg, which finish 
the filling of the shell; the nuclei O07! and oO” 
have not yet been observed. 

2) The filling up of the fy72 shell on Ca‘? which 
has closed shells (this example has been treated 
partially by Nemirovskii?), The binding energies 
are: 

Eu ee Ee Ds Ee Ee Ee Eg 
Seep 80) 414 7k AL ON. 26.5 oh lO 


*The mass data are taken from review articles.°-* 

tThe nucleus Ca*® has not been studied, so that one knows 
experimentally only the sum E{° + E%’ = 17.8; the separate 
terms in the table are obtained by interpolation. 
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At the end of the filling-up of the fy2 shell the 
binding energy E falls sharply: Eq’ = 5.1. Since 
He! is a closed doubly magic nucleus (and an even 
stabler one than O! and Ca‘®), these examples 
speak convincingly for the existence of He’. 

If the proton shell is not filled, then E drops 
off extremely sharply within the range of the given 
neutron shell; we may imagine that the first neu- 
trons unite in pairs with the “free” protons (those 
outside the closed shells), and later neutrons can 
no longer do this. As an example let us consider 
the ds5/2 shell of Ne!® — a nucleus with two pro- 
tons beyond O'*. We have: 


2 22 23 24 
By SE OES be. Dee eee 
11.4 169 68 104 52 89 


If the proton shell falls short of being closed 
by one, two, or three protons, the binding energy 
of the neutrons is decreased as compared with 
the binding to a closed shell (cf. C4, N**, and 
oO!" in the table). But within the limits of a given 
neutron shell (on a core with holes in the proton 
shell) E varies little, in contradistinction to the 
case in which excess protons are present. 

We give examples of the filling of the fy, shell 
with neutrons in nuclei with unfilled proton shells: 
Nucleus. Ki) 2 7.9, Ej. =400, (4.40 bean 
Nucleus Ar?}>~ 25% == 6,7, ES 19700 h abel. 


Thus we can formulate the rule that on nuclei 
with closed proton shells and with holes in the pro- 
ton shell (but not on nuclei with excess protons), 
the binding energies of the odd neutrons are prac- 
tically constant within the limits of a given neutron 
shell. The binding energies of the even neutrons 
are also constant within the limits of a given shell, 
but are larger by the amount of the pairing energy. 
Carrying this rule over to the ds5;. shell, we come 
to the conclusion that the experimental fact of the 
existence of bound dsyz states in the nuclei C¥ 
and N!°, Nn!” guarantees the possibility of filling 
up the entire d;,. shell, to Cc”? and N*!, respec- 
tively. 

An examination of the binding energies of neu- 
trons in the table reveals a regular increase of E 
in each row, with increase of the number of pro- 
tons (the single exception is the pair Li’ — Be’, 
which is due to the special structure of Be’). Ex- 
trapolation of E to the left along the rows makes 
probable the existence of B, and from this — by 
the principle of the constancy of the binding energy 
in a shell — of B* and B!®, The existence of the 
nuclei with odd numbers of neutrons, B**, B!®, B18, 
remains questionable. With considerable assur- 
ance we can assert that the odd (in n) nuclei Be}3, 
Be», Be!’, Li!®, He® do not exist. 
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On the whole, however, the assertions that can 
be made reliably about nuclei with excess neutrons 
not known to exist are extremely scanty. From 
studies of scattering only the nonexistence of n2 
and He® is quite accurately proved. From prin- 
ciples of the pair interaction of neutrons it is ob- 
vious that n°? and He! do not exist. There is no 
longer such certainty regarding H® (H? is en- 
tered in the table with a question mark), and the 
hypothesis that it is stable has been suggested.® 
We note that if n* and H® existed, then there 
would be isotopically similar quasi-stable systems 
H* with T=2 and He® with T= %, which would 
manifest themselves in the scattering of n by T 
and of n by He’; this situation has been examined 
in detail in a separate note.!9 At present there are 
no experimental data in the required range of neu- 
tron energies. 

Unlike the upper right-hand part of the table, 
which is almost solidly filled with minus signs 
(“does not exist”), in most of the cells of the 
lower left-hand part we can put neither a minus 
nor the symbol of a nucleus (“exists”). The ob- 
scurity of the problem of the limits of existence 
of isotopes with excess neutrons is a consequence 
of the fact that the limiting case is not clear; it is 
not known whether a heavy nucleus composed solely 
of neutrons could exist. 


2. THE NEUTRON LIQUID 


The problem of the limiting number of neutrons 
that can adhere to a heavy nucleus has been con- 
sidered by Wheeler;'! he came to the conclusion 
that for Z~ 90—100 the maximum mass number 
is Amax ~ 500 —600. Wheeler used the Weizsacker 
formula; Nemirovskii? correctly critizes this for- 
mula near the limits of existence, and therefore 
Wheeler’s conclusions are not reliable. 

Let us consider the extreme case of a very large 
nucleus consisting of neutrons alone. If it does ex- 
ist, it surely does so only with a density much 
smailer than that of ordinary nuclei. Let us first 
examine the properties of a neutron liquid of small 
density; these properties are determined by the 
pair interactions of the neutrons at small energies 
(up to a few Mev). In this region only the interac- 
tion of pairs of neutrons in the 1g state is of impor- 
tance, and here this interaction is completely de- 
termined by the scattering length* (cf., e.g., ref- 
erence 12) 


a= —(d\ng/dr)4= — 19-10% cm; 


*For pp scattering a = — 17.2, and for np scattering 
a = — 23.7; we assume that a depends linearly on the product 
of the magnetic moments. 
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the sign corresponds to the absence of a bound 
state, and the quantity a corresponds to the so- 
called energy of a virtual level (u is the reduced 
mass, equal to M/2): 


Ey = h?/2na? = 0,11 Mev. 


We cite here the well-known calculation !3>!4 of 
the energy of interaction of particles in the con- 
tinuous spectrum, confining ourselves at once to 
the S wave. As usual, we consider first a spher- 
ical box for r=r,-Yr,, where r, and ry are 
the coordinates of the two particles, i.e., we set 
~(r)=0 at |r|=R. Without interaction the 
normalized S-wave function in such a box is 


b= sin(nar/R)/rV 2nR. 


With an interaction corresponding to scattering 
with the phase shift a we have 


¢=sinfa+ R1(n—a/n)ar]/rV 2eR, 


which corresponds to a change of the energy of 
the n-th state given by 


AE, = — h?nna /wR?. 
Let us eliminate the auxiliary quantities R 
and n from the expression for AEy. The state 


under consideration is characterized by the mo- 
mentum of the relative motion 


Pn = finn} R 


and the density at the origin of coordinates in the 
unperturbed motion 


pn (0) = $* (0) = 2n®/ QR’. 
Let us express AE, interms of p and p(0); 
after this we can set R—~», n—o, and forget 
about n. We get 
AE = — 2rh®ao (0) / wp. (1) 
We express the phase in terms of the scattering 
length: 
a = —tan'(ap/h). 


For E<« Ey, ap <fh we have 

a2=ap / Rs; A E= — 2rh?ap (0) / p; (2) 
for E> Ey, ap >fi we get 

Ga= a.) 2, AE = — r°hip (0) / py. (3) 


Let us apply the expressions (2) and (3) to a Fermi 
gas consisting of neutrons only with mean density 
w. We single out one neutron with a definite spin 
direction. At the point where this neutron is lo- 
cated, the density of other neutrons with the same 
spin direction is zero by the Pauli principle; if 
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there were no interaction, the density of the other 
neutrons with antiparallel spins would not differ 
from that of those with parallel spins on the aver- 
age over all space; that is, w(0) = w/2. We re- 
call that w is the total density of neutrons with 
both spin directions and that the formula for AE 
contains just the density in the state without inter- 
action.* 

We still have to take into account the fact that 
the change of energy AE relates to a system of 
two particles; in order not to include the interac- 
tion of each pair twice, we recall that the decrease 
of the energy of one particle is AE/2. We finally 
find that if for a pair of particles in the 1s state 
AE =kp(0), where k is a coefficient that de- 
pends on the momentum, then the change of the 
energy of all the gas in unit volume on account 
of the interaction is 


U = wk /4; (4) 
here k is averaged over the Fermi distribution. 
The Fermi distribution is characterized by the 
boundary momentum pf, the boundary energy Eg, 
and the total kinetic energy @ of all the gas in 
unit volume; as is well known 
C= wE = > WEF, 
wo = ps / 3n°h , 


E; = p?/2M, 
8 = pi /10n*R2M. (5) 


When we average k we get a result which de- 
pends on the ratio of E¢ to the energy Ey of the 
virtual level. For Ef< Ey the quantity k is con- 
stant and (yu = M/2) 


U = — rh?aw? /2u. (6) 


In the limiting case Eg > Ey we must average 
over the Fermi distribution p~!, where p is the 
momentum of the relative motion of two particles. 
We have 


P= (Vi— Ve) =} M (v1— V2) = . (Pi— Pe). (7) 
Using the electrostatic analogy} we easily find 


*Another possible approach is based on the fact that the sta- 
tistical weights of the triplet and singlet are in the ratio 3: 1; 
a given neutron interacts with only % of the others. But in the 
singlet state without scattering the density at the origin of 
coordinates is twice as large as the average density through- 
out the volume, since in the singlet state only even angular 
momenta / are possible, and therefore the S state, the only 
one that contributes to p(0), makes up twice as large a fraction 
of all singlet states as in the case of different particles. We 
finally find (1 is the index for the singlet) w(0) = 20, =2(w/4) 
= @/2, which agrees with the result obtained in the text. 

tFor any body 


ia = \\ 139 dvd02 = \ 91d; = 9, 
where ¢ is the potential for unit charge density, which satis- 


fies the equation Ag = — 47 inside the body and Ag = 0 out- 
side the body. 
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| Pi— Pa] * = 6/5py, pt =12/5p; (8) 


and finally 


3 


UU = — 3rh8w? / Sup; = — 2p>/ 15n*h27M = —* B. (9) 


This is a remarkable result: the interaction energy 
is a constant multiple of the kinetic energy. 

If we take these results literally, we get the fol- 
lowing physical conclusions about the dependence 
on the density of the average energy of a neutron, 
E, (w) = (8 + U)/w: at small density, in the limit 


E, = = Em = 0, E,~ ws, (10) 
the interaction is proportional to a higher power of 
w (higher than the first power); at the density wy) 
that corresponds to Ef=5Ey, the energy E;, goes 
to zero, and then changes sign and at larger densi- 
ties 


B= —iEm <0, E,~o*, (11) 


This expression holds for* w >w) xa °. From 
this it follows that a nucleus can exist that con- 
sists of neutrons only, with a binding energy given 
by = Ey. 

This treatment does not give the equilibrium 
density, since according to Eq. (11) as the density 
increases E; continues to decrease (EK, is nega- 
tive and its absolute value increases). To find 
the equilibrium density and the binding energy at 
this density we must bring in the effective range 
of nuclear forces and the interaction in states with 
1#0. Qualitatively, however, the fact of the ex- 
istence of neutron nuclei itself follows just from 
the change of sign of E;, which is obtained from a 
calculation at the density wy) =a~*. Since a is 
extremely large, we have wy ~ 0.001wWyn, where 
Wy is the density of ordinary nuclei. In a state 
corresponding to the density wy for which E, = 0 
the boundary kinetic energy Eg is about 0.5 Mev, 
so that the contribution from 1 # 0 and the influ- 
ence of the effective range are negligible; thus the 
assumptions about the interaction of the neutrons 
that were the basis for the calculation are very 
well satisfied at w= wy. We note that if the ex- 
istence of a range of values of w in which E, < 0 
is confirmed, then the surface tension of the neu- 
tron liquid will give a definite critical size of the 
neutron droplet, i.e., a minimum number of neu- 
trons for which the existence of a neutron nucleus 
is possible. Therefore if it is proved that bound 
states n‘, n®, or n® do not exist, this does not 
by itself exclude the existence of heavier neutron 
nuclei. 


*A consistent calculation on the assumptions made above 
gives a value of the coefficient very close to unity. 
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Nevertheless the main result — the change of 
sign of E; — is by no means to be regarded as es- 
tablished, since only the pair interaction of the neu- 
trons has been considered and no account has been 
taken of the influence of the other neutrons on the 
wave functions of the interacting pair. The result 
is doubly unreliable because for w > wy, the de- 
sired quantity E, is the small difference of two 
nearly equal quantities: 


E,=E+4+U,, E= 2E,, U,= —2E£;=—!E 


(12) 


For W >W , Ef > Ey, the scattering does not de- 
pend on the length a, and we can set a=~, a! 
= 0, i.e., consider resonance scattering. Then the 
problem contains no dimensionless parameters. 


From dimensional considerations it follows that in 
this region 


E,~U,~E ~E;~ oh. (13) 


The formula (11) for E, is in agreement with this 
requirement. But then the correction to E, be- 
cause of the influence of a third neutron on the 
wave functions of a given pair is also proportional 
to Ef, i.e., depends on the same power of the den- 
sity and can differ from Eg and E, only by a nu- 
merical coefficient. This case is not like the usual 
one; in the Fermi gas at absolute zero with reso- 
nance scattering one cannot expand in a series of 
powers of the density. 

We have not found the corrections for the inter- 
actions of three and more particles; it is quite pos- 
sible that they will change the sign of Ey, in the 
region W >W»). We know that E; >0 for WwW < Wy. 
On the other hand, for values of w approaching 
the density of ordinary nuclei it is to be expected 
that the energy will lie above that calculated from 
the resonance S scattering.* Therefore, if from 
an exact solution of the problem of the Fermi gas 
with resonance interaction it is found that EK, > 0, 
this will mean that the existence of nuclei com- 
posed of neutrons only is impossible. 

We note that the expression (11) for E, found 
by using the pair interaction is not the mathematical 
expectation of the energy, caiculated with the un- 
perturbed functions of the problem without interac- 
tion (otherwise we could assert that the true EK, 
could only be lower than that so found); in the cal- 
culation of the interaction the change of the wave 
"_¥By the method described above we would get for nuclear 
matter consisting of equal numbers of neutrons and protons, _ 
with the Coulomb interaction neglected, the result U, = — 4E; 
for the ordinary nuclear density this would give a binding en- 
ergy ~ 60 Mev, many times the experimental value. 
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functions was taken into account from the very 
start (see beginning of Sec. 2). Actually the cal- 
culation of the energy of the pair interaction in- 
cludes within itself the change of the wave function 
at the origin. We recall that p(0) is the density 
that would exist in the absence of interaction; in 
the presence of the interaction we get for small r 


Bor, o = 34n%(H/pr)%(0). 


It is obvious that the change of the density and 
the wave function (and consequently also of the 
momentum spectrum) affects the interaction of 
the pair under consideration with other particles. 
We note that with a finite change of the total en- 
ergy in this way of treating the pair interaction 
the mathematical expectations of the kinetic and 
potential energies are infinite and of opposite 
signs. 

Resonance scattering with a singular potential 
that is nonvanishing in a small region gives in the 
limit zero interaction in the first order, second 
order, and so on, in perturbation theory; a finite 
result is given only by the sum of an infinite num- 
ber of terms (for details see reference 15). The 
expression for E, given above is not the first ap- 
proximation of perturbation theory for a Fermi 
gas with pair interaction between the neutrons. 

E, is the result of including in a definite way a 
chosen infinite succession of the terms of the 
perturbation-theory series, and therefore it is 
not clear what is the sign of the correction to Ej. 
The assertion of Yang and Lee? that not only in 

a Bose gas, but also in a Fermi gas any attraction 
always leads to a condensation seems not to be 
well founded. 

I take this occasion to express my gratitude to 
A. I. Baz’, V. I. Gol’danskil, L. D. Landau, A. B. 
Migdal, and P. E. Nemirovskii for discussions, and 
to D. V. Grigor’ev for help in the preparation of 
this article. 
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Peripheral collisions of high energy nucleons (Ejap > 10! ev) are considered. The Weizsicker- 
Williams method was used to classify the peripheral collisions and to describe the peculiarities 
of each type of interaction.® One of the simplest cases (peripheral single-meson interaction) 


is calculated by perturbation methods. 


as interest in the peripheral collisions of high 
energy nucleons has increased considerably in re- 


cent times. This is mainly due to the fact that stars 


with anomalous “two hump” angular distributions 
have been registered and described.! These stars 


can only be interpreted as the result of a peripheral 


collision with formation of two excited states. The 
kinematics of such a process have been discussed 
repeatedly in the literature.2-* At the present mo- 
ment it seems appropriate to us to consider pos- 
sible versions of this interaction, assuming that 
the excitation of the nucleons is caused by the ex- 
change of m mesons. 


1. CALCULATION BY THE WEIZSACKER- 
WILLIAMS METHOD 


In this method (which we shall call the WW 
method) the problem of the peripheral interaction 
of two nucleons is solved in two stages. In the 
first stage one calculates the probability for a 
head-on collision of a nucleon with the 7 meson 
belonging to another nucleon (or of two 7 mesons 
belonging to two different nucleons). These proc- 
esses lead to the formation of an excited system 
with mass M*. In the second stage one computes 
the decay of the excited system into secondary 
particles. 

The following processes may take place as a 


result of the peripheral interaction of two nucleons. 


1. One-meson interaction. Only one of the nu- 
cleons gives up its meson which undergoes a cen- 
tral collision with the other nucleon. The recoil 


and the excitation of the first nucleon are neglected, 


i.e., it is assumed that the excitation of the first 
nucleon is small (~pc?). 

2. Single virtual mz interaction. The meson 
belonging to one nucleon collides with the meson 


of the other nucleon. 
3. Two-meson interaction. Each of the nucleons 


undergoes a central collision with the meson 
of the other nucleon. 

4. Double collision of virtual mesons (for 
short, double 17 collision). The meson belonging 
to one of the nucleons interacts with one of the 
peripheral ma mesons of the nucleon which it 
meets in its path. The other 7 meson of the 
second nucleon goes through an analogous process. 

For the description of these processes by the 
WW method we write the function p(€, y, b) in 
the form* 


e(e, 7, 6) = A®K3(bV 1+ (€/7)*), 


it S02 hs) (1) 


For b2ro (rp is the smallest possible value of 
the impact parameter, which has the meaning of 
the core radius of the nucleon) this function can 
be approximated by the simpler function 
ne SAPP 6) am 

o(e,1.6) =4 0, — 
The constant A? is determined (as it is usually 
done in the WW method®) by the condition of nor- 
malization to the total energy of the nucleon: f 

\\o (c, 1, 6) ede 2nbdb = E, = My, 

0 


from where we have A? = 2M/yz, where M is 


(2) 


(3) 


*The function p (€, y, b) has the meaning of the probability 
that a meson of energy € hits a unit area which is at a distance 
b from a nucleon moving with velocity y. Expression (1) has 
been used repeatedly in the literature.*’° It can be obtained by 
taking the meson field of the nucleon in its rest system in the 
form of a Yukawa potential. 

tIt should be noted that the WW method has an arbitrariness 
in this respect. The point is that neither in the form (1) nor in 
the form (2) can the function p(€, y, b) be extrapolated to the 
region of small b « 1,. However, this region is very important 
in the normalization. The estimates of the cross sections for 
the various types of collisions obtained below, therefore, are 
correct only in order of magnitude. 
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the mass of the nucleon and E, its energy in the 
center-of-mass system (Cc.m.S.) . 

Let us consider the one meson collision with 
the help of the WW method. The probability of the 
collision of one nucleon with the peripheral meson 
of another nucleon with energy «€ (momentum k 
~ €) is equal to 


dw = \ 2nbdbp (e, 1, b) o (x, N) de. 
Assuming that the cross section of the purely in- 
elastic interaction of the * meson with the nu- 
cleon, o(7, N), is independent of the energy, we 
find 
dw = 2My tea (x, N) de. 


It is easily seen that the mass of the excited state 
M* = VE*-p? = Vv (E, + €)* — (p—k)* is equal 
to M*=2vVeE,) (here Ep and p are the energy 
and the momentum of the nucleon in the c.m.s.). 
The probability for the formation of this state is 


dw=a(n, N)y%e-% M*dM*. 


The maximal value of M* is M¥,. = 2yVM . 
The total cross section for the process is 
ovV M 
= \ M*dM*x~2s (x, N) e-2" = 2Me-1ea(n,N). (4) 
0 

The angular distribution of the secondary par- 
ticles in a one-meson collision should be symmet- 
ric in the rest system of the excited state (in the 


following we shall call this system the M* system). 


In order to transform the angular distribution from 
the M* system to the center-of-mass system of 
the colliding nucleons we must know the relative 
velocity of these systems yr. 

The momentum of the excited state in the c.m.s. 
is equal to 


P= Py—t = Mr. 


The energy ¢€ is related to the excitation energy 
M* by ¢€ = (M*/2)*/My. From this we find 


p= My (MM). 


It should be noted that the second term on the 
right hand side is always considerably smaller 
than the first term; even for M* = Moe 2yV M 
it amounts to 1/M of the magnitude of the first 
term. Therefore p~ py. The required velocity 
(or, more precisely, the quantity y, = (1—v2)~¥?) 
is equal to 

ee i RM) (MAM) nt) 


The corresponding half angle of secondary particles 
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(i.e., the angle into which half of the total number 
of particles are emitted) in the c.m.s. is 04/2 = 1/yr. 

We can estimate the order of magnitude of the 
angle in the c.m.s. into which the excited nucleon 
is emitted, whereafter it decays into the secondary 
particles; it will be equal to 3 ~ py, /p, where py, 
is the perpendicular component of the momentum. 
According to the uncertainty relation we have py; 
~1/b = 1/y (b is the impact parameter for a 
peripheral collision). The maximal value of the 
angle # is equal to 


Oman = Onn P — tga UNge 


2. CALCULATION OF ONE-MESON COLLISIONS 
IN THE PERTURBATION THEORY 


Let us compare the results obtained by the WW 
method with those obtained in the calculation of 
peripheral one-meson collisions by perturbation 
theory, assuming that the excitation is caused by 
the exchange of a single meson (see reference 
7, and also reference 8). The graph for this proc- 
ess is shown in Fig. 1. The quantities py; and 
Pog are the 4-momenta of the free nucleons, qj 
and p; are the momenta of the secondary particles, 
and M, and Mz, are the masses of the intermedi- 
ate excited states. 


fn Pog 
M, va 
™ ZN 
A gi 
FIG, 1 


According to the general rules the total proba- 
bility for the process is equal to 


{ n ne 
do =) \ ey PPT eT] &ae 
é i 


n,n’ 


n n’ 
(pat Pap = a ) 


where k = po —Zpj = — (Po —2Zaqj); [1] and [2] 
are matrix elements of the interaction of the meson 
with the nucleon, leading to the formation of n and 
n’ secondary particles, respectively. The proba- 
bility dw can also be expressed in the form 


(6) 


nl n n’ 
dw = >, \ @+ pp UP, (1127 [] ap; |] aq; 
i j 


n,n’ 


xd (ee >a) 5 (po: =k de.) (7) 7 
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where P;=Zp;. Now 
S\urllers (po —& — di p2) = Wxv(—k, Por); 


Ser Taq (Poot k— da) = Wan (R, Doo), (8) 
n’ i 


where w(k, po;) is the total probability of the in- 
teraction of the 7 meson with the nucleon. In gen- 
eral the quantity w (k, po,;) depends on the energy 
of the colliding particles in the c.m.s.; the sum of 
their energies is equal to the mass of the excited 
state M,; (or M,). Hence w(k, po.) = w(M,). 

We shall assume further that these quantities 
are constant for large energies (M; or M, > M) 
and independent of M; and M,. Then 


dw ~ d'P,w?,, | (k? +- p2)?. (9) 


It is easily shown that 


d*P,= (P,/2E,) dQp,M,dM,M.dM,, (10) 


where dQqp, =sinv’d’dgy and ¥ is the angle be- 
tween P,; and py. 

Let us examine the denominator of (9) in the 
c.m.s. of the colliding nucleons. For sufficiently 
large energies, when Eo; = Eg, > M;, My, M, we 
can expand all quantities into a series in powers of 
M/E, which yields 


Ret w= 4 {u?/2 + EE, (1 — cos 8) + x/ 2}, 
where* 


% = (Mi — M?) (M3 — M) / 4EX 
+ (Mi + M3) MiMs§ / (2Eq)4. 


We note that kK «xp? for M;, M, «<pE),/M. We 
then obtain for the probabilityT 

w> 27m sin $ do M,dM,M.dM2P, 
"Su? /2 4+ Ey Ei 4 — cos 9) + x/2}% By, * 


In the region of small angles, (1—cos #) 
<«K (e/ 261; expression (9a) is large because the 
denominator is small (~ uly: as the angle in- 
creases the expression (9a) decreases rapidly, 
approximately like ys 3, This is the region of 
peripheral collisions, as the perpendicular com- 
ponent of the momentum transfer is here of the 
order uc. 

In the region of large angles, (1-—cos #) 
>> u?/2E%,, the above calculation is not valid, 


dw (9a) 


*In the last term we made use of MXM, + M,, i.e., we have 
assumed that one of the nucleons is excited appreciably. 

tWe use the sign ~ in front of this expression, since we do 
not intend to determine the total cross section for the peri- 
pheral collisions, but are interested only in its dependence on 
M,, M,, and 9. 


since one cannot restrict oneself any longer to 
first order perturbation theory. Integrating over 
the region of small angles from zero to ¥~ u/poy, 
we obtain 

idM,MsdMoPyp? 
PoE or (2h4+-3up?-+x?) ” 


dw —~ Wrn al 1) 
Let us investigate the denominator of this ex- 
pression. We have 


Duk + Btn + 8 = (uP + x) (Qu +»). 2) 


We note that, when the excitations M; and My, are 
of the same order of magnitude, expression (12) in- 
creases rapidly, starting from 


M, ~ My = (2E jp?) = V Muy. (13) 


The quantity (13) is considerably smaller than 
Meee: which appears in the WW method. 

Let us now consider the case when one of the 
nucleons is not excited at all (M;=M), whereas 
the other is strongly excited (M, > M). It is seen 
that the denominator of (11) stays almost constant 
up to 


Mz = (16E% (u/M)2" 


and then increases very rapidly as M, increases. 
Therefore the quantity My max (defined in the 
same way as Mmax in the WW method) is equal 
to 


My mar = 2Ey, V w/M = 24 VM 


and agrees with Mfyax of the WW method. We 
note that we obtain the same result in the case 
when the excitation of the first nucleon is not 
equal to zero, but small, i.e., when My-M~ uy. 

It is seen from the preceding discussion that 
the perturbation caiculation on the basis of the 
graph of Fig. 1 is not completely equivalent to the 
WW method. The point is that in the WW method 
one always assumes that one of the nucleons gives 
up its meson and the other nucleon captures it. 
One should therefore expect that the investigation 
of the matrix element corresponding to the graph 
of Fig. 2, where t,;<t, always, is more closely 
related to the WW method. Indeed, the probability 
for the strong excitation of the nucleon with the 


Pog 
Poy 


FIG. 2 
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momentum pp, calculated on the basis of this 
graph has the denominator Ey, — E,—Vu2+ (poi — Po)? 
which increases rapidly as soon as the excitation of 
the first nucleon (M;—M) becomes greater than 

yu. This can be seen easily by calculating the ma- 
trix element of graph 2 in the rest system of the 
first nucleon. Thus any strong symmetric excita- 
tion of the nucleons is in this case not very prob- 
able. The same can be said about the graph in 
which t; >t, always. However, the matrix element 
corresponding to the graph of Fig. 1, which was 
considered above, is the sum of the matrix ele- 
ments for the graph 2 (where t; < t,) and for the 
analogous graph with t; >t,. The probability 
equals the sum of the component probabilities plus 
an interference term. This term makes possible 
the excitation of the two nucleons up to M,; ~ Vv Muy. 
However, when one nucleon is excited more strongly 
than the other, the interference term appears to be 
unimportant. It is essential that the interference 

is not taken account of in the WW method, so that 
the symmetric excitation of the nucleons cannot 

be treated by the WW method. 

The simple virtual m7 collision can be described 
in perturbation theory by the graph of Fig. 3. The 
analog of this process in electrodynamics is the 
pair formation by an electron on a nucleus.* How- 
ever, it is more convenient to consider this proc- 
ess with the help of the WW method and not by per- 
turbation theory. 


Pyy Pog 


p, et 
ZN 


FIG. 3 


The probability for this interaction is 


*Pair production in the collision of an electron with a nu- 
cleus can be calculated by the WW method in two ways. One can 
expand the field of the electron in terms of quanta and then use 
the known cross section for pair production by a quantum on 
a nucleus, o(y, N). Or one can expand the fields of the elec- 
tron and of the nucleus in terms of quanta and then use the 
cross section for pair production in the collision of two quanta, 
o(y, y). The results of these two calculations must be iden- 
tical, since both methods correspond to the same graph (Fig. 
3). In the first case the WW method is employed in the point 1, 
and in the second case in the points 1 and 2. The calculation 
presented above [using the cross section o(m, m)] corresponds 
to the second method. 
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w= (2 (r, Tt) 01(€1, > by) Pe (€2, © by) de, de, dS, 


where the integration goes over the plane perpen- 
dicular to the line of motion of the nucleons, ex- 
cluding the regions where b, and b, are smaller 
than rp; b, and bg are the distances from a given 
point to the centers of the nucleons. Using the ap- 
proximation (2) we find 


2M? 


w= fem + (1— 479) Ei(dr)}o (nn). (14) 


The probability for the production of an excited 
state with proper energy M*= 2v €4€, is equal to 
Xs 
dw (M*) = f \ 3 (n, x) (2M / ny)2e,-1 de, M* dM* 
0 


= 0 (rn, t) (2M?/n?x?) Iny-M* dM’ f, (15) 


where 


= \ dSe-? r+) | byby = © fe” + (1—4rq) Bi (4r9)].- 

It should be emphasized that the production of 
two strongly excited systems is impossible in one- 
meson collisions; this can occur only through the 
exchange of two mesons. 

A two-meson collision takes place when a pe- 
ripheral meson belonging to one of the nucleons 
interacts with the other nucleon and at the same 
time the meson of the second nucleon interacts with 
the first one. The Feynman graph corresponding 
to this process is shown in Fig. 4. The calculation 
of this process by the WW method was done in ref- 
erence 5; here we shall quote only some of the re- 
sults. 


\ 
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1. The probability for the double interaction is 
somewhat smaller than the probability for the 
simple interaction, but is still of the same order 
of magnitude (their ratio is AY: 

2. The probability that the excitation of the nu- 
cleons in a double 7N interaction is the same 
(and, hence, the angular distribution of the sec- 
ondary particles is symmetric in the c.m.s.) de- 
pends weakly on the energy and is equal to about 


ve in the energy region (in the laboratory system) . 
Elab © 10/2 — 1014 ey. 
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3. The angular distribution of the secondary 
particles in the c.m.s. consists of two parts (cor- 
responding to the two excited nucleons). However, 
if the decay of the excited nucleons conforms to 
the Landau theory, both these angular distributions 
are quite smeared out, so that their separation is 
practically impossible. 

4. The coefficient of anelasticity for collisions 
of this type should be of order unity. 

The double mz interaction (see Fig. 5) is differ- 


Pa Poa 
Py 


4 
\ 
\ fs 
/ 
Ne 
fal Yue 


agyss 
FIG. 5 


ent from the preceding case both in principle and 
in practice. Firstly, it can occur only if the am- 
plitude of the two-meson state is represented in 
the peripheral field of the nucleon with sufficiently 
large weight. The frequency with which these 
cases occur, therefore, gives information not only 
about the average strength of the meson field at 
the periphery of the nucleon, but also about the 
functional form of this field. Secondly, the coeffi- 
cient of anelasticity for these collisions must be 
considerably smaller than for a head-on or double 
™N collision; the maximal value occurs when the 
first nucleon gives up to mesons having the maxi- 
mal energy € ~ yu inthe c.m.s. In this case* 
Kmax © 2u/M x 0.3. These cases shouid be ob- 
served in the form of “stars” having a small co- 
efficient of anelasticity with an angular distribu- 
tion which has two maxima? (i.e., the function 
dN/dA, 7 =-—Intan 6, contains two maxima). 

It should be noted that the interpretation of 
these “stars” is considerably more complicated 
than in the case of “stars” with a large coefficient 
of anelasticity even in the case of a symmetric an- 
gular distribution it is here in general not possible 
to determine the energy of the primary particle 
from the angular distribution of the secondary 
ones. 


*The average value of the coefficient of anelasticity is 
K ~ 0.5 Kmax ~ 0.15. However, under the experimental condi- 
tions, the average value for the observed stars should be some- 
what smaller. 

tIf the energy of the colliding mesons is the same in the 
c.m.s., the double am interaction gives an angular distribution 
with only one maximum. In this case it is impossible to differ- 
entiate it from the one-meson interaction. 


In order to predict the number of secondary 
particles and their angular distribution in the 
c.m.s., one must adopt some hypothesis for the 
mechanism of their creation. In our case the use 
of the Fermi-Landau theory is less justified than 
in the case of NN and 7mN interactions.* There- 
fore, the question whether one should use some 
other model (for example, the Heisenberg model, 
which assumes maximal energy dissipation) or 
the Fermi-Landau model can be decided only by 
experiment. Some experimental data quoted in 
reference 2 were evaluated in reference 9. It 
follows from these data that in the case of the 
double m7 interaction the process is apparently 
described more adequately by the Heisenberg 
theory than by the Landau theory. 

Finally, it is appropriate tc make some re- 
marks on the manner in which the peripheral 
meson field of the nucleon affects the collision of 
a nucleon with a nucleus. This problem has been 
considered by one of the authors,° who found the 
following results: 

1. Owing to the presence of the peripheral field, 
a strong excitation of the nucleus is possible, much 
stronger than the excitation studied by Heitler and 
Terraux.'!! The probability for this excitation de- 
creases with increasing energy. 

2. If the meson present in the peripheral field 
of the nucleon has sufficient energy, it will inter- 
act independently of the nucleon, which will give 
rise to the appearance of an accompanying shower. 
The shower as a whole will become asymmetric: 
a large part of the particles will fly “backwards” 
in the c.m.s., i.e., in the opposite direction of the 
primary nucleon.t 

It was found in reference 5 that: a) the number 


*The point is that the Fermi-Landau theory is appropriate 
for the description of classical processes. For a head-on col- 
lision of two nucleons and propagation along their impact 
waves (according to reference 10) we have for the action 
S = pA = My(1/py) = M/p > 1. 

This process can therefore be considered classical and 
there is no objection to the application of the Fermi-Landau 
theory in this case. For a head-on 7N collision the action is 
of the same order of magnitude as for an NN collision. How- 
ever, it can be easily shown that for a m7 collision (when it is 
also treated hydrodynamically) the magnitude of the action is 
smaller: §=1. This indicates that the 77 interaction is a 
quantum process and can therefore follow different laws than 
the NN or aN interactions. 

t In view of the asymmetry of the angular distribution, the 
energy can in this case not be determined by the angles. The 
shower has to be symmetrized first, i.e., the accompanying 
shower has to be separated out. The observation of asymmetric 
showers and the problem of their symmetrization has been dis- 
cussed earlier by Takibaev.’? 
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of particles in the accompanying shower, Nacc, 

is on the average one half of that in the main 
shower, Nain, and b) the half angle of the ac- 
companying shower, 912acc, (in the laboratory 
system) is on the average four times larger than 
64/2main- The latter means that in the coordinates 
dN/da, A the maxima of the angular distributions 
are located at a distance AA = log 4= 0.6. 

We quote here the results of a comparison of 
these estimates with the experimental data.'*>18 
The data of Gurevich, Mishakova, Nikol’skii, and 
Surkova!® indicate that the probability for a strong 
excitation of the nucleus does indeed decrease as 
the energy goes up. The portion (q@) of stars 
caused by nucleons and containing more than 10 
black and gray tracks is for different intervals of 
the energy Ejaph equal to 


1012 — 1028 
0.4 


arpa Mev = 102°— 10 
“a= (0.8 


108 — 1012 
0.43 


For a comparison of the theoretical data on the 
accompanying collisions with experiment we made 
use of the summed histograms of six stars of ref- 
erence 13 (147 tracks; see Fig. 6) and of six stars 
of reference 12 (139 tracks; see Fig. 7). All these 
stars are the result of collisions of energetic nu- 
cleons (Ejabh ~ 10! ev) with nuclei (the stars 
contained black and gray tracks ). 


dN/d log tan 0 
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FIG. 7 


The symmetrization and separation of the ac- 
companying showers was carried out in the follow- 
ing way. It was assumed that the maximum of the 
histogram (in the dN/dA, A coordinates) coin- 
cides with the maximum of the main shower. The 
total number of particles in the main shower was 
taken to be twice the number of particles lying to 
the left of the maximum. The solid line in Figs. 
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6 and 7 represents the histogram of the collisions, 
whereas the dashed line refers to the accompany- 
ing collisions. It follows from these histograms 
that Nmain/Nacc = 2-3 (reference 13) and = 1.8 
(reference 12). The distance between the maxi- 
mais Ad = 0.8 (reference 13) and 0.7 (refer- 
ence 12). In our opinion, these data are in satis- 
factory agreement with the theoretical estimates. 

It should be noted that the comparison above 
is not sufficiently accurate for the following rea- 
sons: a) not all asymmetric showers obtained in 
reference 13 were used, but only those which have 
a clearly defined asymmetry; b) we used summed 
histograms, and additional asymmetries may have 
been introduced in their composition because the 
position of the maximum could not be determined 
accurately. 

In conclusion the authors take this opportunity 
to express their gratitude to Prof. E. L. Feinberg 
for fruitful discussions and interest in this work 
and to Prof. I. I. Gurevich and his collaborators 
for showing us their data. 
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It is necessary to obtain the thermodynamic average of the function exp i(q- uR), where q 
is a constant vector and R the displacement of the R-th atom from its equilibrium position, 
when one studies the scattering of x rays or slow neutrons by atomic systems. In the case 
of small oscillations the thermodynamic average of any function F ((q- UR)) is uniquely de- 
termined by the mean-square fluctuation D(n, R, T) of the displacement of the R-th atom 
in the direction of the vector n=q/q (T is the temperature of the system). A method is 
given for the evaluation of the quantity D(n, R, T) for an infinite perfect lattice with a fi- 
nite number of localized defects. We have obtained an asymptotic expression for the function 
D(n, R, T) at large distances from the defects. This asymptotic value is determined by the 
lattice and the nature of the defects. This method of evaluation can also be applied to other 


problems. 


Wauaen considering problems connected with 
small vibrations of crystal lattices it is usually 
necessary to take the time average of several 
functions of the displacement of a given atom of 
the lattice in thermal equilibrium from its equilib- 
rium position. If, for instance, we study the scat- 
tering of x rays (or slow neutrons) by a crystal 
lattice, we must find the time average of the quan- 
tity expi(q-uR), where q=(p-—p’)/h (p and 
p’ are respectively the momenta of the incident 
and the scattered waves, h is Planck’s constant 
divided by 27), ug is the displacement of the 
R-th atom in the lattice from its equilibrium po- 
sition, R is the radius vector of the equilibrium 
position of the atom. Another example would be 
the evaluation of the dispersion of the displace- 
ment of the atom from its equilibrium position. 

If we use the distribution function for the dis- 
placements from its equilibrium position for a 
one-dimensional oscillator (Bloch,' see also ref- 
erence 2) which is in thermodynamic equilibrium 
with the surrounding medium, and also use the fact 
that the motion of any atom can be written as a 
linear combination of normal vibrations when the 
atoms in the system execute small vibrations, we 
can show that the thermodynamic average of any 
function F (q°Up) which depends on the dot 
product of the constant vector q and the displace- 
ment, uR, of the R-th atom in the system which 
executes small vibrations, can be expressed by 
the formula 


(ee) 


<F (qur)> = 2-2 \ F (xg V2 Din RT ))\es% dt) 


—c 


where q=|q|, n=qQ/q, T is the absolute temper- 
ature, and D(n, R, T) is the mean-square fluctua- 
tion of the displacement of the R-th atom in the 
direction of the vector n. It is thus sufficient to 
find the quantity D(n, R, T) =< (n-ug)?>¥? for 
the evaluation of <F (q-ug) > or, in particular, 
of the quantity <expi(q-uR)>. 

It is very difficult to evaluate the quantity 
D(n, R, T) for the case of an imperfect crystal 
lattice. Among the deformations of a crystalline 
lattice there is, however, one form of deformation 
which enables us to overcome the difficulties in the 
calculation of the quantity D(n, R, T). We have in 
mind the so-called localized lattice defects which 
can be described by a method developed and effec- 
tively used by I. M. Lifshitz®~® in several of his 
papers. This method makes it possible to consider 
such important lattice defects as the substitution 
of an atom in the lattice by a foreign atom, the oc- 
currence of a vacancy or of the displacement of 
an atom in the lattice, and other localized irregu- 
larities. 

In connection with the proposed use of averages 
of functions of the form F (q- UR) (in particular, 
in the problem of the elastic scattering of slow neu- 
trons by a mixture of light isotopes), we give in 
the present paper the evaluation of the mean-square 
fluctuation D(n, R, T) of the displacements of 
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atoms in a given direction n for an infinite crys- 
tal lattice with a finite number of localized defects. 
The local character of the perturbations enables 
us to choose the normal coordinates of the infinite 
unperturbed lattice in such a special way that they 
can be divided into two sets, one of which is not 
changed by the presence of the perturbation. The 
method of calculation makes use of this fact and 
can also be used for other problems connected with 
vibrations of imperfect lattices. 
The small-oscillations equation of any system 
of atoms can be written in the form 
2 , 
me Sey ee e) 
R’,6 
where mR is the mass of the R-th atom in the lat- 
tice, uR the component of the displacement of the 
R-th atom from its equilibrium position along the 
o-th axis of a Cartesian system of coordinates, and 
Age, the coefficients of the interaction between the 
atoms in the system in the linear approximation. 
The general solution of the set of differential equa- 
tions (2) is a superposition of normal vibrations 


ErpXrp (R) 


Up = (mp)—/2 >) Exe Xre (R); (3) 


re 
where the rp are normal coordinates, satisfying 
the equations 


dy, / dt? +, = 0 


(A= w} are the squares of the eigen frequencies 
of the system); the X,p(R) form a complete or- 
thonormal set of eigenfunctions of the equation 


Ly = hy; (4) 


L is a Hermitian operator defined by its matrix 
elements 


(5) 


The squares of the eigen frequencies of the system 
are the eigenvalues of the operator L. 

Using Eq. (3) and the fact that the distribution 
function of the displacements of a one-dimensional 
oscillator in thermodynamic equilibrium with its 
surrounding medium is a Gaussian distribution 
(Bloch!), we can write the expression for the 
square of the fluctuation D?(n, R, T) of the dis- 
placement of the R-th atom of the system in the 
form 


Lre = Arr (mr mr)". 


D*(n, R, T) = ma*D}f (d, T)| mx (R) |, (6) 


where 
P(A, T) = (A/2 Vx) coth (hVi/2kT) (7) 


is the square of the mean square fluctuation of the 
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Gaussian distribution, T the absolute temperature, 
and k Boltzmann’s constant. We note that Eq. (6) 
for D* can be written in the form 


D?(n,R, T) = ma Dy {f(L, T))RR nen", (8) 
where the {f(L, T)} Sh, are the matrix elements 
of the operator f(L, T). 

The spectrum of the operator L consists for an 
infinite perfect crystal lattice of several finite sec- 
tions of the real axis, and every point of the spec- 
trum of the operator L is infinitely degenerate. 
In that case we can rewrite Eq. (6) as follows 

D? (a, R,T) =a \F OT) inde (RIA. (9) 
e 

Following Lifshitz,*** we call a localized lattice 
deformation any defect that can be taken into ac- 
count in the small-oscillations equations (2) by 
adding some finite-dimensional Hermitean operator 
A to the operator L of the unperturbed lattice. A 
whole series of actually existing defects (substitu- 
tion of an atom of the basic lattice by a foreign one, 
vacancies, interstitials, and so on) are defects of 
this kind. It has been shown‘ that when the opera- 
tor L is bounded and has a continuous spectrum 
and the operator A has a finite number of dimen- 
sions, the spectrum of the perturbed operator L& 
= L+A can differ from the spectrum of L only 
in a finite number of isolated points. Let )4, A», 

. + +,Ay_ be all the points of the discrete spectrum 
of the operator [= L+ A. If we denote all quanti- 
ties referring to the perturbed operator 1b by a 
tilde, (~) we can, according to (9), write down 

for the quantity D* of the perturbed problem the 
following expression 


D? (n, R, T) = me (mp) + D?(n, R, T) + (mr)? S (n, R, Pays 


S(n,R,T)=VFO TT) (Yl mbae (R[?— lmao (R) P) dd 


+ di (Me, T)[ m1, 4, (R) (11) 
k 

where the Prp and Dr are the eigenfunctions of 

the operator f£ corresponding respectively to the 

continuous and the discrete spectra, and MR is 

the mass of the R-th atom of the perturbed lattice. 
It is necessary, according to (10), to evaluate 

the quantity S(n, R, T) in order to find the quan- 

tity D*. It appears that to do this it is necessary 

to know the complete set of the eigenfunctions of 

the operator I. Since the perturbing operator A 

has a finite number of dimensions, however, the 

problem of finding the quantity BD? (n, R, T) sim- © 

plifies considerably. 
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Let us denote by H) the eigen-subspace of the 
operator L corresponding to the spectral point 2. 
We separate from this subspace the subspace HX 
spanned by the functions ~, satisfying the equation 
Aj, = 0. It is clear that any solution of the equa- 
tion (L—d)% = 0 corresponding to the subspace 
Hy is at the same time a solution of the perturbed 
equation (L— A)%~, = 0. We denote by H} the sub- 
space orthogonal to Hx which with HX makes up 
the eigen-subspace H). We consider also sub- 
spaces H’ and H” which are the closures re- 
spectively of the subspaces H} and HY with ail 
possible A (it is evident that any space H is the 
orthogonal sum of subspaces Hj and Hj). 

Let L’ and L” be the operators produced by 
the operator L inthe subspaces H’ and H”, re- 
spectively. Let £’ and I” be similarly the op- 
erators produced by the operator [, also in the 
subspaces H’ and H”. One shows easily that 
L” =L” and L’ =L’ +A. This last fact enables 
us to conclude that all physical consequences 
caused by the localized perturbation A must be 
describable in terms of the subspace H’. In our 
particular case this means that we can consider 
in Eq. (11) for S(n, R, T) the summation over 
p to extend only over the eigenfunctions of the op- 
erators L’ and L’ + Adefined in H’. One sees 
easily that the degree of degeneracy of the spec- 
trum of the operators L’ and L’ +A is finite. 

It will be found convenient to choose as the 
basis in H’ a complete set of eigenfunctions of 
the operator L’. We obtain such a basis by con- 
structing a base in the eigen-subspaces H} of 
the operator L’. To do this we consider the eigen- 
functions g;(R) of the operator A, i.e., let Ag; 
= 7j8;, where the yj are the non-zero eigenvalues 
of the operator A. The number of functions gj is 
equal to the rank r of the operator A. We shall 
assume that the functions g; are normalized to 
[gig ] = dj, (here and henceforth the square 
brackets indicate the scalar product in the atomic- 


displacements space: [gig,] = 2) g?(R) ee(R). 
R 


q Or, 
If we choose for the eigenfunctions of the opera- 

tor L the usual representation 

Xk, s(R) = ek, «exp [7kR] 
[here e€k ¢ is the polarization vector, k a recip- 
rocal- lattice vector multiplied by 27, and s the 
number of the vibration mode; the eigenvalues of 
the operator L in this representation are func- 
tions of k and s: } =Ag,(K)], we can write the 
vectors gj(R) in the form 


g;(R) = \p. i(R) da, 


(12) 


(13) 
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Di= >; [£; Xk, s] Xks s (R) dQ 


iva, ®] (14) 


The integrals in (14) [and-also those in (17) below] 
are taken over the surfaces A,(k) = 

One can show that the space spanned by all func- 
tions ~),; with a given value of A completely ex- 
hausts the subspace H,. From this it follows that 
the closure of the linear envelope of the functions 
Pr,i with all possible and i contains within 
itself the subspace H’. The functions 


dro = x Cot (A) Pa, (15) 
with the Coi (A) satisfying the conditions ) 
Ds Got (X) Gp 7 (R) t47 (X) = Spor, (16) 
ij 
where 
a;()=¥ [8xXx, s ] 18; Xx, 3] dQ ; 17 
a pH lv, (k) | Gy) 


Ss 
form thus an orthonormal basis for the space H’. 
We shall look for solutions of the perturbed 
equation (L’+ A —A)D = 0 in the form of an ex- 
pansion in terms of the eigenfunctions of the oper- 
ator L’; to do this we write 


(L'—*) by = — AH. 
Since Ady belongs to the subspace of the functions 
gi» 


(18) 


(L’ =.= Der) ge= Yor (d) Vp dy. 


We have thus for the eigenfunctions of the operator 
LES ae 

d = Ya) cae a rated (Meee (19) 
The symbol indicates here the principal-value 
integral. A(A) is a regularizing function, which 
depends on A and which must be determined to- 
gether with the coefficients cj (A). It is clear that 
for the discrete spectrum of the operator L’ + A, 
the integrals in (19) are taken in the usual sense 
and A(A) = 0. 

To determine the functions cj(A) and A()), 
we apply to both sides of Eq. (19) the operator A 
and multiply the result by Bj. This leads to a set 
of r homogeneous linear Baatlone for the cj (A): 

x 5 (HY) 

(0) [A (8) ay (8) + YE dy + By 4 =0. (20) 

If A belongs to the spectrum of the operator L, 
the condition that the set (20) be solvable leads to 
an algebraic equation for A(A) of degree not 
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greater than r (if A does not belong to the spec- 
trum of the operator L, this condition gives us an 
equation for the points of the discrete spectrum of 
the perturbed operator L’ + A). Let Ap (A) be 
the solutions of this equation, and let the Chi (A) 
be the corresponding solutions of the set (20). It 

is clear that Cpj(A) with different values of p 
are orthogonal to one another in the metric defined 
by the matrix || Qj (A) || and that they can thus be 
chosen to satisfy Eq. (16). If we substitute in (19) 
the values obtained for Ap (X) and for the Chi (A), 
normalized according to (16), we find the eigen- 
functions of the continuous spectrum of the per- 
turbed problem 


~ 


dro = No(0) {Ae (8) Dew (ara + Yew Of 


Pu; ay 
a 


where No (A) is a normalization factor. One can 
show* that 


No (4) = [Ap (A) + 07). 


If we put 
Ore = = Deg: (0) SE a, (22) 
and introduce the function 
Gh) = coten(™ AL (\)), (23) 
we can therefore rewrite Eq. (21) as follows 
Yao = cos, (A) Yap + sin ©, (2) Ore, (24) 


where the functions %p are given by Eq. (15). 
Comparison shows the functions Ep (A), de- 
fined by Eq. (23) and by the equation for Ap (A), to be 
the same as the shift functions, first obtained by 
a slightly different method by I. M. Lifshitz for 
the one-dimensional‘ and the many-dimensional® 
cases. Lifshitz showed (see also a paper by 
Krein!!) that if we know the functions tp (A) we 
can find the difference of the traces of two oper- 
ators such as f{(L+A) and f(L), where f(x) 
is one of a very large class of functions. One can 
show from the asymptotic behavior of the functions 
Dr and %p at large distances from the lattice 
defect that the functions Ep (7) also determine 


*The proof of this statement, as of some other statements 
about the functions Wroris omitted here because it is cumber- 
some. These proofs are based upon a consideration of the 
asymptotic behavior of the functions Yo at large distances 
from the localized defect. Their asymptotic behavior can be 
found, if one knows the asymptotic behavior of the functions 
@,;- The functions 9; are by (14) expressed as a sum of 
integrals. Lifshitz’ and Lifshitz and Peresada’® have evalua- 
ted the asymptotic behavior of similar integrals in connection 
with other problems. 
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the phase shift of the wave scattered by the local- 
ized defect. This conclusion is a generalization of 
Lifshitz’ result!? to problems that are not spheric- 
ally symmetric. 

One can use the properties of the functions ¥ p> 
Orp, and fp (A) to show that the functions % 
form a complete orthonormal set of eigenfunctions 
of the operator L’ + A in the continuous spectrum. 

To find the functions Ir of the discrete spec- 
trum of the operator L’ + A we must put A(A) =0 
in Eqs. (19) and (20) and write integrals in the usual 
sense instead of principal-value integrals. The 
condition that Eqs. (20) be solvable gives us an 
equation for the eigenvalues A, of the operator 
L’ + A inthe discrete spectrum. The expressions 
for the Dr and the corresponding normalization 
conditions can easily be obtained and are therefore 
omitted here. 

Having found the eigenfunctions (15) and (24) of 
the operators L’ and L’ + A, we can use (11) to 
evaluate S(n, R, T) and thus also D? (n, R, T) 
from (10). We get for S(n, R, T) the following 
expression 


SigRehieee £ footh( “L*) RiegR) c= 


ZT Vi 

+3 coth (Ser) che (nds RD (25) 
F (k, R) = >) (sin, (A) [| 18ao (R) |? — | mYro (R) [7] 

+ + sin 2C, (A) [(18x6 (R)) (Mba¢ (R)) 

+ (16,0 (R)) (AYae (R))]. (26) 


Knowing the value of D2 (n, R, T) for the perturbed 
problem we can easily use Eq. (1) to evaluate the 
time average of any function F(q*uR) when local- 
ized defects are present in the crystal lattice. We 
obtain in that way the complete solution of the 
problem posed in the present paper. 

Expression (25) derived for S(n, R, T), along 
with Eq. (10) for the square of the mean-square 
fluctuation of the displacements of the atoms of a 
crystal lattice with a finite number of defects, can 
be used to draw some conclusions about the behav- 
ior of the quantity D? at large distances from the 
defects. A detailed analysis of Eqs. (25) and (26) 
shows that at large distances R from a defect the 
asymptotic behavior of Eq. (25) for S is deter- 
mined solely by the long-wave part of the spectrum, 
so that we can neglect in the expression for S the 
contribution from the optical modes of vibrations 
and the contribution from the vibrations corre- 
sponding to the discrete spectrum. One can evalu- 
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ate the asymptotic behavior in the general case of 
an arbitrary lattice and of any localized defect. We 
shall not perform here the fairly cumbersome and 
tiresome calculation, but only quote the general 
result. 

For large values of R the asymptotic behavior 
of S is the sum of a finite number of terms of the 
form 


A; = (ze) coth (B; <5) ; 


where the quantities Aj and Bj can be evaluated 
in closed form for each given crystal and each 
given perturbation. They depend on the direction 
of the radius vector R at the point of observation, 
on the differential properties of the surfaces 
Aj (K) =A’ as A—O, and on the type of the lattice 
defect. © is some characteristic temperature 
similar to the Debye temperature, and b isa 
characteristic length of the same order of magni- 
tude as the dimensions of the elementary crystal 
cell. 

It follows from the expression given here for 
S that at crystal temperatures T and at distances 
R such that RT «<b@ the asymptotic form of S is 


be IONE 

A(z) +(e) @ 
where for a given lattice and a given perturbation 
A and B depend only on the vector R/R. In par- 
ticular, S~ A(b/R)® when T= 0, i.e., at absolute 
zero the extra term in the fluctuation of the dis- 
placement decreases in inverse proportion to the 
cube of the distance from the defect. When RT 
>b® this extra term decreases as 1/R?. 

Summarizing the results of this paper we can 
reach the following conclusions: 

1. The time average of any function of the dot 
product of a consmnt vector q and the displace- 
ment from the equilibrium position up of the R-th 
atom of any system of atoms which executes small 
vibrations and which is in thermodynamic equilib- 
rium with the surrounding medium is uniquely de- 


termined by the mean square fluctuation D(n, R, T) 


of the displacements of the R-th atom in the di- 
rection of the vector n = q/q. 

2. One can evaluate the fluctuation D(n, R, T) 
in closed form in the case of an arbitrary infinite 
perfect crystal lattice in which there is a finite 
number of localized defects such as foreign atoms 
substituted for an atom, interstitials, vacancies, 
and so on, provided one knows the spectral prop- 
erties of the corresponding perfect lattice without 
defects and provided one knows the finite-dimen- 
sional operator A which describes these defects. 
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Although the determination of D(n, R, T) can 
be reduced to the evaluation of the trace of an oper- 
ator, it turns out to be impossible to apply here 
Lifshitz’ results® on the evaluation of the differ- 
ence between traces, since in this case one cannot 
write the operator whose trace determines the 
value of D(n, R, T) as some function of the op- 
erator L. 

3. The change in the square of the function 
D(n, R, T), caused by the presence of localized 
deformations in the crystal lattice, is determined, 
according to (10), by the function S(n, R, T); we 
suggested in this paper a special method of evalu- 
ating this function. This method is based upon the 
fact that, in the case of localized lattice deforma- 
tions described by adding a finite-dimensional op- 
erator A to the operator L, it turns out to be pos- 
sible to split off from the space H, on which the 
operator L is determined, a subspace H’ such 
that all physical consequences caused by the per- 
turbation A can be described in terms of the sub- 
space H’. This makes it possible to obtain the 
closed Eq. (25) for S(n, R, T). 

4. As expected, the quantities Ep ( A), first de- 
fined by Lifshitz® for the case of a three-dimen- 
sional lattice and called by him “shifts,” oc- 
cur in the expression for S(n, R, T). These quan- 
tities determine the phase shifts of the waves scat- 
tered by a localized inhomogeneity of the crystal. 

5. In the general case of an arbitrary infinite 
perfect crystal with a finite number of localized 
defects, one can find the asymptotic behavior of 
the function at large distances from the defects. 
The asymptotic expression for S includes the 
dependence on the form of the localized irregular- 
ity of the lattice. The difference between the mean- 
square fluctuations D2 and D* of the perturbed 
and the unperturbed lattices at absolute zero de- 
creases with the distance R as R*. At suffi- 
ciently low temperatures, there is a region in the 
crystal where (D?—D*) ~ AR~?+ T’R7!. Outside 
this region (D?-D*) ~ TR? as R—~o. 

In conclusion, I express my deepest gratitude 
to Professor I. M. Lifshitz for his constant interest 
in this paper, for valuable advice, and for discuss- 
ing the results obtained. 
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The differential cross section and the change of polarization of the electrons are calculated 
for the process of disintegration of polarized deuterons by polarized electrons, with the elec- 
tromagnetic form factors of the nucleons taken into account. An expression is also obtained 
for the polarization of recoil deuterons from the elastic scattering of polarized electrons by 


unpolarized deuterons. 


is a previous paper! the differential cross section 
and the change of polarization of the electrons were 
calculated for the elastic scattering of polarized 
electrons by polarized deuterons. In the present 
paper we consider the differential cross section 
and the change of the polarization of the electrons 
in the disintegration of polarized deuterons by po- 
larized electrons, and also obtain formulas for the 
polarization of the recoil deuterons from the elas- 
tic scattering of polarized electrons by unpolarized 
deuterons. The deuterons are assumed to be non- 
relativistic, and the admixture of D wave in the 
ground state of the deuteron is neglected. 

Treating the interaction of an electron with a 
deuteron as the interaction with the bound neutron 
and proton, as was done in reference 1, we have 
for the matrix element of the interaction: 


(1) 


Here q=p;,—pP, is the change of the four-momen- 
tum of the electron, yg and yx; are the spin func- 
tions of the final and initial states of the deuteron, 


S=A+B(o, + ¢,)/2 4+ C(e, — o)/2, 
Cc | Ta[qx8],  &, = (Ue ,U4), 


u, and wu, are spinors for the electron, 


Sip = C?q? (Xp |S|%). 


(2) 


= \ ict (ape’t? + ane*¥?) 0, dr, 
I, = 2 | Pit (a,eiar? a ane *4"/?) Ve,ar, 
13 = ai \ eu [(ap + bp) ef48? + (An + bn) C4?) G, dr, 


2s 7 \ $, [(ap + bp) ef"? — (an + bn) eal ar, 
ap, an and bp, by are the electric and magnetic 

form factors of the proton and neutron, 2 r isthe rela- 
tive coordinate of the nucleons, 0, and o, are the 


spin operators of the proton and neutron, xt and 


Yxg are the coordinate functions of the triplet and 
singlet states of the two nucleons, gq _ is the co- 
ordinate function of the deuteron, and M is the 
mass of a nucleon. 

The initial state is described by a density ma- 
trix which is the direct product of the density mat- 
rices of the electron and deuteron: 


Pye Cen Pas 
where r 
B= > (1 + i756) n> (pi), 
(On + {i+ = 010g -+ % (6, + oy) + Bim (91252m + F9/51m)], 


n*)(p) = (if -m)y,/2€ is the projection operator 
that selects positive-energy states. The four- 
vector fu = ({, 4) characterizes the polarization 
of the electron. 

In the rest system {, = ( £°, 0); in an arbitrary 
reference system 


0 ‘ 
C= Sr + Sre/m, 6 = eps? ym: 


where ef and } are the transverse and longitu- 
dinal components of the vector fae p is the mo- 
mentum, ¢€ the energy, and m the mass of the 
electron; @ and Bim characterize the polariza- 
tion of the deuteron; Bim = Pmi; Sp fim = Bii = 0- 
In the present case the concept of polarization also 
includes what is ordinarily called alignment. 


THE DIFFERENTIAL CROSS SECTION FOR IN- 
ELASTIC SCATTERING 


The differential cross section for disintegra- 
tion of the deuteron which corresponds to the rela- 
tive momentum « of the nucleons in the final state 


has the following form: 
ae eS Sp (n (ps) SpoS* } dx 
dQ 4 \4e} [4 + € sin? (9/2)] e® sint (9/2) (2x) 


(3) 
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Here ¥ is the angle of scattering of the electron, 
and E= €,/M. 

For a prescribed scattering angle the energy 
spectrum of the electrons has a sharp peak. There- 
fore for the range of energies that makes the main 
contribution to the cross section, q does not change 


Pye ——— So mIq/3 
oa Sp {9+ (po) Spo) = ‘da? COs = ara : 


£8) 
wa 
—&> (© -+-+ e, sin —) DP es (a + € sin? ZT } PoiPomt 


Here 


a 


TTT? = \ hal La? = a5 + a + 2apaanf (2g) — (dp + an)*f? (9), 


— [(@$) q? — (aq) ($q)] +4 
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to any important extent. Regarding q as constant, 
one can easily carry out the integration over kK, 
using in an approximate way the completeness of the 
functions gyg and Pyz. Performing also the 
summation over the spin variables of the nucleons 
and the electron, we have 


~ (1 + sin? =) QF +h 


i TF + TIP) (aq) [oeq? — i (e129) (Gq) + CEESTEM 5, feye9 005% (PysPam + Pot Pum) 


Tals = \ ER Re (Il =a Aq (Ap (Ap + bp) + Qn (Qn + bn) 


+ [@p (Gn + bn) + An (Gp + bp) f (29) — (ap + Gn) (ap + Gn + bp + bn) fF? (9), 
Tg]? = (2MY* {(ap + bp)? + (dn + On)®+ 2 (Gp + bp) (An + bn) f (29) — (Ap + On + bp + bn) *P (9), 


| 14? = 


The form factor of the deuteron is 


i A r 2 
iq@)= \ le, [Pe dr =| a dr, 
0 


where yg=u/(4r)¥*r. In particular, if vq 
= (y/2r)/*e-Y¥/r, the form factor is 


f (9) = 


4 
a fan 12 

From these expressions it can be seen that the 
difference |1,|? — |1,|? involves only terms con- 
taining f*(q) and f(2q). These quantities are 
small for the changes of momentum that are of in- 
terest here, and therefore the contribution to the 
cross section from the “tensor” polarization is 
also small. 

The final expression for the differential cross 
section for disintegration accompanied by scatter- 
ing of the electron by the angle # can be conve- 
niently written with the following choice of coordi- 
nate axes: 


k=p,/|Pi!, 1 =[PixP2]/|[PixP2]|, 1 = [kxn]. (5) 

We get 
do/dQ = (do/dQ), (1 — N/N,), (6) 

where 
=ThP+ H(! + 2tan’ 5) QGP +P, N= 


(2M)? {(ap + Op)” + (An + bn)? — 2 (Ap + bp) (An + On) F (2q)}. 


OFT, (69k)tan > 


(4) 


The differential cross section for unpolarized 

particles is 
(33), = 1 (z=) No cos? (9/2) ; (3) 
(dQ 4 \4n) [1+ € sin? (9/2)] e sint (9/2) 

It has been assumed everywhere in the calcula- 

tions that 
&y > m, > > m/s. 

The formula (8) goes over into the expression 
obtained by Jankus® for point nucleons if in the ex- 
pression for Ny we neglect f(2q) and in the 
term with q? we also neglect f?(q). 

From the expressions that have been obtained 
it can be seen that the differential cross section 
does not depend on the transverse component of 
the polarization of the electrons. If the electrons 
are not polarized, only the last term remains in 
(7). In this case the cross section differs little 
from (da/dQ)p. 


THE CHANGE OF POLARIZATION OF THE 
ELECTRONS IN INELASTIC SCATTERING 


The basic expression for the final polarization 
€ of the electrons from disintegration of polar- 
ized deuterons by electrons of polarization {; is 
as follows: 


[(ak) e, sin 3 — (al) (©; — e, cos 9)] 


+ (Tel? 11a0) tan 2. (62k) (e1 + £2) [(ak) (& — ep cos 9) + (al) ep sin 94 


+ 


— 


o 
--+ 41,kpe.tan oe (f; — 82 cos 9) } 2 


9 9 ee) 0 
[Za —] Tal) sin? 5 Bim {heikim (1 + tan® >) (22 + 2s,eq + £8 c08%) + Alilnts (1 +e sin?) 


(7) 


POLARIZATION EFFECTS IN SCATTERING OF ELECTRONS BY DEUTERONS 833 


C= i (¢2/m) Sp {rra71sn'P(p2) SpoS Fn (ps) dn 
Sp (n'* (ps) SpoS*} dx 


(9) 


To determine the polarization of those electrons 
that have been scattered through the angle 3, 
dependent of the final state of the nucleons, we 
must carry out an integration over x. This is 
done in just the same way as before. 

We present the result: 


Co =k (Cay (Sik) + Cye (Sim) + Cys (Ci) + Das (@k) + Dis (a) 
+ [Coo (Gi) + Cos (CoN) + [Car ($k) + Ce (on) 
+ C35 (S01) + Dz, (%k) + Dass (@l)). 


in- 


(10) 


The coefficients appearing in the formula (10) have 
the following values: 


Cu = ey es (271P +TH7) (1 + 2 tan?) 
—2egtan®> (5! ® — | 44) Bim | likin sin 9 (c; — cos 9) 


+ Qikem (ey eva ®}+ lilm cos* +(e + e sin? >-)]}, 


4 
Coe = ral ee 
SS ae Su 1 P 
as 2etan’ > (i3— 4a") Beim| 2h Rim (e + J &e sin*®) 
, $ 4 
te Dal [a (1 site 5 ) Z 


—1;kmsin 9 (€; — &2 cos 9) : 


4 © Oy P+ 


€, Sin? 9] 


2e2 tan($/2) (| /s |* — 


T4|”) Bim i ud 
bes ee {2ntm [« ( 1 + sin? = 
ee C05 + — Rm sin ¥ (& + =) 
stan(9/2)\ (6747 &: Te lia) 
ae ae rten (tl ) {oT sin 9 + (| J |? + | Ja|*) 


tan = (e,-4 €5) (e,— &2 cos yt, 


Dyg =P tan?) (TT, (e, — 22.008 8) — [Ta + 1a?) 
= 
; o 
sin? or: (€:-+ €2)}; 


C3, = — Cy, tan, 
C30 = — Co, c08 9, 


Ci3 = Gee sin %, Cp = Se Co3 Sin x, 


Dss = — D,stan%, C33 = (Gon COSius 


Ds = — Dytan4s. 

From these expressions it can be seen that the 
“tensor” polarization of the deuteron gives a small 
contribution to the polarization of the scattered 
electron. It is more convenient to express the 
final polarization in the coordinate system con- 
nected with the scattered electron: 


Cor = (S2P2)/| Po |, CH = = ([.n), oy = ($2 [Poxn])/| P2 i 


fo] is the longitudinal component; tH is the 
transverse genase perpendicular to the plane 
of the reaction; al is the transverse component 
in the plane of the ines aa For the incident 
electron 


Cu = (01k), Cie = (Gin), Ch = (Cal). 
In this notation the result can be written in the 
following way: 
O. = (usb = (ak) Dy + (al) Taaliess %, 
Bi Gosttnek Crt 
col! = = Coo Ce = Cri . 


It can be seen that in the scattering the longi- 
tudinal and transverse components change inde- 
pendently of each other. If the deuteron is orig- 
inally unpolarized, we get 

se 
Ci {1 — 2q? tan? (9/2) (2173 |? + [Ta [?)/3No}, 
{1 — 2q? tan?( (9/2) (2| Ig |® + | Za |?)/3No}- 


co! = ll 
Op iasiers 
In this case the longitudinal component of the 
polarization of the electron does not change in the 
scattering, and both transverse components change 


in the same way. If the electron is originally un- 
polarized, we have 


ay = [(ak) Dy; + (al) Dy3]/cos, 


Longitudinally polarized electrons are produced. 

Comparison of these expressions with experi- 
mental data can give additional information about 
the form factors of nucleons. 


POLARIZATION OF THE RECOIL DEUTERONS 
FROM ELASTIC SCATTERING 


The following expressions are obtained for the 
quantities @ and fBjm that characterize the po- 
larization of the recoil deuterons from elastic 
scattering of polarized electrons by unpolarized 
deuterons: 


4eq sin? (9/2) (a, +a, + 5, + 6,) 
(ak) = —— Tp (Bi) fap + On 
1(a, +4, + 6, + On) * =) 
ee ye > 4 €sin =) 
2e, sin? (9/2)tan(9/2) (a, +a,+6,+6 
(21) = EM ee (CIR) {Cay + a) 
&,(a +a, +6 + 6,) : o)\ 
x (2+§) +—*"—_ (2—8sin? Sh, 
q7(@,. 4 a. oe OL) 8 
Bimkikm = aaa ema [sin’ Bia (I ae 2tan? >) 
Aas hee 
—§sint >| ; 
q? (a, + 4, + 5, + %,)* [4 *—1) 
Bimbilm = , 1zM?Ro | 3 (tan ie 
Le 
= eine = =e siit- =| 4 
Bsmlikm = yh se I en sin? > (2 + €cos 9), 
HE es 2Z4M?Ro 
Bimflitlm = BimkiRm oer Bimlilm. 
Here E 
GaGa dae Bata D, 7 2 
Ro = (4 + Qn)” — ‘ 6M2 : (1 ~~ cos? (9/Z) ) 
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The other notations are the same as before. 1G. v. Frolov, JETP 87, 522 (1959), Soviet Phys. 
From these expressions it can be seen that the JETP 10, 369 (1960). 
average value 4a of the spin of the recoil deuteron 2 Akhiezer, Rozentsveig, and Shmushkevich, 
lies in the plane of the scattering. a@ is zero ifthe JETP 33, 765 (1957), Soviet Phys. JETP 6, 588 
incident electrons are unpolarized, but the quanti- (1958). 
ties Bjm are different from zero even in this 3. Z. Jankus, Phys. Rev. 102, 1586 (1956). 
case. 


Therefore experiments to determine the “tensor” 
polarization of the recoil deuterons are in a certain 
sense the simplest of the polarization experiments Translated by W. H. Furry 
on the elastic scattering of electrons by deuterons. 225 
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The absorption coefficient of ultrasound in a semiconductor is estimated with account of 
quantization of the electron energy in a magnetic field. 


I N a number of papers published in recent years,/~3 


the results of experimental and theoretical inves- 
tigations of the absorption of ultrasonic energy by 
current carriers in a magnetic field has been re- 
ported for the case of ultrasonic frequencies w 
that are less than or equal to the collision fre- 
quency of the electrons 1/tT (7 is the relaxation 
time ). 

The case of higher ultrasonic frequencies, for 
which the inequality 


© DW > 1/r, (1) 


where Wy, = cyclotron frequency of the electron, 
is satisfied, has been investigated theoretically by 
the author.4 This inequality is the inverse of that 
used in the papers mentioned above. However, 
the calculation* was made in the classical approx- 
imation Ag > Ag] for the special case kz =0 (Kz 
is the component of the wave vector of the ultra- 
sonic wave in the direction of the magnetic field). 
1. Inasmuch as the absorption of ultrasonic en- 
ergy has a resonance character,’ we shall make 
use of a variant of the Wigner-Weisskopf theory 
of quantum processes. The Schrédinger equation 
for electrons interacting in a magnetic field with 
phonons and lattice impurities has the form 


ihOW Ot = (Ho + Hint), (2) 
where 
Hy = (2m'y*|(pe+ Sy) +p +p2]+ Apron (3) 


is the sum of Hamiltonian operators for the motion 
of an electron in a magnetic field, and of the acous- 
tic phonons of the lattice, Hphon; 


Hint = Hy int + He int + As int (4) 


is the energy of interaction of the electron with the 
ultrasound (Hj int), the acoustic vibrations of the 
lattice (Hy int), and the impurities (H3 jnt). 


At low temperatures, for which the resonance 
effects under consideration can be measured, the 
optical vibrations do not have an appreciable value. 
The interaction operators Hint and Hyint are 
chosen in the forms 


Ve = 4 iauyxe—“?; 
(5) 
He int =a >, div u(x’,j). (6) 


x] 


Ay int =a divu = V,e™r + Vie, 


In Eqs. (5) and (6), the quantity a is the constant 
of interaction of the electron with the lattice vibra- 
tions, Uy is the vector of the amplitude of the ul- 
trasonic wave, K and w are the wave vector and 
the frequency of the ultrasound, respectively, while 
kK’ and j are the wave vector and the polarization 
of the acoustic vibrations. We have no need here 
for the explicit form of the operator Hs3 jnt. 

We express the solution of (2) as a superposi- 
tion of wave functions that are solutions of the 
equation 


iho’ /at = Ho¥, (7) 
W = Db,exp(—iErt/h) dn, 2, e, Ov, [TL Pny, 8) 
where : 
Yn, kyr Ry = Cnexp {i (Rex + kz 2) 
— 2a (y— y)*} An(V a (y — yo)) (9) 


is the normalized wave function of the free electron 
in a magnetic field, a =|e|3¢/ch and the remain- 
ing notation is the same as that in the book by Lan- 
dau and Lifshitz;° én, is the oscillator wave func - 
tion describing the ultrasonic vibration of the lattice; 
IIéy, is the product of the oscillator wave func- 
tions of the acoustical vibrations of the lattice 


Ey = 4 (kz) + hoy (n + 4) 
+ ho (Nx + 4) + dyhow (Nw + 4). (10) 
In (10), €|| is the kinetic energy of motion of the 
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electron along the direction of the magnetic field; 
Rw) (n+ 3) is the energy of motion in the plane 
x, y; hw(N,x +4) is the ultrasonic energy; 

Dy Hw, (Ny + 4) is the energy of the acoustic 

kK’ 

vibration; is an index denoting the total set of 
quantum numbers of the system. In the sum (8), 
one of the amplitudes b) 4 is equal to unity at the 
initial instant of time while the other is equal to 
zero. The indices A and Ay differ in the quan- 
tum numbers of the electron states, and also by 
the occupation numbers of the phonon levels; in 
the state A these occupation numbers differ from 
their initial values by unity or by zero. 

Applying the Wigner-Weisskopf method,°® we 
find the equation for b), the transition-probability 
amplitude, and for yp (kz), the reciprocal of the 
mean lifetime of the electron in the state n, kz: 


by, = Fling (A, do) [exp {i (Ey io E),) 
xt/h — yt/2) fe / (Ex — En) + in/21, (11) 
tn = — He Dy Hint [P11 — exp (4 (Ea, — Ea) ti + 7t/23] 
A 
x (i (Ex, — En)/f + 7/27. (12) 


To find the transition probabilities under the 
action of ultrasound, it is necessary to compute 
Hy int (A, Ao). The phonon part of the wave function 
(8) contributes the following factor to the square 
of the modulus of the matrix element: 


|) Px, Vin, de [= |\OmnVibn, dul 2d areuz. (13) 


In (13) the number of ultrasonic phonons Nx, 
which is assumed to be much larger than unity, is 
approximately expressed by the ultrasonic ampli- 
tude. 

We now compute the electron part of the matrix 
element. In accord with the work of Zil’berman,’ 


(exp (— 4a (yy) Hn Va(y — yo) 
X exp {yy — > %(Y — Yo)”} Hn (Va (y — yo) dy 
= exp {ixyYp + iB (%y» Yo— Yo)} \exp {—ay’? 
+ ixey’} Hn V «y') Hn(Voy’) dy’. 


The form of the phase (Ky, Yo-yo) is given in 
reference 7. We use here the notation Ki 

= (ki —kx)? t Ky, y’ =y-—ypo. The integral in (14) 
is given by 


V 2/2" (ixp[V a)—"ny! Ltn (x2/2a) exp {— 2/20}; (15) 


ny and n, are the largest and smallest of the 
numbers n and n’, respectively, and Gee is 
the Laguerre polynomial. 


(14) 
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As a result of these calculations we get for the 
probability of transition of an electron (under the 
action of ultrasound) from the state n, kz, Kx 


into the state n’, kz, kX, 


Ja 2 = (Qn)? X (ants) *ME-Me—Pe [Lemme (Rp)? 
X[(ty 1)... me) | [exp {i (Ex — Ea,) t/ — rt/2} 


—1]/((Ex — E>,)/% +i7/2]|? 8 (—k, + he =x), (16) 


where Ao = Kz /2a is a dimensionless parameter 
that determines the ratio of the radius of the orbit 
of the electron in the state n= 0 to the projection 
of the ultrasonic wave in the direction perpendicu- 
lar to the magnetic field. In obtaining (16), | Hy int |” 
was integrated over kX; as a result, K2 became 
equal to «i +x}. The plus sign in the 6 function 
in front of kz corresponds to a transition with ab- 
sorption of sound energy, while the minus sign cor- 
responds to a transition with radiation. 

2. The ultrasonic absorption coefficient I’ is 
obtained from the formula 


P= U/C Eso» (17) 
where cy is the sound velocity, Eg,= puw*/2 is 
the sound energy density, and U is the energy ab- 
sorbed per second per unit volume by the current 
carriers of the semiconductor. Calculation of T 
thus reduces to calculation of U. Below we shall 
introduce formulas for U under different assump- 
tions relative to the state of the electron gas. 

It is easy to obtain, using the Pauli principle, a 
formula for the mean number of transitions from 
the level n, kz tothe level n’, kj, 


‘Yn (Rz) Fn (Rz) (1 — Fr (R2)) (2 (00) |?5 (18) 


fn (Kz) is the distribution function of the electrons. 
If we substitute |b, |? from (16) in (18), taking the 
case of absorption of a phonon, and then integrate 
over k,, kz, sum over n, n’, and multiply the 
resultant expression by 2g =|e|3¢/miic (the den- 
sity of states with the given quantum numbers n 
and kz), then we obtain the number of electron 
transitions with absorption of ultrasonic phonons 
per unit time. In similar fashion, we find the num- 
ber of transitions with radiation of ultrasonic pho- 
nons. Multiplying these numbers of transitions by 
hw and —hw, respectively, and adding, we obtain, 
finally, the unknown value of U: 


U = 2gho 19 \ tala (be) 


n,n’ 


X (1 — fre (Re + %2)] | On (Re + %2, 00) | ®dkz 
— 3 \ tole (ee) — Fre (te 94) 09 (he — Hey 00) Pe 


n’,n 


(19) 
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The results of calculation of yy by (12) will be 
published separately; in the present paper we shall 
assume y to be constant. We introduce in (19) the 
new summation indices An=n),-—n, and n=nj, 
and substitute the expression for | by, I?; we get, 
finally, 


, axuy \2 yw = i Ajehr 
a a ( 4 ) Th > x ee 
An, n=0 


x[(n-+ 1)... (a + Any} [LA" (r,) 2 
x {\ (Fn (kz) —fatan (k, + ¥,)] dk, 
(Anwo — w + [e (Re + %) — 24 (R,))/A)? + 72/4 
+f Patan (kz) — fn (kz + %,)] dk, 
' ) (Ano + © + [e i (k,)—s ll (R, -+ *,)]/R)? + mal 


(20) 


We shall now consider certain special cases of 
Eq. (20). 


Nondegenerate Semiconductor 


a) Kz = 0. As a consequence of the large value 
of the denominator of the second integral in (20), 
this term can be neglected. Substituting in (20) 


f ~ exp {— [eg + ho (n + +) — 2/9}, 


We can sum in it over n. Eliminating e#/® trom 
(20) by means of the formula for the electron con- 
centration 


N= 


(21) 


£ evie{] —e-nosoyt| ee4/0 dk, (22) 
we get an expression for U containing only a sum- 


mation over An: 


U =2N (=) 0) sh (Anhwo/2®) 


4 h veo (Anwo — wo)? + 77/4 


x exp {— A, (1 + eher/®) (1 — eho) 7} 


X Tan (Qhee— hol? [1] — eh J-2), (23) 


Here I,, is the Bessel function of imaginary ar- 
gument. 

In the derivation of Eq. (23), nondegeneracy was 
assumed; therefore we can assume that hw) /@ < 1 
and 


exp {— fiw,/0} — 1 ~hw,/. (24) 


To go to the classical. limit, we must assume 
Ap K 1. Substituting (24) in (22), and setting 
(w/wo)? @/mrc? =x, we find an approximate ex- 
pression for U: 


Ux = (=) yo Ma Anoye—*! an (x)/[(Anwy — ©)? + 17/4], 
An=1 (25) 


which is very close to Eq. (10) of reference 4, ob- 
tained by classical means. The fundamental differ- 
ence between (10) of reference 4 and (25) is that 
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instead of 1/7? in the denominator of the classical 
formula, we here have y?/4. A formula that agrees 
exactly with the classical can be obtained if we use, 
in place of the probability (16), the square of the 
modulus of the matrix element of the Dirac theory 
of quantum transitions, averaged over time by 
means of the factor e~*/7. The numerical calcu- 
lations and the consequences of (25) were dis- 
cussed in reference 4. A graph is given there, too, 
from which the resonance character of the ultra- 
sonic absorption is clearly evident. 

b) kz, #0. We substitute f from (21) in (20) 
and sum over n: 


[jut g (Sy oY 


(1 — ehev/®)-2 


4 ) zh 
An 
4 + eho hoy An 
PSD \- Mahe a) } 


X Tan (2d,e-ho/® /[ | — eher/® }) ev/e 


{§ exp (— e , /O) — exp {— Anhao/0 — €, (k, + ¥,)/0} 
[Anwo — w + (e \| (k, +%,)—€ l (2,))/h]? + 97/4 


exp (— ¢ , /8) — exp {Anhwo/®8 — e, (k, + x,)/O} 
tiga ae Ee, Eee ate 28) 
It is of interest to note that in both cases a) 
and b) of the nondegenerate state of the current 
carrier, the energy U is proportional to the num- 
ber of particles N. 


Metal 


We shall make an approximate estimate of U 
for Kz =0. We neglect the second integral in (20) 
and take the mean value of the positive expression 


[Lat Pagte *P [(n+1)...(n+ An)]" outside 
the summation over n. We obtain 


U ~ (g/m’) (axu,/4)? (yoAnhw,N /oy); (27) 


u. is the chemical potential of the electron gas. 
Equation (27) shows that only a comparatively 
small part Anfiw)/» of all of the electrons plays 
a role in the process of absorption of ultrasonic 
energy in metals. 


Semiconductor in which the Current Carriers are 
in a Degenerate State 


For those comparatively high magnetic field 
intensities that guarantee satisfaction of the in- 
equality wy) >1/t, the states of the electron with 
energy €|; + fiw)(n+ 3) are strongly degenerate. 
The multiplicity of the degeneracy 2g at H~ 10° 
oe is very large (of the order 10'°), Such strong 
degeneracy causes only a small number of the low- 
lying quantum levels to be filled. For example, 
for N~10!7cm™? and wy ~ 10°, the number of 
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the highest filled discrete level is of the order of 
i0. Therefore, the coefficient of absorption can 
be computed by direct summation of several non- 
vanishing terms in (20). As before, we shall con- 
sider two cases. 

a) Kz = 0. We introduce a new integration 
variable 


(h/2n) dk, = [(2m"/ey)'+/2xh] dey. (28) 


nan [LAM ee {F_y, (up — (t+ Ys) Roo) — F_ay, (¥ —(n + An + ¥2) Reno) 


OKATILOV 
We substitute (28) in (20) and, using the notation 


F_y,(u— hw, (n + =)) 


-{ 


— the Fermi integral with index — 3, we obtain 


de 
ital RG RTS 
e(? [exp {(€) + hwo (2 + */2) —»)/9} + 1] 


(29) 


U = (g/2n*h?) (axtty/4)? yo (2m"y"* >) 


An,n 


The numerical value of I can be found from the 
tables for F_i2 (see, for example, reference 8). 

b) Kz # 0. In this case, too, there will be com- 
paratively few non-vanishing terms in the sum over 
n. If hwy > @, the gas can be considered strongly 
degenerate. Calculation of the integrals in (20) 
leads to the following formula for the ultrasonic 
absorption: 


2e™ 
ve (n+ 1). 


gma An sin® 
~ 16 mp2? “ieegae 2 ih 2) cos $ 


x {tan=') ~ ce [costo Qk, 


(un (0+ 1) 4] +-2(an—2)) 


—tan”‘| “2 (x [cos*o— 2k, 


x(a 0+) S| +2(04— 2) 


aon de Qs [costo Qk, 
dp—tos(nt- ant 1) 2] 4-2(00— 2) 
San (28 [cos?d— 2k. 
x(u— fo, (n 4 An 4 +)) 


+2(4n—=))| +... 


Here \° = hw?/2m*w9c?, ky [ve —fiw)(n+4)] is 
the Fermi value of the wave number for an elec- 
tron in the n-th discrete level. The dots take the 
place of the sum of an additional four arctangents 
similar to those written down, with the parameter 
2(An + w/wo) in place of 2(An—w/wy). In (30), 
vd is the angle between the direction of propagation 
of the ultrasound and the intensity of the magnetic 
field. 

The calculation of I has been carried out ac- 
cording to Eq. (30) for # in the interval from 
0 — 90°, and a graph has been constructed of the 
dimensionless quantity I -16mpc?i?/gm*a?. The 
following numerical values of parameters were 
chosen for the calculation: w/w) = 2; Ap = 0.2, 


i -++ An) 


cos 9 
Pa 


cos} 
% 


(30) 


(n+ 1}... 


ee" 


(n + An) [(Anwo — o)? + 77/4] 


nnn ee 


Cy = 5X 10° cm/sec. The chemical potential yu 

we set equal to 3.75fw, which corresponds to 

an electron concentration N = 5 x 101 cm=3 

Summation in (30) was carried out over n from 

0 to 3 for two values An=1, 2. For An> 2, 

the term ( dp y42 becomes a very small quantity 

in our example. 

The dashed lines in the drawing indicate graphs 

, of the individual terms of the sum in (30) with An 

=1 and n=0,1, 2. Each of these has a maximum 

for intermediate values of ¥, which describes the 

resonance of electrons found in the discrete level 

with n=0,1, 2. In this resonance process, part 

of the energy of the phonon (in the given example, 


ah 


Dependence of the 
sound absorption I" (in 
units of gm*a’7/l6mpc3h’) 
on angle 3. The con- 
tribution of the differ- 
ent terms of the sum 
(30) corresponding 
to different values of 
n and An is shown by 
the dashed lines. 


3) is used up to change the translational motion 
of the electron in the direction of the magnetic 
field. From the laws of conservation of energy 
and momentum, it is easy to obtain an equation 
for J for which a particular type of resonance 
sets in. This resonance is determined by the 
zeros of the arctangents in (30): 


K} (cos*# = 2k,cos 8/x) + 2 (An — w/w,) = 0. (31) 


The deeper the level n, the larger the resonance 
angle J. This circumstance is excellently illus- 
trated by the given graphs. 


RESONANCE ABSORPTION OF HIGH-FREQUENCY SOUND ENERGY 


The resonance effect under consideration can 
be of interest in the following connection. The ab- 
sorption of phonons with xz ~ 0 leads to a change 
of the momentum of the electrons by fxz. In 
unit time, U/fiw phonons are absorbed, and, con- 
sequently, the rate of change of the projection of 
the momentum of the electrons on the z axis is 
equal to P, =x,U/w. It is easy to estimate the 
current flowing in the direction of the magnetic 
field, 


jem etx, ET / mo, (32) 
or the intensity of the electric field inside the 
bounded semiconductor: 

E,~ ez EgoJV /m* ws, (33) 


o0 isthe electrical conductivity of the semiconductor. 


3. Experiments on ultrasonic resonance of cur- 
rent carriers required low temperatures of the or- 
der of 1°K and high ultrasonic frequencies ~10?9, 
aor cps. At the present time, ultrasonic technol- 
ogy has come close to this range of frequencies. 
Thus, for example, Baranskii®, and Bommel and 
Dransfeld’® have obtained frequencies ~ 2.5 x 10° 
cps, while Jacobson'! has reached 10/° cps. Re- 
cently results have been published of the measure- 
ment of ultrasonic absorption in silicon, germa- 
nium, etc, for frequencies close to 10°, and at tem- 
peratures of about —150° Cc.’ If the results of ex- 
periments are roughly extrapolated to the region 
of much lower temperatures ~1°K and much 
higher frequencies w ~ 10°, 10!, then one can 
assume that the lattice absorption should under 
these conditions be of the order of 10? cm“}, 
while the electronic part estimated by Eq. (25) is 
Te; ~ 10 em! (for values of the parameters N 
= 10!2 em=3, a=15x107" ev, cy ~ 10° cm/sec, 
xa dae ot, vy tw» ~ 1) although an order 
lower is sufficiently large for experimental ob- 
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servation. It is also necessary to remark that 
the measurement of the electric field produced by 
the effect of “amplification” of the electrons along 
the magnetic lines of force [which, by (31), (32), 
is proportional to the electronic part of the absorp- 
tion coefficient ], can be shown to be a much eas- 
ier problem than the separation of the contribution 
of the electronic absorption from the general ab- 
sorption of the semiconductor. 

In conclusion, I want to express my gratitude 
to Yu. E. Perlin for useful discussions and to 
V. L. Gurevich for a discussion of the fundamen- 
tal aspects of the problem and valuable comments. 
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Elastic and inelastic (including excitation of rotational levels) scattering of high-energy 
electrons by Be’, cle and O!* nuclei is considered on the basis of the a@-particle model. 
The calculated differential cross sections for elastic scattering on these nuclei, and also 
the inelastic scattering with excitation of the 2.43- and 6.8-Mev levels in Be and the 4.43- 
Mev level in C!? are in good agreement with the experiments. It is also shown that elastic 
scattering on c!2 with excitation of the 9.61-Mev level can be explained within the frame- 
work of the model under consideration if one ascribes spin and parity 3° to this level. 


1, INTRODUCTION 


A number of experimental facts obtained in the 
last few years indicate the correctness of the de- 
scription, in the case of several nuclei at least, in 
terms of the a-particle model. Thus, for example, 
Baz’ noted! that the curve of neutron separation en- 
ergies has, as function of atomic number A, a saw- 
toothed shape in the region 4 < A <40, such that 
each nucleus of type A = 4n corresponds to a max- 
imum in this curve, and each nucleus of type A 
=4n+1, toa minimum. 

In experiments? on capture of high-energy neu- 
trons, rather detailed information about the mo- 
mentum distribution of nucleons in He’, Be®, and 
c!2 was obtained. These experiments succeeded 
in separating off the contribution in the distribu- 
tion for Be? coming from the weakly-bound (ER 
= 1.5 Mev) external nucleon, so as to give the 
distribution for the Be® core. All three of the 
distributions obtained were very similar; this is 
easy to explain, using the a-particle model, since 
this model leads directly to identical distributions, 
aside from effects from the relatively slow move- 
ment of a particles in these nuclei. 

Results of experiments on (p, a) reactions by 
high-energy protons (see reference 3; references 
to other work on the same subject are given there) 
are also of great interest. It turned out that par- 
ticular features of this process gave a direct in- 
dication of the existence of strongly-correlated 
a -particle groups in both light and heavy nuclei. 

In connection with further study of the existence 
of strong a correlations in nuclei, it is of inter- 
est to consider other experiments from this point 
of view. Experiments on elastic and inelastic scat- 


tering of high-energy electrons by nuclei would 
contribute greatly to this. 

In the present work, expressions are obtained 
on the basis of the a -particle model for elastic 
and inelastic scattering of electrons, and experi- 
mental data relating to Be®, C!#, and O!® is 
analyzed. 


2. CROSS SECTIONS FOR ELASTIC AND IN- 
ELASTIC SCATTERING OF ELECTRONS BY 
Be®, C!2, AND oO!@ 


In connection with the basic assumption that a 
class of nuclei with a clear a-particle structure 
exists, we shall assume that the target nucleus can 
be represented by a system of a particles, the 
positions of which are fixed relative to each other. 
This system can begin to rotate as a whole because 
of the action of the field of the incident electron. 
The rotational states will, as usual, be character- 
ized by quantum numbers I and K (I is the an- 
gular momentum of the rotational state, K the 
projection on the axis of maximum symmetry of 
the system considered). The problem consists 
in calculating oyK (9), the cross section for the 
process in which the electron is scattered through 
an angle @ and the nucleus goes into the rotational 
state I, K. Here, the only transitions considered 
are those in which the internal structure of the a 
particle is preserved. 

Calculations inthe Born approximation, whichis 
adequate for treating the scattering of electrons 
by light nuclei, can be carried through in all of 
the cases considered below. The cross section 
for elastic scattering on @ particles, og (@), 
enters, of course, as a multiplicative factor into 
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the expression for the derived cross section. It 
can be written as 09 (0) = oS (6) Fq(q), where 
oF is the cross section for Coulomb scattering 
by a point @ particle. According to the data of 
Hofstadter et al.,* the form-factor for the a par- 
ticle is Fg (q) = exp (—q’a?/6) with a mean- 
square radius a= 1.61 f. 

Be*®. The simplest a -particle nucleus, Be®, 
is unstable; however, our considerations can be 
applied to Be’, which can be viewed as consist- 
ing of two a particles and an external neutron. 
The latter is a neutral particle, and does not af- 
fect the scattering directly. However, the pres- 
ence of the neutron influences the rotational func- 
tions of the nucleus and, in this way, the results 
of interaction of the electron with the nucleus. 

The spin of Be’ is I, =°*4; therefore it follows 
that we should take K, = %4. Excited states will 
be characterized by the quantum numbers K = Ky 
=% and I=, "4, etc. Denoting the distance 
between a particles by 2d, we obtain the follow- 
ing expressions for the cross sections for elastic 
and inelastic scattering with excitation of the 
l= 77 and, 1=% levels: 


1, ,(0) = 404 (8) (i, (gd) -+ i, (9a)I, (1) 
+, 4.(0) = Bo, (6) {i (qd) + +i, (ad)l, (2) 
1, 7, (0) == 64 (0) (7, (Gd) + +i, (44), (3) 


where jz is the spherical Bessel function and q 
is the momentum transfer. For electron energies 
below ~ 200 Mev, the terms involving j, in Eqs. 
(2) and (3) are small, and, therefore, we can write, 
with good accuracy, 


fa) 


Q 


Cc 


Gor, 31, (0) = ~ Gir, 3), (0). (4) 


We consider now the corresponding experimen- 
tal data. In the work of McIntyre et ale? the angu- 
lar distributions of elastic and inelastic scattering, 
with excitation of the 2.5- and 6.8-Mev levels of 
Be®, were measured at angles of 60 — 90° with 
190-Mev electrons. The 2.5-Mev level appears® 
to have spin and parity oes the 6.8-Mev level 
must be % if it is to be in the same rotational 
band. Such an assumption is confirmed by the 
ratio of energies, 6.8:2.5 = 2.7, which is near 
to the value of 12:5 = 2.4 obtained from the for- 
mula 


Pe (nero) el ly gt): 


Comparison of calculated and experimental 
data is shown in Fig. 1. In so far as absolute 
values were not measured, the choice of the gen- 
eral scale is made by setting the calculated value 


FIG. 1. Differential cross 
sections for elastic and inelastic 
scattering of 190-Mev electrons 
by beryllium: 1—calculated curve 
for elastic scattering; 2—inelas- 
tic scattering with excitation of 
the 2.5-Mev level; 3—calculated 
curve for inelastic scattering with 
excitation of the 6.8-Mev level; 

oO, A, ®@—experimental values for 
the corresponding processes. 
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equal to the experimental point for elastic scatter- 
ing at @=60°. The best value for d turned out 
tobe d=1.9f. We see that there is good agree- 
ment with experiment. A noticeable divergence 
occurs only in the case of curve 2 for 6 = 90°. 

The preliminary character of the experimental 
data makes it difficult to decide what importance 
to attribute to this difference. 

If we choose d=1.9f, we obtain a= 2.48 f 
for the mean-square radius of Be’, in reasonable 
agreement with the value a= 2.2 +0.2f given by 
Hofstadter in his last review.’ For the intrinsic 
quadrupole moment we obtain Q) = 8d? = 0.29 barn, 
from which 


Q = Qolo (2o— 1) [Io 1) (2fp +3) =0.058 barn. 


Unfortunately, no reliable data on the quadru- 
pole moment of Be’ exists. In references 8 and 
9, rough estimates give |Q| = 0.02 barn. 

Thus, the existing experimental data on Be? 
does not contradict the proposed treatment; how- 
ever, it would be desirable to have more detailed 
and accurate experimental points for both the 
elastic and inelastic scattering of electrons by 
this nucleus. 

C12, We will consider the carbon nucleus as 
consisting of three a particles, which form an 
isosceles triangle. The axis of maximum sym- 
metry is, clearly, a line going through the center 
of the triangle and perpendicular to its plane. 

Since the symmetry axis of this system is not 
of infinite order, not only rotational states with 
K=0 can exist, but also those with K > 0. In- 
variance of this system under rotations through 
27/3 limits the acceptable values of K to K 
= 8n, where n is an integer. The parity II of 
the rotational levels is connected with K by the 
relation II = (~1 yi The energy of the rotational 
level is determined by the formula 
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where J, is the moment of inertia relative to the 
two-fold symmetry axis and J, is the moment of 
inertia relative to the three-fold symmetry axis.. 

The levels of carbon have been analyzed with 
the a -particle model by Glassgold and Galonsky.”” 
The carbon levels 0* (E=0) and 2* (E = 4.43 
Mev) can be related to the rotational band with 
K=0; then the 37 level (first level in the band 
with K = 3) is obtained at 5.53 Mev. Since this 
5.53-Mev level has not been observed to date, 
this conclusion was considered by these authors 
to be a grave defect of this theory. 

It should be noted, however, that this conclusion 
is based on a classical calculation of the moment 
of inertia: the a@ particles were considered to be 
points, so that J, =J,/2. It is known from the 
study of the rotational spectra of heavy nuclei 
that Jyjgiq is often several times larger than 
the effective moment of inertia J. The situation 
may be similar in our case, leading to a strong 
decrease in J, compared to its classical value. 
Then the 3° level would appear substantially 
higher. One can, in particular, assume this level 
to be the 9.61-Mev level. 

The existing experimental data do not contra- 
dict this assumption. From the fact that the 9.61- 
Mev level decays into Be® and a particles, it fol- 
lows that the spin and parity of this level should 
be either both even or both odd. It is clear that 
this requirement is satisfied by the assignment 
3-. The stripping reaction B!!(d, n) with exci- 
tation of the 37 level of C!* should give the value 
l= 2. This value was obtained in reference 11. 

It should be noted that these data, while not con- 
tradicting the value 3°, also are consistent with 
the value 1°. 

The following expressions are obtained for the 
cross sections for elastic scattering and excita- 
tion of 2* and 37 levels: 


Sq (8) = 9c. (8) jo (x), So (8) = e Fa (8) [3/1 (x) /* — jo (x), 
333 (0) = => 5, (9) j3(x), x =2qd/V3. (6) 


Comparison of cross sections calculated from 
Eq. (6) with the experimental data of Fregeau are 
shown in Fig. 2, for an electron energy of 187 Mev. 
The best value of the parameter d was d=1.5. 
We see that the calculated curves for the elastic 
scattering and for the inelastic scattering with 
excitation of the 4.43-Mev level agree well with 
experiment. The curve describing the inelastic 
scattering with excitation of the 9.61-Mev level is 
in generally satisfactory agreement with experi- 
ment. It diverges in the small-angle (@ < 50°) 
region; however, the experimental data in this 
region are not reliable. This can be seen both 
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FIG. 2. Differential cross sections for elastic and inelastic 
scattering of 187-Mev electrons on carbon: 1—calculated 
curve for elastic scattering; 2—inelastic scattering with ex- 
citation of the 4.43-Mev level; 3 —inelastic scattering with 
excitation of the 9.61-Mev level; 0, a, @—experimental values 
for the corresponding processes. 


from the irregular trend of the experimental 
points for 6 = 35, 45, and 50°, and from the form 
of the energy spectra at small angles given in ref- 
erence 12. The data on the elastic scattering of 
420 Mev electrons is compared with calculations 
(which used the same value d=1.5 f) on Fig. 3. 


29 
10 
wo” 
FIG. 3. Calculated curve ie 
and experimental values of = 
the differential cross section 3 <0 
for elastic scattering of 420- e 0 
— 
Mev electrons by carbon. Q 


ww 3 60 0 8° 
We see that the agreement between theory and 
experiment is good even for large values of the 
momentum transfer q. It should be noted that 

the vanishing of the cross section at @ = 51° 

comes from the incorrectness of the Born 
approximation in the region of a diffraction mini- 
mum — an accurate calculation should lead to 

a nonzero value of the cross section. 

0'8. Dennison! was successful in showing that 
the position and characteristics of many of the 
levels of the oxygen atom could be explained by 
application of the a -particle model to this nucleus. 
If we consider this nucleus to be composed of a 
particles forming a tetrahedron, we obtain the 


following expression for the elastic-scattering 
cross section: 


Foo (8) = 16 5, (9) jo (V 2/2 qd). eA Xs) 
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Comparison with the experiment of Hofstadter’ 
(see Fig. 4) shows that the theoretical curve re- 
produces the experimental data well (using d = 
= 1.6f) aside from the region of the diffraction 


minimum, where the Born approximation is in- 
applicable. 


FIG. 4. Calculated curve 
and experimental values of 
the differential cross sec- 
tion for elastic scattering 
of 420-Mev electrons by 
oxygen. 
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38. CONCLUDING REMARKS 


All in all, one can assert that the a -particle 
model is successful in explaining the existing ex- 
perimental data on the scattering of electrons by 
Be®, C!2, and o!®, Further experiments are nec- 
essary for definitive conclusions about the applic- 
ability of.the a -particle model to these nuclei. In 
particular, a reliable experimental determination 
of the spin and parity of the 9.61-Mev level in C’? 
would be of great interest, since the existence of 
a 3° state in nuclei consisting of three a particles 
is a very characteristic feature of such a model. 
It would also be important to establish the spin 
and parity of the 6.8-Mev level in Be’. 

In the preceding, we applied the terminology of 
the a -particle model in its most primitive form. 
However, it should be emphasized that the results 
obtained are independent of a number of assump- 
tions characteristic of the primitive a -particle 
model. In particular, the a -particle groups en- 
tering into the composition of the nuclei consid- 
ered do not have to be considered to be true @ 
particles, preserving their individuality in the 
nucleus. For the considerations given here, only 
the type of density distribution is of basic impor- 
tance. Thus, the symmetry D3h assumed for c¥ 
completely determines the rotational spectrum of 
this nucleus (0*, 2*, 3°, etc.) and it is clear that 
to determine the rotational spectrum it is not nec- 
essary to resort to arguments connected with a 
particles that obey Bose statistics. From a mathe- 
matical point of view, this is connected with the 
fact that the group D3, is isomorphous with the 
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group formed by rearrangements of the isosceles 
triangle. Thus, the proposed considerations do 

not exclude the possibility of exchange of nucleons 
between the a -particle groups. From this point 

of view, the root mean square radius of the a -par- 
ticle group a should be considered to be a param- 
eter entering into the theory, and the result that the 
value of a obtained is close to the root mean 
square radius of the a particle should indicate 
that the deviation of the mean density in the a- 
particle group from that of the density of the free 

a particle is small. 

It should be noted that the theoretical interpre- 
tation of the data on the scattering of electrons by 
the nuclei considered has been treated in a number 
of articles. Thus, Morpurgo" calculated the form- 
factor for the excitation of the 4.43-Mev state in 
c!?, using shell-model functions, in both the L-S 
and j-j coupling. His results gave too small an 
inelastic cross section (by a factor of two in the 
L-S coupling, and of six in the j-j coupling). Cal- 
culations for Be® and C! were also carried out 
in intermediate coupling in the shell model, ®»16 
but no satisfactory agreement with experiment 
was obtained there. Ferrell and Visscher!" have 
shown that the data on C!? could be explained by 
adding an appropriate amount of the state corre- 
sponding to collective motion of the nucleus. 

In the light of these results, the results ob- 
tained here appear to deserve attention, since, 
on the basis of a simple model, they give a very 
unambiguous (in so far as the data on elastic 
scattering already completely determine the pa- 
rameters of the model) explanation of the experi- 
mental data on both elastic and inelastic scattering 
of several nuclei. 

It is interesting to follow up how several of the 
conclusions of the a -particle model agree with 
conclusions of the shell model. It is well known 
that for p-shell nuclei, the shell model leads to 
a charge density 


2 
p(r) 5 z) expt 
where a=(Z-—2)/3 and a, is a parameter. It 
is also well known! that this distribution fits well 
the data on elastic scattering of electrons by ct 
(ay = 1.64) and O'8 (ay = 1.77). 

It is of interest to compare this distribution with 
that obtained by averaging the a -particle density 
over all orientations of the nucleus. The elastic 
scattering on the a -particle nucleus is obviously 
the same as that on a spherical one possessing 
just that density. A straightforward calculation 


2 
is 14 
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leads to the following result for this density: 
ard Bh Wigs av lees 3rb 
p(r) = pe abr XP [ age (Or 6*)|sinh =» (9) 


where a is the root mean square radius of the @ 
particle (a= 1.61f), and b is the distance from 
the center of gravity of the nucleus to the center 
of the a particle (b= 2d/V3 for C!* and b 
= 73/2 4d for 0%). 

The distributions calculated from Eqs. (8) and 
(9) for c!2 and o!8 are given in Fig. 5. We see 
that the distributions given by the shell model and 
the a-particle model coincide almost completely. 


FIG. 5. Shape of the charge 
distribution (proton charge/f? ) 
in C!? and O'°, calculated from 
the d-particle model (solid 
curves) and from the shell model 
model (dashed curves). 


Mention should be made in this connection of the 
work by Perring and Skyrme,'® who have shown that 
it is possible here to construct wave functions for 
the ground states of Be®, ce and o!8 which, when 
antisymmetrized, turn out to be identical with the 
wave functions of the shell model. 
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Radiation corrections to electron scattering are treated with allowance for the “density 
effect.” When condition (5) holds, the corrections due to the medium become important 


and are given by formula (4). 


Ne already pointed out by the author,! the polar- 
ization effect in bremsstrahlung must affect the 
calculation of radiation corrections to Coulomb 
scattering. The reason for this effect can be eas- 
ily understood from the following considerations. 
Experimentally the sum of two cross sections is 
always measured — the elastic Coulomb cross 
section, and the bremsstrahlung cross section 

for quanta of energy lower than some specified 
energy hwmjin determined by the resolving 
power of the experimental apparatus. 

Taking this circumstance into account enables 
us to avoid in the theoretical calculations the dif- 
ficulties associated with the infrared divergence, 
which renders invalid the calculation of a purely 
elastic scattering cross section. However, the 
bremsstrahlung formulas for relativistic particles 
undergo considerable changes, due both to multiple 
scattering and to the polarization of the medium. 

It is evident that these changes in the bremsstrahl- 
ung cross section will also affect the calculation 

of radiation corrections to Coulomb scattering, 
since, as just noted, we actually always have to 
calculate the sum of two cross sections. Simple 
addition of the new bremsstrahlung cross section 
and of the purely elastic scattering cross section 
(with the radiation corrections evaluated for the 
case of vacuum) would be inconsistent. 

Obviously, it is necessary to take into account 
the effect of the medium also in evaluating the 
radiation corrections themselves. Let us investi- 
gate the effect of the polarization of the medium. 
In the case of elastic scattering which is of inter- 
est to us there are no photons both at the beginning 
and at the end of the process, so that the whole 
effect of the polarization of the medium reduces 
to a change in the photon propagator. 

In contrast to the vacuum case, a photon moving 
in a medium undergoes repeated absorptions and 


emissions. To obtain the altered propagator we 
have to sum a number of Feynman diagrams in 
which each succeeding diagram differs from the 
preceding one by an additional absorption and 
emission of the photon with no change of frequency. 
In this way we obtain a geometric progression 
whose sum yields the desired propagator. The 
results of calculations using such an altered 
propagator must then be averaged over the states 
of all the atoms. This procedure of calculation 
can be given a simple graphic interpretation by 
noting that such a method of calculation is in a 
certain sense equivalent to the transition from 
the microscopic to the macroscopic Maxwell’s 
equations.? To obtain the rules for writing down 
the matrix elements, taking the effect of the me- 
dium into account, it is convenient to utilize the 
following formal method.* We write the macro- 
scopic Maxwell’s equations for the potentials in 
four-dimensional invariant form (we shall write 
them in the Mandel' shtam-Tamm form which is 
completely equivalent to the usual one) 


otk olin G2 Ap | ox! ox”™ = de. gin OA, / ox’? = 0. (1) 


cik = <ki igs the dielectric permittivity and mag- 
netic permeability tensor introduced by Mandel’ - 
shtam and Tamm, with non-zero components uN) 
=eV¥p and «%4=~-1//y in the rest system of 
the medium (a =1, 2,3); «4 =0 for i#k. The 
transition to the vacuum case consists of replacing 
the tensor «1K by the metric tensor gik (Ee = 1; 


*Ryazanov’ has utilized similar rules for writing down the 
matrix elements on the basis of quantization of the macro- 
scopic Maxwell’s equations. Howéver, as has been brought out 
in a discussion with K. M. Polievktov-Nikoladze, E. L. Fern- 
berg and M. I. Ryazanov, quantum electrodynamics in a medium 
must be used with a certain amount of caution, and in each 
specific case must be justified on the basis of the microscopic 


quantum equations. 
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g%@ =] (~=1, 2,3); gik=0 for i #k). 
Following Feynman’s arguments* we arrive at 
the conclusion that the change that must be intro- 
duced in order to take into account the effect of 
the medium reduces to replacing the photon propa- 
gator by D = —ihc/(2r)4e/Mkjky,. The ends of 
the internal photon line will now correspond to the 
matrices iey' and iee)}7. Let us make use of 
this formal method for evaluating the electron 
self-energy. From physical considerations it 
follows that an electron in a medium will polar- 
ize the material. Moreover, the use of the ordi- 
nary dielectric constant will lead to the damping 
of the initial electron wave function due to energy 
losses. If we represent the electron wave function 
in the form exp (iEt/h — yt/2), then we obtain 
for the quantity i(E-—E,)/h — y/2 (where Ey 
is the electron self-energy in vacuum) the ex- 
pression (for v <c): 


—— \ = \ 40 (= — 1). (2) 


From the quantity y we can easily obtain the en- 
ergy losses of a nonrelativistic particle by multi- 
plying the integrand by hw. The quantity AE is 
the polarization energy of the medium (cf. refer- 
ence 5). It is also necessary to note that the use 
of the usual value of €(w) is justified for dis- 
tances larger than interatomic distances. There- 
fore y determines the energy losses for “distant” 
collisions. It is natural that in order that the 
method of summation of diagrams should be equiv- 
alent to the method using macroscopic equations 
we must make the same approximation in the for- 
mer method of calculation. 

We return to the problem of the radiation cor- 
rections to scattering by a Coulomb field. By fol- 
lowing the usual calculation procedure we must, 
in order to avoid the infrared catastrophe, also 
consider the bremsstrahlung cross section for 
soft quanta of frequency w. The latter formula 
can be easily obtained if we evaluate the emission 
of radiation for a given deflection of the electron 
classically. The scattering probability is given 
by the Coulomb scattering cross section doc. 

The formula has the form 


do = dec 4 (2@ coth 20 — 1)“, 


wT € 


sin (8 / 2) 
Vi—ev/e 


sinh ® = ~ Ve (3) 


§ denotes the scattering angle of the electron. In 


M. L. TER-MIKAELYAN 


evaluating the elastic scattering cross section up 
to terms of order e® we must take the absolute 
value of the square of the sum of the matrix ele- 
ments of second and fourth order with respect 
to e. It should be noted that in evaluating the 
second-order matrix element (simple Coulomb 
scattering) we can neglect the effect due to the 
neighboring atoms, since the scattering occurs 
in the region inside the atom. Since the correc- 
tion terms contain the fourth-order matrix ele- 
ment linearly, we can use in the matrix elements 
the photon propagator averaged over the states 
of the system, which for small momenta (large 
distances) coincides with the Green’s function 
for Eq. (1). The infrared divergence in the cor- 
rections cancels the integral in (3) over w from 
w=0 to w= Wmin. We assume that wmin 

> watom and utilize the limiting value €(w)=1 
—4nNZe?/mw*. The change in the radiation cor- 
rections in the medium will be associated with 
formula (3) in which, in spite of the fact that « = 1, 
it is necessary to take the medium into account 
when 1 —v?/c? ~ 4nNZe2/mw?. Finally, an addi- 
tional term will appear in the radiation correc- 
tions to Coulomb scattering which is associated 
with the effect under consideration. The formula 
for the scattering cross section in-second order 
perturbation theory has the form 


3/9 
he me? Orn 
de = ds (Win) —ds In? ae 

s(nin) — dag Int ome, 


where doy is the ordinary differential scattering 
cross section including radiation corrections in 
the case of vacuum. Formula (4) is valid for 
scattering angles 


6>V1—v?/e + 42NZe?/ mo? 
and under the condition 
Omin < V 4x N Ze? / m E / mc?. (5) 


In the opposite case the effect of the medium is 
unimportant. It is possible to neglect the effect 
of multiple scattering on the calculation under 
discussion. 


SN eae Ter-Mikaelyan, Izv. Akad. Nauk SSSR, 
Ser. Fiz. 19, 657 (1955), Columbia Tech. Transl. 
Dp. o9o: 

?V. B. Berestetskii, JETP 8, 148 (1938). 

3M. I. Ryazanov, JETP 82, 1244 (1957), Soviet 
Phys. JETP 5, 1013 (1957). 

*R. P. Feynman, Phys. Rev. 76, 769 (1949). 

° J. Lindhard, Niels Bohr and the Development 
of Physics, edited by W. Pauli, (Russ. Transl.), 
1958, p. 244. 
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The most general form of the transition matrix is presented. The dependence of the transi- 
tion matrix parameters on experimentally observed quantities is established. The general 
and explicit expressions are derived for the double scattering cross section and vector and 
tensor polarization, in which account is made of the mixing of the different waves. It is 
shown that by a choice of a special form of the potential (such as that employed in the op- 
tical model) phase shifts, and hence a description of the scattering, can be obtained. Cal- 
culations performed in the Born approximation are compared with the experimental results. 


A large number of experimental and theoretical 
researches have been devoted to the study of po- 
larized nucleons. In these researches attempts 
have been made to draw up a complete phase anal- 
ysis and to establish the amplitudes of nucleon- 
nucleon scattering with the aim of investigating 
spin-dependent interactions.‘ Detailed informa- 
' tion on the character of the nuclear forces can 
also be obtained from experiments on scattering 
of particles with spin 1 on zero spin targets. In 
this case the results can be obtained at energies 
of several Mev and the quantity of experiments 
necessary for completing the phase analysis is 
not large. 

Consideration of the polarization of deuterons 
has attracted considerably less attention in the 
literature.'~4 Expressions were derived in the 
research of Cheishvili* for the cross section and 
the polarization, which were obtained by use of 
projection operators; however, in this case the 
possibility of transitions with a change in the or- 
bital momentum was not taken into account. 

Extension of the method developed by Vol’fen- 
shtein et al. for describing particles with spin 3 
(which is based on the use of the transition ma- 
trix M and the density p) to the case under con- 
sideration makes it possible to obtain results both 
in general form and in a form suitable for applica- 
tion. Calculation of transitions with change of or- 
bital momentum does not raise any difficulties. 

The most general form of the transition matrix 
is defined by the requirement that it be invariant 
under spatial rotations and reflections and under 
time reversal: 


M = A(9, 9) + Bi (9 ) Si + Ci Sez (1) 


Denoting the unit vectors in the directions of the 
incident and scattered beams by k; and kr, and 


introducing the mutually-orthogonal vectors 
P = (ke + kp) /| ks + ky], 
K = (k; —ky)|k; —ky], N = (kz, ky} /|[ke, ky] !, ‘(’) 
we can write M in the form 
M = A+ BSy +C (Sp + Sk — 4.8,;) + D(Sb — S2). (La) 


Making use of these expressions for the transi- 
tion matrix, we derive the vector and tensor polar- 
izations for the cross section in the general form 
of the following formula: 


Ig = + (3AA’ + 2B; B; + Ci; Ci)), 
I, Pn = + [4 Re (ABn) + 2 Re (Cuz Bi) 
— Im(B; Bj &zjn) — Im (Cin Cjx &jn)]; 
Ty Tmn = +(2 Re (ACinn) + Re (Bm Bn) = B; Bi Smn 
—Re (Cini Cin) + $ Cij Cie Ban — Im (Cm Bj jn) 
lin By Crn Sear) (2) 
and accordingly in the chosen set of coordinates 
Ty =4{3| A)? + 2|B\?4-21C)?+2|D/}, 
I, Py = ~Re((A—=C) B’), 
1,(TeTx+7x Tp) = —~+iRe BD", (2a) 
IpTy =2-(2|AP+2/ BP +2iCP+2|DP— {Re AC). 
In this case, if the y axis is perpendicular to 
the plane of the first scattering, or if the direction 
of motion of the beam of deuterons between the two 
collisions coincides with the z axis, the angular 


distribution of deuterons undergoing double scatter- 
ing can be written in the form 


Loo) = (2) = 0! 
ae 2 88" + yy’) cos 9’ -+- 288’ cos 29’), (3) 


where ¥ and # are the angles of first and sec- 
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ond scattering, respectively, gy’ is the angle be- 
tween the planes of the scattering. 

The parameters a, £, y, and 6 are determined 
by the relations 


Io = ——|B\? + 


1G (2 ~|D/? 
9 Cy 4 


+ = Re AC* + 2cos3Re[D* (A—=C—iB tan %)], 


1,8 = +Re[B’(A—+ C)], 


Iy¥ = +cos 9 Re {D’ [iB —(A + + C)tan9}}, 
1 
3 


(Sis peel CPD Pp Re ACY 


iB tan®)], 


while the parameters a’, B’, y’, and 6’ differ 
from these only by the fact that all the quantities 
are replaced by the corresponding values for the 
second scattering. 

With the help of the well-known formula of Blatt 
and Biedenharn for the amplitude of the scattered 
waves? 


s tis i) 
y = ae a) Demy 2M me Im, = th 


Ms 


+ 2 cos#Re[D'(—A +1404 (3a) 


eee (‘kr) 


y Xing 


est 
x >} pat wh (21 + We, Be UM Ne Ks ,f0 Seite) 
ati es 
al, s’, J, ms) 6r1 — Si) Yr, u 
The explicit form of the dependence of the matrix 
M on the angle of scattering and phase shifts can 
be established: 


, 177 
S, |4, ms|l', 


a bexp(—i) — cexp (— 2i¢) 
Vi (/ exp (i) i -—d exp (— ig) (4) 
cexp (2i9) —bexp (ig) a 
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where gi are the elements of the scattering 
matrix which has the form1 
costeexp(2iM,__,)+sin’eexp (27D, 1) 


~ | Lsin 2¢ [exp (2i@_,)—exp (2/4) 


+ sin 2e [exp (2iM,_,) — exp aay 
sin? e exp (2iD,_,)+ Cos? € exp (21D 744) 


in the case under consideration.» Here ¢€ is the 


so-called mixing parameter, ®j,, is the phase 
shift of waves with orbital momentum /=J+1. 

As a consequence of the invariance of the ma- 
trix M relative to time reversal, the additional 
condition 


(a —c—f)/cos? = V2(6+d)/sind (5) 


is placed on its elements. 

By making use of the explicit form of the spin 
operators, it is possible to establish the depend- 
ence of the cross section, and also the vector and 
tensor polarization, on the scattering angle and, on 
the phase shifts. For example, 

Io = SP MM = (lal? p12 Ae ele 2 |e ila 

I) = Py =+Sp MM'Sy = 2V 2ilm[(a—o) d+ Of’), 

Ig (TP TK 5 ot) gg Ol ee OY ore eee 
— 7 lf? + 2Reac’s- (6) 
One can also develop an explicit expression for 

the parameters entering into the expression for 


the cross section of the doubly scattered beam of 
deuterons: 


ir . ear eae a ae i SE aE 
a= eV ra VI 1 — Sota, ss) + VIF I So4s, sa] Pras, 0 fy jel [VI S34, sy + VIF 1 (1 Sta, s)] 


Pra oe 2a eal (1 exp (2i6,)1 Py. 0} 


ee a J+2 Vee 
b= 3 IV x +3 
tf 


wh = P= 0 Jiro Sats 
Mh Sa) EV IS la eet ay ee 


FT 2J 
+ VIL = Sia, sa Pi —V repel — exp (218) Py ih 
1 Peres) Ja 
; 2/ +3 TET ( 


Sas J+1) + Sian il Pies | Yogic Tt V—1) 


2J —1 


J+4 
[oe ven = yee (1 a3 Sin =) Pye 2 


Git I=) Gad) 


[1 — exp (2i6))] Py, | ; 


t= 3(V Fe (-V Rt 
yeaa eo 
“73 


Pe 
US rane 
ved 


I+ 4) 


J J 
Sy44, s44) — S44, | Pyaasy 


Tel 
FF —Sha sa) | Pi i 


a3 [VJ +I (l= Sha, ts) —VISh44, | Py41.0 


J ae Ml F2 = 
fy) ae Vi 1S poodles 3 ee 1+) ee a} | 
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foa=—sliaP + [OP +1cP + 4id P+ 2) Fi + cos*(®/2) [a2 + (OP + lop + sint(O/2)(— [oe +2/d2-+1F 0 


+ 2Reac’] + V 2sin 9 Re (ad* + bf* —cd’), 


1,8 = 2 VY 2ilm[(a—c)d’ + Of"), 


Iyy = 58in9[\a/? + 2)6/?+|cj?—2\df?—|f |? —2Reac’] — = V2cos Re (ad" + bf* — ca’), 


7,5 == {—|b? —2!d)? —|f |? —2Reac* + sin? 9/2) (lal? 
/ 2) ({a| 


— V 2sin Re (ad + bf* —cd")} . 


We note that these formulas can be obtained 
from Eqs. (2a) and (3a) by determining the coeffi- 
cients in explicit form in dependence on M and 
the mean value of the spin operators 


A= Sp M = = (2a + f), B= + Sp MSy = i(b—d)/V2, 
C= Sp M(Sb i Sk =F bin) =F (a—f) + $e, 
D = +Sp M (Sp — Sk) = (a —c—f) /2cos9 


= V/, (64+ d)/sin®. 

Thus, to carry out phase analysis and to estab- 
lish the scattering amplitude of deuterons on a 
zero-spin nucleus, it is necessary to determine 
four parameters from experiment. Measurement 
of the differential cross section of the doubly- 
scattered beam of deuterons makes it possible to 
determine three quantities: the coefficients for 
cos 29, cos g andthe free term. Only one addi- 
tional experiment is necessary. Consequently, the 
study of double scattering makes it possible to 
solve the problem that has been presented. 

Another, and in a certain sense opposite, ap- 
proach to this problem is also possible. Assum- 
ing a certain definite form for the interaction po- 
tential as, for example, is the case for the optical 
modei, and setting 

see feet 
pS aexp ery) } 1) 


VY 


exp [(r — ro) / ¢] 


~Gr, Voll + 1) a exp ter — ray ay? SP) 


{(8r6 — 1°) (Ze? | 2g phe) eae 


Le; (8) 


TORE fe 


(~ is the constant of spin-orbit coupling, and ro 

= 1.28 A'/3 x 1078 cm), one can find the phase shift 
of the different waves and thus describe the elastic 
scattering. In this case, the spin-orbit Coulomb 
interaction is not taken into account, since it is 
small in comparison with the spin-orbit nuclear 
interaction. For an exact solution, numerical cal- 
culations are necessary which can be completed 
only on electronic computing machines. An ex- 
plicit expression for the amplitude of the scattered 
wave can be written down in the WKB approxima- 
tion: 


+] 5]? + |el%) + cos? (#/2)(2|d|*-+|f|®—|6) + 2Reac’) 


(7) 


hy , 4 % ; 
1 = — 7,2 XP [— iq ln?) + SF 1(21 + 1)exp [é (2%, + A,)] 
1 


x sin A, P; (cos 3) + Sy Amy >) Ming me (9; ¢) am.. (9) 


Here the phase shifts are determined by the po- 
tential (under the assumption V <« E) in the fol- 
lowing fashion: 

m 
as uaF \ 


x 


V, (1) dt 


[72 oe x2]'/2 


(<=hro, Pes [lai a) 
while the phase shift satisfying the Coulomb scat- 
tering, 


Aj= —yIn| 2+ Poe 4 ¥VP— we 1S ee 


2e ot8 


where 


ae mZe? 
nips aig Ts (RIE eye Gar zr: 


However, for the form of potential chosen, only 
numerical methods are applicable, and at high en- 
ergies, one must consider a large number of waves 
(lmax ® kro) and the computations become cumber- 
some. Only in the Born approximation are the cal- 
culations carried out in elementary fashion. 

According to the results of Fernbach, Heckrotte, 
and Lepore,° an interaction of type (8) is obtained 
if the nuclear potential is regarded as the result of 
an average pair interaction of the nucleons. Then 
Vq can be regarded as the sum of V,, and Vp: If 
the y axis is directed along the vector N, the 
parameters in the formula for the cross section 
of the doubly scattered beam take the form 
4 | H = 4i Im (GH*) 

3 (GP +%slHP ’ = — 3 (GPs (AE? 

(10) 
while the differential cross section for unpolarized 
deuterons is of the form 


fo = Fr) FY (tanh) flor + gia F 


= sin 


a=-6= 


Cl a > far sin ary 
0 
ee sae es g? (1 Y Gage ) Ji (Gro) 


HO) UO as S #15) 22 sin o\ Ji (gre redr, q = 2k ve ; 
; 11) 
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In the work of Chamberlain et al.,4 156-Mev 
deuterons undergo double scattering on carbon. 
At scattering angle $=’ = 20°, the following de- 
pendence of the differential cross section on the 
azimuthal angle g was obtained experimentally: 


I (20, ») =u + uvcose + woos 29, 


and the values of the parameters (in mb/sr) 
amounted to 


Pee O20. 0 == 15,3 Slo, Re re 8.6, 


The statistical errors for the ratios u:v:w are 
given. 

Calculations carried out by these authors in the 
momentum approximation, and calculations with a 
square well, lead to results that differ several fold 
from the experimental. In the calculation with the 
potential (8), under the assumption that 


£=3.3-10%’cem?, +¢=0.7-107%cm, 


fo = 1.28 A".10-% em, V,=42Mev, ¢6=0.3, 


the following values were obtained for the param- 
eters: 


u=42.6. v=10,9, w — 6.6 mb/sr 
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and if we put Vy) = 30 Mev and ¢=0.4, then they 
are shown to be equal to 
u = 20.6, v= 84, w = 3.25 mb/sr 

Both the absolute values and the ratios of the 
values of the parameters that were obtained agree 
with the experimental data better than in the re- 
searches previously mentioned. Further diverg- 
ence from the experimental values can evidently 
be eliminated by application of a more accurate 
method of calculation and consideration of 
the breakdown of the deuteron. 


‘Ww. Lakin, Phys. Rev. 98, 139 (1955). 

20. D. Cheishvili, JETP 80, 1147 (1956), Soviet 
Phys. JETP 8, 974 (1957). 

3H. P. Stapp, Phys. Rev. 107, 607 (1957). 

4 Baldwin, Chamberlain, Segré, Tripp, Wiegand, 
and Ypsilantis, Phys. Rev. 95, 1104 (1954); 103, 
1502 (1956). 

5J. M. Blatt and L. C. Biedenharn, Revs. Modern 
Phys. 24, 258 (1952). 

§ Fernbach, Heckrotte, and Lepore, Phys. Rev. 
97, 1059 (1955). 
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A quantum-mechanical formula which is a generalization of the virial theorem is derived, for 
the pressure in a solid at zero temperature. A more detailed examination is made of the appli- 
cation of this formula in the approximation of spherical cells. 


INTRODUCTION 


In the treatment of solid substances the usual 
problem is the calculation of the energy of cohe- 
sion in the normal state, and also the determina- 
tion of the compressibility curve, i.e., the depend- 
ence of the pressure on the density. The pressure 
at a prescribed density is calculated (at zero tem- 
perature) as the derivative of the energy of the 
substance with respect to its volume, 


p=—dE/dv. (1) 


Thus to determine the pressure in a given state 
one must know the energy also in a neighboring 
state, which is a considerable inconvenience. As 
is well known (cf. e.g., reference 1), in the 
Thomas-Fermi statistical method one can calcu- 
late the pressure directly in terms of the Thomas- 
Fermi potential or in terms of the density of elec- 
trons at the boundary of a cell in the given state, 
without differentiation. But the Thomas-Fermi 
method does not give negative pressures and for 
this reason does not describe the cohesion of 
solids. Inclusion of exchange and quantum cor- 
rections gives a zero pressure at a finite density, 
but in a region in which these effects cannot be 
treated as corrections. 

A quantum-mechanical approach to the calcula- 
tion of the energy and the pressure not only gives 
the fact of the cohesion of solids and the correct 
order of magnitude of the cohesion energy, but 
also can give a number of features of the com- 
pressibility curve that are caused by changes of 
the structure of the electron shells during com- 
pression. An example of this is the phase transi- 
tion observed in cesium, for which Sternheimer? 
has proposed an explanation in terms of a calcula- 
tion. In connection with this there is the interest- 
ing question of how one can express the pres- 
sure in terms of the quantum-mechanically de- 
scribed state of a solid. Feynman® has considered 
an analogous problem. He found the forces with 


which the nuclei in a molecule can be held at a 
prescribed distance in terms of the wave function 
of the electrons in a stationary state (with the 
prescribed position of the nuclei). 

The problem of the pressure in a solid is much 
more complicated. This is due to the fact that in 
molecules the electron wave functions vanish at in- 
finity together with their derivatives, whereas in 
the case of a solid one considers either an infinite 
body with a given density or else a body of a fixed 
finite volume (in a sense that will be stated later ) 
with a prescribed pressure on its surface, so that 
the system is not closed. 

It would be possible to express the pressure in 
terms of the quantum-mechanical stress tensor,‘ 
part of which is due to the electric interaction 
(the electromagnetic tensor). This part has to 
be included, despite the electric neutrality of the 
atoms taken as a whole, since although the mean 
electric field (and the total electric volume force) 
acting on an atom is zero, it nevertheless contrib- 
utes to the surface forces, to the pressure. This 
is expressed by the fact that the electric field ap- 
pears quadratically in the electromagnetic tensor. 
The necessity of taking the electromagnetic tensor 
into account brings with it a number of difficulties; 
because of this we shall not derive the formula for 
the pressure in terms of the stress tensor. 


DERIVATION OF THE QUANTUM-MECHANICAL 
FORMULA FOR THE PRESSURE 


The energy of a solid body in which the nuclei 
are regarded as fixed at the points Rqg (a=1, 
2,...,N, where N is the number of nuclei) is 
given by the following formula: 


E =\¥"(q) HY (9) dq + Ex 


Exn= >) Ze / Ra Re, (2) 


B#o 


where Hf is the Hamiltonian of the system of elec- 
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trons (relativistic effects are everywhere neg- 
lected ): 


9 


1 CoN 1 
A(q)=- Sor 28 ite ay gee Ds Ee) 


Fan 
i, kei oR 


The summation over i is taken over all electrons; 
q is the set of space and spin coordinates of all the 
electrons. In the stationary state determined from 
the condition that the energy be a minimum, ¥ (q) 
satisfies the Schrodinger equation 


H (q) ¥ (q) = Ey¥ (q) (4) 
and the normalization condition 


(F"(q) ¥ (9) dg = 1. 


Strictly speaking the integrals in Eqs. (2) and (4a) 
must be extended over an infinite volume, but in 
this case we would have to include in the system 
considered also the body that bounds the volume. 
We shall replace it by a rigid wall, and at the 
boundary of the volume V shall postulate the 
boundary condition W=0. Thus the concept of 
the volume of the body is sharply defined. Now 
we can assume that the integrals in Eqs. (2) and 
(4a) are taken over the volume V. 

The energy (2) depends on a parameter, on the 
volume V or, what is the same thing, on the aver- 
age internuclear distance Ry. For the calculation 
of the pressure we differentiate the energy with re- 
spect to this parameter. In doing so we note that 
when Ry changes there are changes of the wave 
function and of the volume of integration 


mR) 44 


(4a) 


dE *() * 
ar, = \( SR TR BMG) ee A 


: aE 
Ne OR, dg + a + oR: 


Here in the last term 0’/@R,) denotes differentia- 
tion with constant WY and H (with respect to the 
“upper limit”). In the first integral we add and 
subtract (OU/aR,)(HY)*, and then use the Schré- 


dinger equation (4). We get 
dE : : . OH 
R= Es na ae: Wag + \ a Ce ¥) dg} + \¥ sR Yaa 


dE xn fy OF OF pts 
1a \[e a ORy | OR, t+) 124. 
The expression in curly brackets is equal to zero 
because of the preservation of the normalization 
(4a) under the change of volume. Accordingly we 
have 


dE * 
ao ae 


Eide ee | ee 


— 5p (A YY'| aa. (5) 
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Equation (5) differs from the Feynman formula? 
by the last term, which arises because of the fact 
that the system considered here is not closed. It 
is not hard to convince oneself that for a finite vol- 
ume of the body this term does not vanish, as it 
would for a free molecule. Equation (5) is conve- 
nient in that it contains only quantities of the same 
order of magnitude as the quantity dE/dRy that is 
being calculated. The larger terms of the order of 
E/Ry are automatically excluded. In calculating 
the pressure p directly from Eq. (1) by first cal- 
culating the energy E(V) as a function of the 
volume and then differentiating with respect to V 
one would have to find small differences of large 
quantities, since the energy of compresssion (or 
the energy of cohesion) is much smaller than the 
total energy E of the body. For practical purposes, 
however, formula (5) is unsuitable, because the re- 
gion near the surface of the body makes substantial 
contributions to all the integrals although the re- 
gion itself can be made arbitrarily small in com- 
parison with the whole volume of the body. This 
is due to the fact that 9W/@8R, and 8H/dRy are 
proportional near the surface to the linear dimen- 
sions of the body. To prove this let us write the 
boundary condition ¥=0 at the surface of the 
body, r=R, for a variation of Rp: 


WY + 6R,0V /OR, = 0 at r=R-+8R, 
from which we get on the boundary 


avy = a¥ oR ss aW RR 6) 
ORG on ORoe ae Om Rye 


The proof is similar for 9H/@Rp». 

Thus, although the formula (5) is correct, it 
cannot be used in practice because of the finite 
contribution of the region near the surface of the 
body. Just to make this situation clearer, we have 
considered a body of finite volume, and not an in- 
finite body with a prescribed density. In the follow- 
ing section a formula for the pressure will be ob- 
tained that is free from this shortcoming. 


GENERALIZATION OF THE VIRIAL THEOREM 


As is well known, the virial theorem E+ Ex = 0 
holds in the quantum mechanics of a stationary sys- 
tem of particles interacting by the Coulomb law; E 
and EK are respectively the total energy and ki- 
netic energy of the system. The usual way of prov- 
ing this theorem is to introduce into the formula 
for the energy a scale factor 2, and then set the 
derivative of the energy with respect to the param- 
eter A equal to zero for 7} =1, because of the 
stationary property of the system (the energy 
must be a minimum for \ = 1). 
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By exactly the same method we obtain in this 
section a generalization of the virial theorem for 
a quantum-mechanical system of nuclei and elec- 
trons in a stationary state with a prescribed finite 
value of its volume V (the nuclei, as before, are 
regarded as fixed); this theorem provides a possi- 
bility of calculating the pressure. 

We shall start from the Hartree-Fock (H-F) 
approximation, which we are going to use in what 
follows. The theorem so obtained can, however, 
be extended to a more general case without diffi- 
culty. 

We write down the energy in the H-F approxi- 
mation:°»® 


1Yp ( 
B= 2 Fy \ 4% ( r) Ady (r) dr — 2Ze? pean 7 


kR=1 k 


126° Vag We Dba (ra) a 


<2 SNA eden) G( 


i, R 


ro) b,(re)dr, dr.+ Enn 


Aces Exe (7) 


Here y#;(r) are the spatial parts of the one-elec- 
tron wave functions from which the Fock determi- 
nant is constructed. Equation (7) is written for the 
case in which there is a pair of electrons with op- 
posite spins for each spatial state ¥j (this means 
that ferromagnetic substances are excluded from 
this treatment). The summation over i and k is 
taken over all different spatial functions; the sum- 
mation over the spins has already been done. 

The requirement that the energy be a minimum 
with respect to arbitrary variations of the yj that 
preserve the orthonormality of the system of func- 
tions 7% leads to the system of H-F equations 
(Aik are variation parameters ): 


h? ex with 2 r | Y; (e’) |? 
apiece es >) {r—r‘| dt’) de (r) 


(r’) b; (t) By (t') 


|r—r’ | 


Oke > hei Pi (1). (8) 


To derive the virial theorem we take as the unit 
of length the average internuclear distance Ry and 
introduce a changed form of the wave functions: 

gp=r/Ry $e (t)=Ro"4(¢)- 
Here it must be remembered that the yj(p) have 
further dependence on Ry as a parameter. We 
express the energy E in terms of the ¢,: 
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| Pp () |? 


wast h? Wie 2Ze? 
oe 2st Di) oi Bove de pe araregG 


Caged) \— | ¢: (1) ) ge (P2)|*dpi dps 


Roe ne P; i (P2) Pk (F,) $, (8 ) % (1) de, de» 


(7a) 


There are corresponding changes in the H-F 
equations. Let us differentiate Eq. (7a) with re- 
spect to Ry. Here, just as in the preceding sec- 
tion, we make use of the H-F equations for 9x, 
first adding and subtracting a term 


#2 e 0g M 

ImRE 2 \ aR Ao g, dp. 

in Ex. We note that in the differentiation there is 
no need to take into account the dependence of 

Rg /Ry on Ro, since the change of the mutual dis- 
tribution of the nuclei with a change of Ry) occurs 
in second order. We get: 


aE 4 
mo Re (2B SR Eee ates Ewn) 


1“ i/o Op OF, 
mR? SN (i Ae OR, TORE 
k 


1) >i \ de (ei ee +e 9) } 


i,k 


A. ¢) dep 


The last term is equal to zero, as is easily seen 
if we recall the self-adjoint property of the matrix 
Ayj and the preservation of the orthonormality of 
the functions ~, under the change of volume. 
Using Eq. (1) and the relation V ~ R3, we get the 
virial theorem in the following form 


EB mk 2 \(4 


In Eq. (9), unlike Eq. (5), the contribution of the 
region near the surface of the body can obviously 
be made arbitrarily small as the number of cells 
N goes to infinity, since the boundary condition 
on the g, are fixed for a value of p that saeel 
not depend on Ry. The origin of the last term /in 
Eq. (9) is the same as for Eq. (5). Let us trans- 
form this term to a more convenient form. To do 
this we break up the integral with respect to p 
over the entire volume into a sum of integrals 
over the individual cells Vq and note that the in- 
tegrand can be put in the form of the divergence 
of a vector. Accordingly the volume integral over 


09, 9p 
COR, “ORS A 


3pV = Ex 4 £,) dP. (9) 
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Vq can be reduced to an integral over the surface 


S of the cell: 
RY (% 


Some 


09 


OP, 
VeaR, Voe 


3pV = Bee ee — aR an dS, 


(10) 


By means of the boundary conditions the deriva- 
tives of y, with respect to Rp on the cell sur- 
faces that appear in Eq. (10) can always be ex- 
pressed in terms of the values of the functions 
themselves and their derivatives at the boundary, 
in a manner similar to the way this was done in 
the preceding section [Eq. (6)]. This will be done 
concretely a bit later [cf. Eq. (12)] for the Bloch 
conditions in the Wigner-Seitz method of spherical 
cells. 

In concluding this section we remark that the 
extension of the result of Eq. (9) or Eq. (10) ob- 
tained in the H-F approximation to the general 
case is trivial. We give the result: 


He ‘ che) 0® ‘ 
BpV = Ex + E+ aap, D\(@ (0) Sage + gee Se) de, 


w ; 
Seen ie (p) Ap, D dp = 


tii 


2m 


F(a) 4: ¥ (q) aa, 


é 


E=\¥" Gg) AY (q) dg + Eww, 


DG. (9); ap Sq hoe 


The summation is taken over all electrons; n is 
the number of electrons. 


THE PRESSURE IN THE WIGNER-SEITZ 
APPROXIMATION 


Ordinarily calculations of the energy of cohes- 
ion of solids are made by means of the sperical al- 
cell method of Wigner and Seitz.’ In this case the 
parameter Ry is the radius of a cell. At the bound- 
ary of the cell p=1. The wave function gy, of an 
electron with the quasi-momentum k obeys the 
Bloch conditions, which in the case of spherical 
cells take the form® 


Pk (p, ™ — 6) = exp {— 2ik R, cos 9} ge (p, 8), 
dp (e, s—9)/dp 


= — exp {— 2ik R, cos 9} 0g, (0, 8) /Op at p=1. (11) 
Here @ is the angle between the quasi-momentum 
k and the radius vector r. Differentiating the ex- 
pressions (11) with respect to Ry, let us substitute 
them in Eq. (10), first breaking the integral in Eq. 

(10) into two identical integrals and replacing 6 by 
(7-86) in one of them. 
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After this we use the conditions (11) and their 
complex areal We get 
ae, \ 
Op He %) (oS! dQ. 


(12) 


ey 
3p0/= Beg aR zoos {( 953 eo 


Here E and Ex are the total and kinetic energies 
belonging on the average to one cell, and v is the 
volume of a cell. For the case of the simple bound- 
ary conditions gx, =0 or 99,K/dp =0 at p=1 
the last term in Eq. (12) is zero. 

Equation (12) can be written in terms of the yy: 


dQ. 
f=R, 


(12a) 
In the cell method the wave function y, is written 
in the form of a series 


b = SA (2) Ri (E, 7) Pr (cos 0): 


R2R3 en oy yy, 
spo = 2,464 ME yf sean — 
k 


(13) 


Rj satisfies the radial Schrédinger equation with 
the potential U(r). The function (13) must satisfy 
the Bloch conditions; this gives an infinite system 
of homogeneous equations for the Aj, which in 
practice is broken off at a finite number of equa- 
tions and unknowns; by equating the determinant 
of the system to zero one can find the eigenvalue 
E for a given as 

After the functions %, are found, the total en- 
ergy E and the kinetic energy Ex are found by 
calculating integrals [cf. Eq. (7)]. Here in the 
spherical-cell approximation all the integrals ex- 
cept the exchange integral reduce to integrals over 
the individual cells. In the calculation of the ex- 
change integral, however, the interaction of several 
neighboring cells is important, and this leads to 
well known difficulties in the practical use of 
Eq. (12). 

We note that the solution of the one-electron 
Schrodinger equation (14) (sic) with the boundary 
conditions (11) gives the functions % approxi- 
mately, because the system of H-F equations 
does not break up exactly into separate equations 
of the type of Eq. (14). The H-F equations can be 
reduced to the form (14) by means of the modifica- 
tion of the H-F approximation proposed by Slater,? 
with subsequent introduction of an effective poten- 
tial U(r) that is the same for all electrons. It 
is most expedient to use for U(r) the statistical 
Thomas-Fermi potential. 

The formula (12), which it is most convenient to 
use, was derived by applying one-electron functions 
of the Bloch type in the H-F method (to each spatial 
function satisfying the Bloch conditions there corre- 
sponds a pair of electrons with opposite spins ). 
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Therefore the question arises as to the accuracy 
of the H-F approximation as applied to a metal. 
It is well known that for the case of an unfilled 
band, when the H-F method does not coincide with 
the Heitler-London method, the H-F method can 
be extremely inaccurate at small densities of the 
substance because of the neglect of the effect of 
Coulomb correlation between the electrons.*!° 
Therefore calculation of the cohesion energy by 
the H-F method without the introduction of cor- 
relation corrections can give incorrect results. 
In spite of this we can hope for good accuracy of 
the H-F approximation in the calculation of the 
pressure in compressed substances. In any case, 
however, it is always necessary to estimate the 
importance of correlation effects. 

In conclusion the writers express their sincere 
gratitude to Ya. B. Zel’dovich for a deep analysis 
of questions touched on in this paper and for helpful 
advice and suggestions, and also to N. A. Dmitriev 
and V. N. Mokhov for helpful discussions. 
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The electromagnetic interaction of electrons in a synchrotron is considered with the shielding 
effect of the chamber walls taken into account for bunches of arbitrary shape. The effect of 
these forces on the phase motion of the electrons and on the dimensions of a bunch are evalu- 


ated. 


In earlier papers}? we have considered the coher- 
ent radiation forces in a synchrotron and have 
evaluated the effect of these forces on the phase 
motion of the electrons. However, in this earlier 
work the shielding effect of the walls of the syn- 
chrotron vacuum chamber was neglected; furthur- 
more, it was assumed that the bunch moves in an 
infinite free space. In the present paper we con- 
sider the same problems but take the shielding 
effect into account. The shielding effect of the 
walls is introduced as an approximation: it is as- 
sumed that the bunch moves close to an infinite 
ideally conducting plane or between two such 
planes. Under these conditions it is convenient 
to use the method of images. 

In particular, the force which acts on a single 
electron rotating at a distance b above a shield- 
ing plane is equal to the force exerted by a “posi- 
tron” which rotates in synchronism with the elec- 
tron at a distance b below the plane. With the 
method which we have developed earlier! it is an 
easy matter to find the interaction forces in a di- 
pole of this kind. We assume that p = b/a «<1, 
where a is the radius of the orbit and expand 
these forces in powers of ioe Then, for the tan- 
gential force we have 


2 e ©) 4.2 2 
free 1t(1— 2p...) (p <1/¥%*), (1) 


e,y3s 1 V3 1 i 
b= =i 1? p 10 aa (oi 72), (2) 
for the vertical force 

cy, eal oh s A 
lze~— TB Ope (p <1/¥?), (3) 

e 3h ae 
ace (p > 1/¥), (4) 

PAL PA P= ofa. 


The force given by (1) is balanced by radiation 
dissipation so that when p « 1/7’, i.e., when 
b «a/y’, there is essentially no radiation from 


the dipole. At first glance this result may appear 
strange. It would appear that the dipole does not 
radiate when the distance between the charges, 2b, 
is small compared with the wavelength at which 
maximum radiation occurs: max = 22/ By. Ace 
tually, because of the directivity of the radiation 
this effect comes into play earlier. As is well 
known, the radiation at the n-th harmonic is con- 
centrated in a cone with opening angle a ~ nae 
Hence the difference in the path length of waves 
which emanate from the electron and the positron 
is A~ba~ bn, For a given value of b, all 
harmonics with wavelengths A > Ap = bVb/a 

= ap?/2 cancel because the charges are of oppo- 
site sign. Since max = 2a/ 373, all harmonics 
cancel when b « a/y’, i.e., when p< vy”. 

We now consider the interaction forces in a 
bunch. The coherent radiation force which acts 
on an individual electron in an unshielded bunch 
is Biren approximately by the following expres- 
sion 


eNO rer ry (5) 


Lo, 5.1 /73,. 992s (,/a)?. (6) 


Here % is the effective angular dimension of the 
bunch; oy is the effective cross sectional radius 
of the bunch; N is the number of electrons in a 
bunch; 7 is the phase (azimuth) of the electron 
being considered; g(w) is the phase distribution 
of the electrons in the bunch. In the derivation of 
Eq. (5) we consider only the interaction of the elec- 
tron in question with the part of the bunch which is 
behind it. The interaction with charges in front of 
the electron can be neglected. This procedure is 
valid because the interaction forces are not sym- 
metrical forward and backward since the radiation 
is highly directive. The maximum value of the _ 
force (5) is of order Ne?/as#/3, 
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Using the same method as that employed in the 
derivation of Eq. (5), we find that the coherent ra- 
diation force acting on an individual electron in a 
bunch which rotates over a single shielding plane 
is given approximately by 


ro) 
no ee Nero es) 
iin con(, Pp) ~ Sha p age ah dx. (7) 


In the derivation of Eq. (7) it is assumed that 


2 


Via p?, s/a<p. 

(8) 
It is further assumed that the phase distribution of 
electrons in the bunch gy (wW) is a smooth function. 
The smoothness criterion is given below. As in 
the derivation of Eqs. (5) and (7), account is taken 
only of the interaction between the electron being 
considered and the charges behind it. Hence, Eqs. 
(7) and (5) cannot be used behind the bunch. 

The condition 1 > p > 1/y* can be written in 
the form a> Ab > Xmax which implies that the 
short wave radiation of each individual electron 
must be unshielded. The condition 34/3 > p? 
means that the dimension of the bunch a) must 
be large compared with Ap = ap?/ 2. The coherent 
radiation of a small unshielded bunch is concen- 
trated in the region of wavelengths which are of 
the order of the dimensions of the bunch; hence, 
the condition av’) > Ap means that the shielding 
is strong, i.e., that a large part of the coherent 
radiation is shielded. The ratio p*/s4/? charac- 
terizes the fraction of unshielded coherent radia- 
tion. 

In Fig. 1 we show the dependence of the force 
(7) on azimuth y for a bunch of Gaussian shape. 

It is assumed that the bunch moves to the right. 
The maximum value of this force is of order 
Ne’p?/a29/3, 


LS ooe ly, lS p> Uy’, 


FIG. 1. The coherent force f- (in units of Ne?p?/a’vi”, 
acting on a single electron of a‘Gaussian shielded bunch as a 
function of azimuth w (in units of #,). The dashed curve 
shows the phase distribution of particles in the bunch. 


The power expended by the forces (5) and (7) 
in acting on the bunch is equal to the power of the 
coherent radiation (with opposite sign) of the un- 
shielded bunches respectively. Integrating (5) and 
(7) over a bunch we find that these powers are of 
order N®e%c/a*st/3 and N°e2cp?/a2s8/? respec- 
tively. In the particular case in which the bunch 


is Gaussian, using Eq. (7) we obtain anexpression 
for the power which coincides exactly with that 
obtained by Schiff;? Schiff’s result is obtained by 
a phase analysis and summation of the intensities 
of the harmonics in the spectrum. 

The Coulomb part of the total tangential force 
which acts on a single electron in a bunch differs 
from the corresponding expression for Coulomb 
force in an unshielded bunch! only in the logarith- 
mic term which contains the shielding parameter 
p = b/a; this component is approximately 


mrNies Oe, 
Fs cout($s p) = — > Te In (2e 2) 9 (y), (9) 


where o is the cross sectional radius of the bunch. 
Hence, shielding is less important for the Coulomb 
force than for the coherent radiation force. 

Although shielding acts mainly to reduce the co- 
herent force, the Coulomb force can be smaller than 
the coherent force when y > 1. From a compari- 
son of the orders of magnitude of the quantities in 
(7) and (9) it follows that the Coulomb force can be 
neglected (as compared with the coherent force) 
if 

(pr)? > 9% In (b/c). (10) 


Equation (7%) applies only when a bunch is smooth; 
it cannot be used if a bunch has highly irregular sec- 
tions or sharp ends. Hence we consider the case 
of a rectangular bunch separately: 


vc) = Sete His 
We will not derive general expressions for the 
forces and radiation power because these expres- 
sions are not particularly illuminating, but shall 
only give certain results. The coherent forces 
for a rectangular bunch over a single shielding 
plane for the case p=0.1 and J) = 7/8 are 
shown in Fig. 2. It is assumed that the bunch 
moves to the right. It is apparent that the regions 
close to the ends of the bunch are the most impor- 
tant. 

The force which acts on an inner portion of 
order bV¥b/a = ap?/2 close to the front of the 
bunch is given approximately by 


Ne? 1 
a 43) 9 (V 3p)” ‘ 


pee 


(11) 


At a distance an from the end, inside the bunch, 
the force is 


Ne® 14 2 
Tn EO a, 
a 4% |67) /s 


(Oop) (12) 


f= 


The same situation obtains for a bunch between 
two shielding plates; the power expended by these 
forces in acting on the end portions of a bunch of 
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width of order Ap is 


: ny N22 V3p 
W con Laat @ (49) . (13) 


This result is in agreement with that obtained by 
Schwinger (cited by Nodvick and Saxon );* Schwing- 
er’s expression is obtained by summation of the 
wave-zone radiation over the entire spectrum. 
The Schwinger method, however, cannot be used 
to compute the effect of individual portions of the 
bunch in the general expression for the radiation 
power. Nodvick and Saxon‘ assume that the 
Schwinger expression (13) can be applied to a 
bunch of arbitrary shape. Actually, however, this 
procedure is not valid because the radiation (13) 
comes from the ends of the bunch; the radiation 
is in fact due to the existence of sharp ends in 
the bunch. 

A bunch may be assumed smooth if there is no 
marked variation in charge density in a distance 
large compared with Ap, = bV¥b/a. Under these 
conditions Eq. (7) can be used. If this condition 
is not satisfied the expressions for the forces in 
a rectangular bunch can be used as an approxima- 
tion. 

In practice, because of the coherent forces itis 
probable that there are considerable charge -density 
gradients near the front of a bunch. However, be- 
cause of the same forces high density gradients 
cannot exist for long at the rear of the bunch; any 
sharp density variation is spread out so that the 
bunch always has a smeared-out tail. In what fol- 
lows it will be assumed that the bunch is smooth 
and that Eq. (7) can be used. 

We now estimate the effect of the coherent 
forces (5) and (7) on the phase motion of electrons 
in a “cumulative” system. This effect is intensi- 
fied to the extent that the angular dimension of a 
bunch is reduced because of the usual incoherent 
radiation damping of the phase oscillations. Hence 
the coherent forces limit the dimension to which a 
bunch can be compressed without an external 
agency. The minimum angular dimension of a 
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FIG. 2. The coherent force f, (in 
units of Ne?/a”) acting on an individual 
electron in a rectangular bunch as a 
function of azimuth yw for the particular 
case J, =7/8, p=0.1. The dashed line 
shows the phase distribution of particles 
in the bunch. 


bunch due to a force such as (5) when there is no 
shielding is of the following order of magnitude:” 


9, ~ (2nNe /aV)”, (14) 


where V is the peak value of the radio-frequency 
voltage. Equation (14) is easily obtained from the 
condition that close to the rear of the bunch the 
phasing electric force is comparable with the co- 
herent force which tends to disturb phase stability. 
Similarly, when shielding is taken into account, 
i.e., when the forces in (7) are considered, this 
dimension is of the order of 
9 ~ (faNep? /aV)”. (15) 
The estimates in (14) and (15) apply for the same 
conditions as Eqs. (5) and (7) respectively. 
Substituting in Eq. (14) a=50cm, V=10 kev, 
and assuming N=10, we find 3) ~ 3.5. This 
result means that because of the coherent radia- 
tion force a bunch will not be small in the absence 
of a shielding wall; however, in this case (14) does 
not apply. Substituting the same parameters in 
(15) and assuming that p= 0.05, we find J) ~ 0.4. 
The vertical force due to the shielding planes 
is directed toward the planes and leads to an in- - 
stability. In the case of a closed current ring this 
force is given approximately by 
Se = 
[ewes [yr get Bint, (16) 
where z is the displacement of the bunch from 
the median plane. It is assumed that |z| <b. 
Using reasonable values we find that the force in (16) 1s 
considerably smaller than the magnetic focusing 
force and need not be considered in practice. 
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The quantum oscillations of the volume (external) photoelectric effect in metals in a mag- 
netic field are investigated in the ultraviolet region of the spectrum for electrons obeying 
an arbitrary dispersion law. The expression for the photocurrent contains, besides oscilla- 
tions of the de Haas-van Alphen type, some new terms which are also characteristic of other 
optical phenomena. It is shown that a study of the photocurrent oscillations and the photo- 
electron energy distribution function permits one, in principle, to determine the shape of 
the Fermi surface as well as the arrangement of the separate electron groups in the reciprocal 
lattice and also to determine the shape of the isoenergetic surfaces lying below the Fermi 
surface. The calculation is carried out for the case where the magnetic field is perpendicu- 
lar to the surface. The influence of collisions between photoelectrons prior to exit from the 
metal on the oscillations of the photoelectron yield is investigated. 


1. INTRODUCTION 


line investigations of recent years, starting with 
the work of Lifshitz, Kosevich, and Pogoreloy,! 
have brought out that it is very important to study 
the quantum oscillation effects if one of the basic 
problems of the electron theory of metals, the de- 
termination of the dispersion law for the conduction 
electrons in actual metals, is to be solved.* 

The best known of these effects are the de Haas- 
van Alphen effect (oscillations of the magnetic sus- 
ceptibility of metals in a varying magnetic field) 
and the related Shubnikov-de Haas effect (oscilla- 
tions of the electric resistance). A careful experi- 
mental study of the de Haas-van Alphen effect car- 
ried out by Verkin, Lazarev, and co-workers in the 
U.S.S.R.? and by Shoenberg (cf. reference 4 and 
others) in England has already led to the determi- 
nation of the shape of the Fermi surface in a num- 


ber of actual cases. 
In the present paper we consider the external 


photoelectric effect in metals in a magnetic field 

in the ultraviolet region of the spectrum. The mag- 
netic field is directed perpendicular to the surface, 
so that the electrons reach the anode freely. Under 
these conditions the photoelectron current contains, 
besides the a component which changes monotonic- 
ally with H, several oscillatory components. One 
of these is due to the same oscillations of the num- 


*The study of the resonance effects serves the same pur- 
pose (cf. Azbel’ and Kaner’). 


ber of states of the electrons in the magnetic field 
which give rise to the de Haas-van Alphen effect. 
The periods are in this case determined by the ex- 
tremal! (or limiting? ) cross sections of the Fermi 
surface. 

The second component is due to the periodic de- 
pendence of the transition matrix element on the 
magnetic field. It has nothing to do with the number 
of states and represents a new oscillatory effect 
which is common to all optical phenomena connected 
with transitions between bands. The study of this ef- 
fect allows us, in principle, to determine the ar- 
rangement of separate regions of the Fermi surface 
in the reciprocal lattice. This possibility of determin- 
ing the location of the separate groups, which did 
not exist previously, is due to the presence of a 
new parameter in the optical effects: the frequency 
of light. The third component represents the inter- 
ference effect. 

Another new piece of information which may be 
obtained from photoelectric experiments (measur- 
ing the energy distribution of the emitted electrons ) 
is the shape of the isoenergetic surfaces lying be- 
low the Fermi surface. Finally, it is an interesting 
feature of photoelectric experiments that they per- 
mit us, in principle, to study in relatively weak 
fields large electron groups, whose oscillations are 
washed out under the usual conditions on account 
of the domain structure.! In photoelectric experi- 
ments one can use a narrow light beam which takes 
in only one domain. 
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In conclusion we note the important circum- 
stance that the effect under consideration, just as 
the de Haas-van Alphen effect, depends practically 
only on the dispersion law and not on its genesis 
(the wave functions). 


2. THE VOLUME PHOTOEFFECT IN A METAL 


It is known that the absorption of light by a con- 
duction electron near the surface, as a result of 
which the electron leaves the metal (surface pho- 
toeffect®»’), is possible only if the energy conser- 
vation law is fulfilled, whereas the extra momen- 
tum can be transferred to the surface. This effect 
occurs for the frequencies w = Wo, where Wo 
= W/nh (W is the work function). 

For a light frequency w which surpasses the 
second photoelectric threshold, w = Wy the so- 
called volume photoeffect becomes possible, °8»? 
in which the electron first goes from the conduc- 
tion band to a higher lying band anc then leaves 
the metal. The photoelectrons are thus not excited 
in a thin surface layer, but in a volume of metal 
of thickness 6 (6 is the penetration depth of the 
light in the metal, 6 >a). The yield of the vol- 
ume photoeffect is therefore in general much 


greater than the yield of the surface effect. 
Usually the maxima of the spectral distribution 


curves of the yield for these two types of the photo- 
effect do not overlap, since We, asa rule, lies in 
the visible or near the ultraviolet region, while 
we lies in the more remote ultraviolet.* In the 
following we shall consider the photoeffect in the 
ultraviolet region of the spectrum, assuming that 
it can be separated from the surface effect. The 
energy of the electrons in this case is sufficiently 
large, so that one can neglect the reflection of the 
electrons from the surface potential barrier and 
from the distortions of the periodic potential near 
the surface. The calculation of the current of 
emitted electrons reduces then to the calculation 
of the current towards the surface inside the metal. 
All oscillatory effects are observed only at very 
low temperatures and in pure metals, and the pene- 
tration depth of light in the metal, 6, is small 
(6 ~ 10° to 10°§ cm). Collisions of the photo- 
electrons with the phonons (or impurities) do not 
play any role (besides, they do not change the en- 
ergy of the electron to any appreciable extent ). 
The collisions of the photoelectron with the other 
electrons lead, however, to a great loss of energy. 


*This is not true for all metals.*° Contrary to previous 
acceptance,” it has recently. been suggested®!!? that the 
photoeffect in alkali metals in the region 500 to 300 my is also 
predominantly a volume effect. 
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As is known (see, for example, reference 113) 
these losses can be divided into losses due to the 
excitation of plasma oscillations and losses due to 
collisions with separate screened electrons. 

The free path length for the first interaction 
(the collective one) is equal to a few lattice con- 
stants; however, the excitation of plasma oscilla- 
tions is possible only after the photoelectron has 
reached a certain minimal energy Ep. From the 
experimental data on the characteristic losses of 
electrons?’ it is known that this energy is equal 
to 20 to 25 ev for many metals. We can therefore 
choose a metal in which the photoelectrons do not 
excite plasma oscillations. 

As to the losses of the second type (the indi- 
vidual losses), it appears that the corresponding 
free path length is very great on account of the 
effective screening. According to reference 15, 
this length is 100 or more times greater than the 
lattice constant for slow electrons (photoelectrons ) 
in alkali metals. The calculation of 7 for the 
screened Coulomb interaction'*1*!" of free elec- 
trons with account of the exclusion principle gives 
a value which is several times smaller. However, 
the band structure of the spectrum either forbids 
or lowers the probability for a number of transi- 
tions which are possible for free electrons, which 
leads to an increase in J. In the case where the 
photoelectron with the wave vector k; remains in 
the upper band after the collision while the conduc- 
tion electron stays in the lower band, the time of 
free flight can be shown?! to be equal to 


t = tg (152/8)(a/k,)* D™. 


Here tp =h*/me'‘ is the characteristic Bohr 
time, a! is the screening radius (according to 
the estimate of references 6 and 13, a7! 2 1078 
em), and D~™ is a factor which depends on the 
wave functions in both bands, D?<1. If k, is 
small, for example, |k;|=a/4 (here D? =), 
T= 10‘7p, i.e., the time of flight is large. If both 
electrons appear in the lower band after the colli- 
sion, which is possible if k, and the width of the 
forbidden band are small, then 

t = 1 (dn /8)(a2 +A)? ky BD, 
where A is the width of the conduction band (mul- 
tiplied by m/h”). In this case D? is always small 
(for example, of order 1072 to 1034s so that 7 is 
large again. 

The collisions lead to a decrease of the oscilla- 
tion amplitude [according to reference 18, by a 
factor exp (h/twH)] without change in the period. 
Since tT depends critically on the band structure - 
of the metal, it may occur that oscillations of the 
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photocurrent are observable in one metal and inob- 
servable in another. It is evidently convenient to 
conduct the experiments in metals with large 
&=eh/m*c in strong fields (H ~ 10° oersted ). 
Here the energy of the photoelectron must be be- 
low the level of the discrete (plasma) losses. 

In conclusion we note that the ultraviolet radia-_ 
tion of the metal causes not only transitions from 
the conduction band to the higher lying band, but 
also transitions from the narrow bands below the 
conduction band into states immediately below the 
barrier.!® The two kinds of photoelectrons are 
easily separated since they have completely differ- 
ent energies after leaving the metal. 


38. CALCULATION OF THE PHOTOCURRENT 


The Hamiltonian of the electron in a metal 
placed in a magnetic field can be written in the 
form 


H= HOLY, 
where 
A= (Sy — SA) 4V lx); (1) 
pa—gay—ta). 


Here V(x) is the periodic potential; A° (— Hy, 

0, 0) is the vector potential of the constant mag- 
netic field H=H,; A is the vector potential of the 
light wave, and is equal to 


A = (cF/im) aexp {ixx — iot} 


(F is the amplitude of the electric vector; a is 
the polarization vector; |a|=1). . 

To solve the Schrédinger equation HW = ihaw/ 
ot we must first find the eigenfunctions of the un- 
perturbed problem. Using the results of a previ- 
ous paper,” we write down the orthonormal eigen- 
functions of the electron obeying an arbitrary dis- 
persion law in the magnetic field:* 


1 
‘Peynkes(X) = VL 


ebkix etks2 


x \ ene, ks )exp{ik» (y-ragki)iofbi +S, Rona. Us 2)dke, 
: é 
(3) 


*We neglect the effect of the boundary of the metal. The 
wave function for the finite metal differs from the wave function (3) 
by an additional exponentially decreasing (at a distance ~a 
from the boundary) term. Since in the calculation of the transi- 
tion probability we are interested in the overlap integral of the 
eigenfunctions of the initial and final states w and y’ (cf. 
below), the exponentially decreasing term can be neglected 
(this cannot be done in the calculation of the surface effect, 
where the basic integral without account of the boundary re- 
duces to zero in virtue of the orthonormality). 
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where v(k; x) is a periodic Bloch function nor- 
malized in the “region of periodicity” of volume 
ibe according to 


LV olde = I, 


In formula (3) Sn (ky, kg) is the eigenfunction 
of the electron in the magnetic field in the k rep- 
resentation. It is given by 


4 , fA | OE |—h ; Te 
Sn(keo, eles Vial om | exp{ —iat19(s— haa) }COs{ 08S (2)-7). 
(4) 


The trajectory of the electron in the reciprocal 
space (Fig. 1) is given by the intersection of the 
isoenergetic surface E(k) =E with the plane 
k3 = const; correspondingly, the equation of the 
trajectory k,;=K;,(k,) is found from the relation 
E(k, Koy ky) = Es. Op = (tic/eH)'/? is the radius 
of the lowest quantum mechanical orbit of the free 
electron, a/ay) <1 (a is the lattice constant); 
the meaning of the area Sy (k,) is clear from 
1 aah 


FIG. 1 


For the sake of generality, we consider an ar- 
bitrary group of electrons whose center (K49, Keg) 
does not coincide with the origin of a cell of the 
reciprocal lattice. The dimensionless constant A 
is found from the normalization condition: 


Qn | |gn (Ra, be) 2 dko= 1. 


The corresponding wave function for the total 
Hamiltonian H is sought in the form 


YF (x, £) = "Paink, (x) exp {— (En (Ro) t/h} + D(x, £), 


where ©@(x,t) is the perturbation term. The ex- 
pansion of ® in terms of the complete orthonor- 
mal system of functions has the form 

ia 5 i iE (kat N 
PD (x, t) = Deane Cieris Tapes (x) exp i stint 
[the prime characterizes functions of the electron 
in the upper band; v’(k; x) is a Bloch function 
for the upper band; gy’(ke, k3) has a form analo- 
gous. to (4)]. The usual perturbation theory leads 
to the following expression for the coefficients 


Ckjn’ ks! 
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Rats = eg meP Mk Wk, 8 (E’— 
hk n'k, 20 mo 


kynk, 


—ho), (5) 


where the matrix element for the transition is 
equal to 


Rave: si 
Min’, — \ ; 
v8 


Aynks 


aE V— FA) dem (ae 


(in this formula we neglect the factor elKk*X since 
the wave vector of the photon k is much smaller 
than the wave vector of the electron k: x «k). 
With the help of formula (3) we write this expres- 
sion in the form 


ME — | p(k’, b) x(k, k) gn (hn bs) deadk, (6) 


where 


om (Ro, ks) Oe eetmala,” (7) 


k) a a re a > ¥ 
Here the oy, are certain dimensionless coeffi- 
cients (which depend weakly on the magnetic field) 
which can be expressed in terms of the Bloch func- 
tions of the conduction band and the higher lying 
band. Substituting (7) in (6) we obtain the matrix 
element for the transiticn in the form 


Mint — 22 a (hs) 8, alee (8) 


kynk, 


where 
Swi (kg) = >} \ By. (ko+ ma/a2, Rs) om (Ro, Rs) En (Rakg)dke. 


Using the condition a/a) «<1 and formula (4) for 
the eigenfunctions gy (kp, k3) we transform Syn’ 
to the form 


Snn’ (Rs) = \ 2%. (Re, ks) a(R, ks) En (Ro, Rs) dk», (9) 


where 


o (Ro, Rs) = ps Sm (Ro, ks) exp {ima x, (Ro)} 

is a quantity which depends smoothly on the mag- 
netic field. As was mentioned already, we must 
know the exact eigenfunctions of the electron in 
the metal (Bloch functions) in order to calculate 
o (ky, kz). However, a number of effects in the 
magnetic field, in particular, the oscillations of 
the photoelectric current with the magnetic field, 
do not depend on the actual form of these functions. 
These oscillations are determined by the functions 
Sn (Ke, k3) and gy(ky, k3), which depend only on 
the dispersion law. The exact wave functions are 
needed only for the calculation of the amplitude of 
the oscillations. But since o is a dimensionless 
quantity of order unity, one can estimate the order 
of magnitude of the amplitudes. 
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Thus the oscillatory properties of the transition 
depend on the dispersion law for the electrons in 
the metal and not on its genesis. 

It is seen from formulas (5) and (8) that the 
transitions considered above obey the following 
selection rules: 


k= ks, E’,,(R,) = En (Rs) + ho 


(the condition kj =k, implies, moreover, that 
the “center of rotation” does not change during 
the transition). The trajectories of the electron 
in the initial [K,(k,)] and final [xj (k,)] states 
are shown in Fig. 2. Here E(k) and E’(k) de- 
termine the dispersion law for the electron in the 
conduction band and the upper band, respectively. 
Since the functions gy (ky, k3;) decrease very fast 
(exponentially) outside the region of classical mo- 
tion of the electron (see reference 20), the quan- 
tities Spyn’(k3) and the matrix element for the 
transition will be different from zero only if the 
trajectories k;,(k,) and x{(k,) intersect each 
other (Fig. 2). Otherwise the matrix element for 
the transition is negligibly small, and the photon 
yield from this group of electrons is zero. 

Knowing the perturbed wave function, we can 
find the current of emitted electrons according to 
the known quantum mechanical formula 


je(n, be) = 5 (OS — wr), 


2m Oz Oz 

jz (n, kj) represents the current corresponding 
to a given initial state n, kj. To find the total 
current Jz we must sum this quantity over all 
electrons in the metal, which gives ~ 


[3 


ss) ‘ 1 
Inka? oa \ exp {(E — €)/0} -- 1 


JZ = 


jz(n, ky)dky3, (10) 
where jz (n, kj) denotes the average value of the 
current density. It is easily seen that the function 


Yk nk, (*) [formula (3)] corresponds to the cur- 
rent 
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jz= (€/RLS) OEp (Rg) /ORs. 


We calculate the current 5 (n, ks) with the 
help of (5) and (8) and substitute it in formula (10). 
Taking account of Ok ky» 5 LEQ’ (kg) — Ey (ks) 

— hw], and Okaks = = (2n/L) 6 (k3—k§) in the inte- 
gration over dk, dkj, and dks, respectively, we 
weSA FAL 


obtain 
dee (E—0)/0 
"arora? 


A an’ ene a 1 (R,) 5 [Be (R3) — hw. (1 1) 

Up to this point we have not taken into account 
the attenuation of the light wave in the metal, as a 
consequence of which the photocurrent appeared 
to be proportional to the thickness of the cathode 
L. It can be shown that the consideration of the 
damping leads to the replacement of the quantity 
L in formula (11) by 6, the penetration depth of 
the field in the metal (we assume 6 >a). Then 
the photocurrent per unit area of the surface 
ceases to depend on the thickness of the cathode, 
if, by > 0. 

To change the summation in formula (11) to an 


0. 
Me | Sha’ (Rs) |? 


HERETO we use the Poisson summation formula: 


Sim=tfo+ ¥ | eo" (n) dn, 
n=0 p=—0o 0 


and apply it to the summation over n and n’. We 
also introduce the following notations. For the cal- 
culation of the quantities Syn’ we must use the 
method of steepest descent, and it will turn out 
(see below) that S,, has in the general case the 
form 


| Sun (hs) P= (2 5) 8 (Rs) cos (a2¢n (E, Rs) + x), (12) 


where the 3@) are certain coefficients which de- 
pend smoothly on the magnetic field, and the 
Og (E, k3) are areas which determine the oscil- 
lations of the matrix element of the transition; the 
Yq are certain phases, 0)= 0, Y= 0; 3M, rep- 
resents the non-oscillatory term. 

In this way we transform (11) to the form 

ab eka . A(2)(S,ks) 

= a fae gst \ dks \ ds exp{(E—%)/0}++1 


@ p,qg==—oo 


x exp {iga2S’ (E, ks)} cos [a2oq (E, Rs) + Yal, 


exp {ipa2S} 
(13) 
where 


(14) 


A@Mm = ee 


eenk 0s’ 
4nmo? = (Se) 50% nn’ ) (Rs) 


is a quantity which depends smoothly on the mag- 
netic field. Jz in formula (13) represents the pho- 
tocurrent from the given electron group. The total 
current is obtained by summing over all groups in 
the conduction band. 


a 
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Changing the integration over dS in formula 
(13) to an integration over the energy, with the help 
of the formula for the semiclassical quantization 
of the energy levels of the electron in the magnetic 
field,'»2° 


S(E, Rs) = 2n(n + + )/a2, 


we can write the photocurrent J, in the form of 
a sum: 


dele eee (15) 


dE 


ais 5 exp {((E — )/0}+ 1 46) 


\ dk, A (E, bs), 


co 


rn Soe dE as 
i= 2Re De | ape omy et | dts ge A (E, he) 
x exp {ip a2S (E, ks)}, (17) 
(a) 
arty Dat SpE ya | Ate ge AOE, hy) 
x exp{iaze,(E, ks) + ite}. (18) 


Here J% is the non-oscillatory part of the current; 
Ji, is the oscillatory part of the current due to the 
periodic dependence of the number of states on the 
magnetic field (analogous to the de Haas-van Alphen 
effect ); Je is the oscillatory part of the current 
due to the periodic dependence of the matrix ele- 
ment of the transition on the magnetic field; J}? 

is the oscillatory part of the current correspond- 
ing to the interference of parts 1 and 2, which we 
shall not write down explicitly. 

In the case of the volume photoeffect we there- 
fore have to do with two types of oscillations of the 
photoyield with the magnetic field: 1) oscillations 
connected with the number of states (iy ), analo- 
gous to the de Haas-van Alphen and Shubnikov- 
de Haas effects etc., and 2) oscillations connected 
with the matrix element for the transition Cie ys 
which are characteristic for all optical phenomena 
(volume photoeffect, absorption of light in metals, 
etc.) related to transitions between different en- 
ergy bands. 


4, THE OSCILLATORY PARTS OF THE CURRENT 


1. The oscillatory part of the current connected 
with the number of states is given by formula (17). 
The integrals in (17) can be evaluated by the method 
of steepest descent, so that the final answer will 
contain the extremal Fermi cross sections S,, Cy 
just as in the case of the de Haas-van Alphen effect. 
We find 
Je VE A, Rar) 


0 


OES = 


ake 


*y pin 


=z 8in|pa2Sm(t)—np-b al ; 


m 


(19) 
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where 


2 = 2n0/y"H, u*=eh/m'c, m'=(h2/2n) OS,,/at. (20) 


In the limiting cases of weak and strong magnetic 
fields (z >1 and z <1) we have: 


ROVE FA Sa ale 
1 2 (2n)70 4 (0) Ma OI RN Rr he: 
a = do Alo (G. Rein ) Yd ak? ¥ exp \ Qn oa 
sin [22S (Q— a+ =I. (21) 
ROO. VA << IL 
1 Eze at 
Ae = A) (€, Ram) ais : "e 
x sin [ P2%Sn (6) —xp+ =| (22) 


Let us estimate the relative magnitude of the 
oscillatory terms as compared with the non-oscil- 
latory term aps assuming that by order of magni- 
tude 


Jo = {ae \ ae, ® 


Sor NOE) fey) CAO) EEO ( Bate ve 


7 
0 
We find 
4 1H \'/2 SOR 
Wise ~ e(e) eR APIA®, 215 (23) 
1 H\*/2 
Ile ~ Se (e) ADIN, 21. (24) 


Here no? is the average value of AM (E, k;) for 
the given (s-th) group, and A) is the analogous 
quantity for the basic group; m is the mass of the 
free electron; ~=eh/mc [here the oscillatory 
part of the current J> refers to the given electron 
group (which is small, for example), while the 
non-oscillatory part J? refers to the basic (large) 
group J. 

For an estimate of the ratio AX”/A we as- 
sume that approximately 


A (0) 4 (0) g (0) (0 
As /A Pee Drn’s ee 


[cf. formula (14)], which leads to the very crude 
estimate 


NOU KO —(nelnib: 


where ny is the density of the electrons of the 
basic group, and n that of the given group. 

2. The oscillatory part of the current connected 
with the matrix element of the transition is given 
by formula (18). The calculation of J? is analo- 
eae to ae of a4 as a result we neve 
OPS Nan tOS(G, en Omar 
aig do"/06 sinh z, 


Rm) 


a+0 


sr atest - ’ (25) 
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where 
Za = 2n°6 / alt 


= (h? /2n)doq" / (26) 


ba = eh | MC, 


[om ( c) is the extremal value of the area 0g; 
kg = k%y is the extremal point]. In the limiting 
cases Zq > 1 and zq «1 formula (25) gives: 


for Zip ek 


om)? t, k 
= Ta = ea Da A@) (6, Ram) ates) 


a+#tO 


Po, eri 


an? 


(ip Spee Oe Agee + =}. 27) 
x 9 Ua 2m nH sin [aon (€) ah 1 3 A , ( 
for Zq «Kl 
int —1695(, h%,) / a 
2: (27) fa A (a) é pe | Po, 3m 
cies = a Pay t ( ’ i) ar? ea do” / at _ 
x sin |a oee (6) + Yat mals (28) 


The period of the oscillations is in this case equal 
to 


A (1 /H) = 2ne /hco™ (C). (29) 


The order of magnitude of the oscillation ampli- 
tudes is estimated in the same way as under point 
1. We have 


eS ee eee 8 Boe AM®/K, (30) 
V2 
5 EVIE ‘pH? m AM (KO, 
Ze ee seal Ih : /A (31) 
where gq = Rie /ok3| 5/2. As before, 


AQ) /A ~ (ny/n)¥3. The meaning of the quan- 


tities oe), me, and gy will be explained be- 
low (point 4). 

3. The oscillatory component due to interfer- 
ence a2 has in general a very complicated form. 
It contains oscillatory terms of the type 


sin [a5 (pS + gS’ + o,) + 8] 


(and a few others). However, if we are interested 
only in low frequency oscillations corresponding to 
small groups and in weak fields (z >1), we can 
restrict ourselves to the term sin [a2 (S-—dq) 

+ 6]. The quantity S —Oq =% represents the 
area complementary to dg (see Fig. 3). 

4. For the calculation of the amplitudes 5°) (ks) 
and the areas 0q(E, k3) we turn to the formulas 
(12) and (9). The integral (9) is computed by the 
method of steepest descent. The saddle points are 
given by the intersections of the trajectory of the 
electron in the initial and final bands, t, and tp. 
Oq(E, kj) represents the shaded area in Fig. 3 
[the final answer contains the extremal Fermi 
value of this area oui c)]. 
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FIG. 3 


As already mentioned, it is necessary for the 
occurence of a photoyield from the given (for ex- 
ample, small) electron group that the isoenergetic 
surfaces E(kK)=¢ and E’(k) = £+ fiw intersect. 
The low frequency oscillations corresponding to a 
small electron group (Ji, and J?) will therefore 
be confined to some narrow interval of frequencies, 


0) — AoC o<co+ Aw,, 


where, in order of magnitude, Aw/wy ~ 2(n/ny))/? 
(see Fig. 4; the isoenergetic surfaces of the upper 
band are schematically represented by spheres). 
The position of the center of this interval, wo, is 
determined by the arrangement of the small elec- 
tron group in the reciprocal lattice. 
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FIG. 4 


In the investigation of the oscillations of the 
photoelectric yield (and also of the coefficient of 
the absorption of light and of some other optical 
quantities ) we can therefore not only determine 
the shape of the Fermi surface, as in the oscilla- 
tion effects of the type of the de Haas-van Alphen 
effect, but also the location of the centers of the 
groups. 

Let us consider the spectral distribution of the 
oscillation frequencies = 21/A(1/H): 


(fic /e) og (C, w). (32) 


Q(o) = 


The function Q2(w) has the characteristic behav- 
ior shown in Fig. 5, where the w(k) correspond 
to the centers of the groups which alternately in- 
tersect the surface E’ = ¢+ hw as the frequency 
changes. Near the limits of the frequency interval 
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FIG. 5 


in which the photoyield of the given group occurs, 
og (g,w), m&(w), and gg(w) become very 
small, so that the oscillation amplitude increases 
[see formulas (30) and (31)]. Away from the lim- 
its of this interval we have, in order of magnitude, 
OVS Sm, My =m", andip, ol 
5. ENERGY DISTRIBUTION OF THE PHOTO- 
ELECTRONS 


To find the energy distribution of the emitted 
electrons Z(E)=dJ,/dE we turn to the formu- 
las (15) to (18). We have 
LAE) = LOB) Zce(B) 4 Lower Zecce), 


4 
exp {(E; —€)/6}+ 4 


a1 : 
ZosclE) = 55, 5/0 1 


2Z°(E) = \ SE: A) (Ey, Bp) dhs, (33) 


x 2Re D} e-me| SAO (E,, ka)exp (ipagS (Ex, bs)) dks, 
= : (34) 


2 
Z320= 


1 
exp ((E1 — 6) / 9} Fihe lee, A@ (Ey, Rs) 


x exp {ia6oa (Ex, Rs) + ita} dks, (35) 


where E,; = E—hw is the energy of the electron 
before the transition. Here Z(E) is the non- 
oscillatory part of the distribution function; 
Zésc(E) is the oscillatory part of the energy dis- 
tribution function of the photoelectrons connected 
with the number of states; Z2,,(E) is that part 
connected with the matrix element of the transition. 

The calculation of the integrals (34) and (35) by 
the method of steepest descent leads to the expres- 
sions 


Zose(E) = SS, — Opi = AOE, Bon)| 2 ie OEy 
x >) pcos [ pas Sm(E) —xp+ =| ; (36) 
p=1 
ar\'/2 
Ze) = ! = 


exp ((Ei— £)/0} +1 a 
OS (E1, &m) 
OE 


—'/, = 
cos Es (Ey) 


Sq 


x DAC (£1, 25m) 


a#0 3 


m 


+ et 7: (37) 
In contrast to the saturation current Jz, the 
oscillations of the energy distribution function of 
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the photoelectrons are not determined by the ex- 
tremal Fermi cross sections Sm(£), oq (£), but by 


the extremal cross sections Sm(E;), o@ (E1) 
corresponding to the given energy E,; = E—hw. 
The investigation of the oscillations of the en- 
ergy distribution function of the photoelectrons 
with the magnetic field permits us, in principle, 
to determine any arbitrary isoenergetic surface 
besides the Fermi surface E(k) = ¢. 
Let us now consider the function 
13, 
J,(E)=\Z (E) dE. 
0 
This function is connected with the current- 
voltage characteristic of the photoelement J(V), 
i.e., the dependence of the photocurrent on the volt- 
age V at the anode of the photoelement, through 
the relation J(V)=J,—-—J,(-—eV) (here J, 
= J,(~) is the saturation current). With the help 
of formulas (36) and (37) we obtain 


2 (2n)\ BAS lie eon A 
es eae NO (Ex, kam) |] a pe sin | pagSm (E3) 
—npt =| ; (38) 
th 0S (Ey, #,,) | OE 
CU SAO, ke.) ie ee 
0 a+0 Oks do,’ / OF, 
x sin [asec (Ey) + tet Z| : (39) 


The order of magnitude of the amplitudes of the 
oscillatory terms are estimated in analogy to what 
we did before (Sec. 3, point 4): 


JE(E} {Jz (E)~ (1 fe V 2) (eH { By)*® AD A, 


J2(E)/J2(E) ~ (ga /2n V2) (wH | Ex)" (m" / m,) AS / A®. 

(41) 
The Jz(E) oscillate with the magnetic field with 
the same frequencies as Z(E). However, the 
function Jz(E) not only oscillates for variations 
of the magnetic field, but also for variations of E. 
This leads to oscillations of the current-voltage 
characteristic of the photoelement J(V) asa 
function of the voltage at the anode V. The period 
of these oscillations is equal to 


(40) 


eo A z 
AE = drag? | FP = wh. (42) 
Correspondingly 
AV = pH /e, (43) 


where y=m/m* for Te (as) and y = m/m* 
for J3.,(V). For H=104 we have AV =10-4yv. 
The instability of the potential at the anode, 6V, 
the non-nonochromatic nature of the light, 6w, and 
collisions of the photoelectrons before leaving the 
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metal can lead to a smoothing out of the oscillations 
of the current-voltage curve. In order for these 
oscillations to be observable, the following con- 
ditions must be fulfilled: 


nso < pH. 


We already mentioned (see Sec. 2) that the colli- 
sions of photoelectrons with the conduction elec- 
trons may give rise to a lowering of the amplitude 
of the oscillations of the total photocurrent. In the 
investigation of the oscillations of the energy dis- 
tribution of the photoelectrons another effect will 
superpose itself on this effect: the “intermingling” 
of the electrons as a consequence of the collisions. 
The experimentally observed oscillations can 
be enhanced by applying a variable saw-tooth volt- 
age on the anode of the photoelement and including 


eV <p'H; 


a resonant circuit tuned to the frequency v = £V)/AV, 


where f and Vy are the frequency and the ampli- 
tude of the sawtooth voltage. 

The authors express their gratitude to I. M. 
Lifshitz and M. I. Kaganov for comments on this 
work. 
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The problem stated in the title is solved using many-electron wave functions. The external 
electric field is taken into account exactly, but the Coulomb interactions of the electrons and 
holes are neglected. In the region of the intrinsic absorption edge, the absorption coefficient 
is obtained for all values of the electric field and frequencies of the absorbed light. 


‘Tue change in the shape of the intrinsic absorp- 
tion edge of non-conducting crystals has been con- 
sidered by Keldysh.! He used the approximate 
wave functions obtained by Houston? for the elec- 
tron moving in the periodic and uniform fields. As 
a result, Keldysh concludes that there is a shift of 
the absorption edge in the red direction. An ex- 
plicit form was obtained for the absorption coeffi- 
cient as a function of electric field E and the fre- 
quency of the absorbed light w, for frequencies 
sufficiently far from the limiting frequency wy of 
intrinsic absorption without any external field (or 
for a sufficiently weak electric field). A previous 
paper by the author® was devoted to the same prob- 
lem; however, it referred only to the case of for- 
bidden transitions and did not contain the bases of 
the method used. 

In the present paper we give a more general 
discussion. The result obtained for the absorption 
coefficient holds for all values of E and w. In 
the limiting case E —0 it goes over to the known 
expression for the intrinsic absorption by the crys- 
tal without an external field.‘ 

We assume that our crystal contains N valence 
electrons and an optical transition involves this 
system as a whole. The conduction and valence 
bands we take as simple and non-degenerate. Elec- 
tron spin is not taken into account. Further, we 
use single-electron orthogonal localized Wannier 
functions of the valence band (cf. the review by 
Haken’): 


a(n, r) = N~” Dyef*rf (k, r). (1) 
k 


where f(k, r) is the Bloch function of the valence 
band corresponding to the wave vector k, and the 
sum is taken over the first Brillouin zone. Wannier 
functions for the conduction band a(n, r) are con- 
structed in a similar way. 


We write the wave function of the initial ground 
state of the crystal in the form 


., ty) = N~ det | (ma, rp). 
(2) 


a(Gint seks bay) =A Osa er 


The index a=1, 2,..., N, labels the Wannier 
functions. The index B=1, 2,...,N, labels the 
electrons. The wave function of the final excited 
state are taken in the form 


Pi(ti,.--, fw) = dye(m, n)A(m,n; r,...,8w). (3) 


mn 
The determinant A(m,n) entering into (8) is 
similar to the determinant A(0), except that the 
valence-band Wannier function numbered m is 
changed into the conduction-band Wannier function 
numbered n. The wave function (3) describes the 
excited state of the crystal, where in the absence 
of an external field the coefficients c(m,n) are 
determined from the Wannier equation.® We shall 
show that the presence of an external electric field 
only affects the equation for c(m,n) if the proc- 
ess of direct transfer of electrons by the field into 
higher bands is considered as improbable. Then 
the optical transition from the state Wo (Ys -, PND 
to the state W(ry,...,ry), when the function 
c (m,n) corresponds to the continuous spectrum 
of the Wannier equation, also gives the intrinsic 
absorption of light by the crystal. 

We calculate the matrix element of the transi- 
tion. The perturbation operator has the form 
P N 

a) 

H = — a p: A (r,), (4) 
rj, Pj are the coordinate and momentum of the 
i-th electron and A(r) is the vector potential 
field of the light wave. Using (2), (3), and the re- 
lation between the Bloch and Wannier functions, 
we can obtain 
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(EH |) = — SEA, Sect (m,n) Stem (k), (5) 
k 


mn 


x is the wave vector of the photon; Aj is the am- 
plitude of the vector potential. Here 


M(k) = \@" (k, r) yu (k, r) dr, (6) 


u(k, r), &@(k, r) are the periodic factors of the 


Bloch functions of the valence and conduction bands. 


The integral is taken throughout one cell. 

We now obtain an equation for the functions 
c(m,n). We assume that c(m,n) changes little 
in a distance of the order of the lattice constant, 
so that it is possible to transfer from discrete 
vector arguments m and n to continuous r, 
and r,, which correspond to the coordinates of 
holes in the valence band and electrons in the con- 
duction band. We do not take into account their 
interaction. If there were no external field, the 
equation would contain only terms corresponding 
to the free motion of electrons and holes. Its solu- 
tion c(Yr,, r,) would be a product of plane waves, 
and (3) would give the usual band states. The ab- 
sorption coefficient calculated thus by our method 
will agree with that obtained in reference 4. We 
will now include the external field. It is not dif- 
ficult to find in our system the matrix element of 
the interaction operator of the electrons with the 
electric field using the functions A(m, n): 


taal (orec) 


— San \ a" (m’, r) (Er) a(m, r) dr. (7) 


a n’] = Sam a" (n, r) (Er) a(n’, r) dr 


Finally, under the assumptions made, the equation 
for the functions c(r,, r,) takes the form (field 
along the z axis): 


(Sigua 
(yan 


Vo + eEz, — ez.) c(t, To) = eC (fj, ie 


Here m, and m, are the effective masses of 
electrons and holes. 

By transforming to relative coordinates R and 
r, it is easy to separate the motion of the center 
of gravity and the relative motion in the plane 


transverse to the field 
C (R, r) = L- e/KR Let tixt+ehey Q (2): (9) 


Here K is the wave vector of the center of gravity, 
A, and A, are the components of the two-dimen- 
sional wave vector of the relative motion in the 
transverse plane, and L is the side of the normal- 
ization cube. The solution of the equation then re- 
maining, normalized in the energy interval, is well 
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known:$ 


 (z) = A® (q), q = (2—&/eE) (2ueE /h?)'*, 
A == (2u)"/ nt (CE) hs, (10) 


€, is the energy of the relative motion along the 
field, w is the reduced mass of the electron and 
hole, and @ is the Airy function. 

We consider here the case of allowed optical 
transitions when 


M (0) = M, +0. (11) 


Using the properties of the sum over k in (5), it 
is easy to show that the many-electron matrix ele- 
ment of the optical transition in this case is equal 
to the product of the usual one-electron matrix 
elements in the value of the function c(R,r) at 
the point r=0. The probability of the transition 
is determined from the known formula of quantum 
mechanics by summing the square of the matrix 
elements over all possible states. We introduce 
the expression thus obtained into the usual formula 
for the optical absorption coefficient:® 


a = 4rhww / ncé?, (12) 


where wW is the probability of an optical transition 
in unit volume and unit time, n is the refractive 
index and @ is the electric field of the light wave. 

We will express the Airy function entering into 
(10) in terms of Bessel functions of order Yt 
After carrying out the calculation indicated, we 
obtain the following results. 

In the region W < Wy), in which the crystal is 
transparent in the absence of external field, the 
absorption is now different from zero and is given 
by the formula 

4ye? 
mnm?cw 


Ye 
[eM in) BOK dB, 


a= 5 
(3h) /* 


J 


Xo = (2V 2 / 3heE) (ho, — ho). (13) 


Here e is the polarization vector of the light and 
K is the MacDonald function. For sufficiently 
large values of w)—WwW an asymptotic formula can 
be given: 

(ne) 


| eM, ie (hy \ Es ee dé. 


2e2 
nmcw 


(14) 


On 


If it is assumed that in this case the exponential 
is the most important, formula (14) is close to 
the corresponding formula in Keldysh’s paper. 
For w=, the absorption coefficient is equal to 


Cc 


a E Wy . rs 
ena rtalTo e8 
0 


re 4 we? 
0 «¢ nmcw 


(15) 
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In the range w > Ww, the absorption coefficient 
takes the form 


wee jem, [2 (22) BM [J_y, (€) + Jy, 1? 4, 


oe ant 3 nmcw (3h)/s 
0 


Yo = (2V 2u | 3heE) (hw — hwy)”. (16) 


We will now take our formula to the limit E — 0. 


Then x) — ©, and it is seen from (13) that the ab- 
sorption tends to zero for w < wo. From (15) it is 
apparent that a) is also zero in this case and the 
absorption starts at the limiting frequency w ). By 
substituting into (16) the asymptotic expression 
for the Bessel functions, we verify that it is pos- 
sible to select the terms tending to zero with the 
external field and the terms not depending on the 
field. These latter terms give the correct value 
of the absorption coefficient for allowed band 
transitions without an external field 


4 V2 p./2¢2 1/, 
& = —— > 1 eM, |? (ho — hay)”. 


(17) 


Expression (17) agrees exactly with the result ob- 
tained by Bardeen, Blatt, and Hall.‘ Similarly, it 
is possible to show that the usual band formula is 
true also for sufficiently large w—wy), which 
agrees with Keldysh’s conclusion. 

We shall not present here the results for the 
case of forbidden transitions (they are given in 
reference 3). The basis of the method used there 
follows from a consideration of formula (5) of the 
present paper. The matrix element in this case 
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will contain the derivatives of the function c (rj, ry) 
at the point r,;=Y,. We note that the formulae 
thus obtained contain several integrals more com- 
plicated than Bessel functions of order ¥,. The ab- 
sorption coefficient is different from zero for w 
< Wp, depends on the polarization of the incident 
light relative to the electric field, and for E — 0 
transforms to the usual band expression varying 
with frequency as (w— wy)? *.4 

In conclusion I express my deep gratitude to 
Professor P. P. Pavinskii for interest in the work 
and discussion. 
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We have obtained a dispersion relation that determines the propagation of plane electromag- 
netic waves in a plasma beam moving in a fixed plasma along the lines of force of a constant 
and uniform magnetic field. We have found the damping (or build-up) coefficients of the 
rarefied plasma moving along the magnetic field in a non-dispersive dielectric. 


aoe several papers have been published 
on the propagation of electromagnetic waves in 
interpenetrating moving media, in particular in 
plasma beams moving in a fixed plasma or ina 
non-dispersive dielectric.!~* The range of prob- 
lems for which suitable solutions have been given 
in sufficient completeness and for which expres- 
sions have been obtained for the damping (or 
build-up) coefficients of the waves is all the same 
very limited. We attempt in the present paper to 
remedy this situation partly by solving the problem 
of the build-up (damping) coefficient of plane 
electromagnetic waves propagating in a plasma 
moving in a non-dispersive medium along the lines 
of force of a constant and uniform magnetic field. 

We shall determine the damping coefficients of 
the waves by a phenomenological method proposed 
earlier.2. The main point of this method is that we 
first find the phenomenological equations that re- 
late the electromagnetic fields in the interpenetrat- 
ing media. By combining these equations with the 
Maxwell equations describing the propagation of 
plane electromagnetic waves, we can obtain a dis- 
persion relation of the form f(w, kK) =0, where 
w is the frequency of the electromagnetic wave 
and k its wave vector. Solving the dispersion 
relation we find the required damping coefficients 
for the wave. 

We shall derive the dispersion relation for the 
case where a non-magnetic, anisotropic, and gyro- 
tropic medium I moves in a fixed non-magnetic 
medium II, which is also anisotropic and gyro- 
tropic. (A plasma in a constant magnetic field 
has such properties.) The medium II is at rest 
in the laboratory frame of reference, and its elec- 
trical properties are characterized by its dielec- 
tric-constant tensor €jj. The medium I, which is 
related to a frame of reference K’, moves uni- 


formly with respect to the medium II and ina 
straight line along the x axis of the frame K with 
a velocity v, sothat the x and the x’ axes co- 
incide and are parallel to the lines of force of the 
external magnetic field H, while the y’ and z’ 
axes are parallel tothe y and z axes. 

The electrical properties of medium I in the 
frame K’ are characterized by the tensor €q;-* 
Since we have assumed that media I and II are 
gyrotropic, the tensors ¢€j; and ej are Hermitian 
and thus €jj = ej and ij = eji- As we have in 
view a plasma in a constant external magnetic field, 
we shall also assume’ that €4) = €43 = €j3 = €j) = 0. 

Once we know the tensors ¢€j; and €jj, we can 
determine the tensors of the moments (the polari- 
zation and magnetization tensors ) Mjj(II, K) and 
Mij(1, K’) in the fixed and the moving media. The 
components of the electromagnetic fields D, B, E, 
and H which are defined in the frame of reference 
K, enter, of course, also into the tensor M;;(II, K), 
and into the tensor Mj;(I, K’) the components of 
the fields D’, B’, E’, and H’ in the frame of ref- 
erence K’, which are found from the unprimed 
fields by a Lorentz transformation. Using a Lorentz 
transformation to transform the tensor of the mo- 
ments Mjj(1, K’) to the frame of reference K, we 
can find the resulting tensor of the moments in the 
frame K 


Mi (I, Hl, K) = My (Il, K) 
+ Mi; (1, K) = (Haj — Fi) / 4, (1) 


*We assume that the effective electrical field in the pres- 
ence of two media is equal to the average macroscopic field, 
since the polarizations are additive only in that case. It is 
well known that the effective and the average macroscopic 
fields are equal in a plasma and also in any other sufficiently 
rarefied medium.* 
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where Hjj and Fjj are the electromagnetic field 
tensors in the frame of reference K (refrence 5; 
ef. footnote on preceding page). 

After substituting into the Maxwell equations 
which contain the curl operator the expressions 
for plane waves, these equations become 


D = — n[yvxH], B = n[vxE], (2) 


where n is the refractive index of the medium in 
the frame of reference K, and v is a unit vector 
in the direction of propagation of the wave. The 
condition that there be a nontrivial simultaneous 
solution of the algebraic equations (1) and (2) for 
the 12 components of the electromagnetic field 
vectors means that the determinant of the set (1) 
and (2) must vanish. The 12-th order determinant 
easily reduces to a 4-th order one. Writing the 
latter out in detail we can get, after straightfor- 
ward, though tedious transformations, the follow- 
ing MSE ATOR relation 


(G1. + &11 — 1) [(Ee2 + eset? — n® cos? 6) ee + e577 — n?) 

+ (a3 + eg7?)?]— n? sin? 6 [(e22 + 22 — B&22622) 

X (33 + esa? — 2?) + (G28 + eas)? 

— B? (Goee53 + eaaees7")] = 0; 
en = (8 — 1)/(1 — 8%), 25 = 23 / (1 — 8%), 
y=1—nBcos#, B=v/c. (3) 


The most interesting case of propagation of 
electromagnetic waves, which can be studied by 
using Eq. (3), is the case where a plasma moves 
in a fixed plasma along the lines of force of a 
constant and uniform magnetic field. In the fol- 
lowing, however, we study the simpler case where 
the plasma moves along the magnetic field in a 
non-dispersive dielectric. The dispersion rela- 
tion (3) simplifies then considerably and one can 
obtain relatively simple solutions after a few ad- 
ditional assumptions. 

Assuming that the fixed medium is a non-dis- 
persive dielectric («€,; = 0, Cia €), we get by 
rearranging the terms in (3)* 


*The expressions for €*, &%, and €* were obtained by 
taking into account the fact that in going to the system of 
reference K’, which moves with the plasma, we must substi- 
tute in the expression for the components of the tensor Gj 
the frequency w’ transformed according to the Doppler formula 
o = o(1-nBcos 6)/V1 — B?. The frequency w*, = @yV1 - B? 
is the gyro frequency in the plasma beam from the point of view 
of an observer in the frame of reference K. The occurrence of 
the factor V1 — * is connected with the Lorentz transforma- 
tion of the time. 


e(e —n2)? + ey (© — n°) (oy? + x) + 1°x (ec + &25) 


aL en [(e — n?) (e — n* cos? 6 ++ a) 


+ ehoy? (@ — n® cos*8 + eget?) + ear4] = 0; (4) 
where 
en = ey — 1 = — 09 (1 — ft) / (wo)? , 
emg = —9§ / ((o — off), 
e935 = — ioe} / (»— 6) [(@ —)? — of], 


wy = On VI—B, y= ey? — n? sin? 0(1 68), 


® = ku cos 8 = wnf§ cos §.. 


The dispersion relation (4) establishes a con- 
nection between the frequency w of the electro- 
magnetic wave and its wave vector k. In order 
to establish the presence of damped (or growing) 
waves and to find the damping coefficient it is 
necessary to solve Eq. (4) for w with real wave 
numbers k. The presence of plane electromag- 
netic waves which are damped in time is indicated 
in this procedure by the existence of complex solu- 
tions for w.* 

We study in the following the solutions of the 
dispersion relation (4) for a rarefied plasma beam, 
i.e., under the condition that the plasma frequency 
wy = (4te2N/m)'/?_ is small compared with the fre- 
quency of the wave w and compared with the char- 
acteristic frequencies @=kv cos 6 and WX. 
When, however, we go over to the limiting case of 
no magnetic field (wh = = 0), we shall assume that 
Wy) Kw, @. In solving Eq. (4) we must distinguish 
between two cases. In the first case none of the 
denominators in the expressions for the ij tends 
to zero aS Wy 0, while in the second case at 
least one of the denominators in the e* tends to 
zero aS Wy— 0. We study first the character of 
the solutions of Eq. (4) for the first case. 

We look for the solution by the method of suc- 
cessive approximations, writing for the refractive 
index n= Ve + An. Substituting this expression 
into (4) we find 


4e? (An)? —2 Ve [E50 (er?+x)+ 2118 sin? 6] An 
+ 1?x (22 + £28) 
se e591 77 sin? 6 + exgen7? = 0. 


*If we solve the dispersion relation for k for real values 
of w, as was done in reference 3, the solutions for k can 
in principle also be complex. For the case of infinite media, 
considered here, the selection of solutions with complex k 
which correspond toa true build-up is difficult, since complex 
solutions for k can result from the ‘entrainment’? of waves by 
the moving medium. 
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If we separate explicitly the factor containing wy 
from the coefficients of (An)*, of An, and of 
the constant term, this equation becomes 


a, An? + 2aywAn + a,wy = 0, 


where the coefficients aj, a,;, and a, no longer 
contain the parameter wy). The solution of this 
equation, which is quadratic in An, is such that 
An ~ w%. Since w, n, and the wave number k, 
which we fix and assume to be real, are connected 
through the relation wn = kc, we can assert that 
the correction to the frequency w of the wave, due 
to the presence of a plasma beam, must also be 
of the order w%. 

We shall show in the following that in the second 
case, when the denominators in the ejj tend to 
Zero aS Wy— 0, i.e., when some peculiar reso- 
nance takes place, we obtain a correction to the 
frequency of the order wy», or an even more appre- 
ciable one. This means that if the solutions of the 
first kind include complex solutions, the damping 
of the waves determined by them will for rarefied 
plasma beams be negligibly small compared with 
the damping of the waves as determined by solu- 
tions of the second kind. When solving the disper - 
sion relation (4) for resonances in the ch, we 
must again distinguish between two different cases. 

1. The case of strong perturbations. a) Putting 
w-@=£, we assume that &, w) «Kw, wy and 
we retain in the dispersion relation (4) terms with- 
out wy) and terms containing w? / £2, dropping all 
other terms, since they are small compared with 
the terms retained. Then Eq. (4) becomes 


e (e — n”) — os * (1 — 82) (e — n? cos? 8) — 0. 


(5) 
Solving Eq. (5) for & and taking into account that 
nB cos 6=1, we find* 


§ = EW, (S = pe)" cos 8. 


e (14 — £8? cos? 6) 


(6) 


It follows from (6) that the correction to the fre- 
quency turns out to be of the order wy. If Ep >i 
and €6* cos? 0< 1, the quantity &€ turns out to 
be imaginary, which indicates the occurrence of 
waves that are damped or are building up in time. 
There is instability outside the cone determined 
by the Cerenkov condition ep-icos46 =e.» This 
case and the two next cases discussed below could 
perhaps be called cases of strong perturbations, 
as the difference ¢-—n?’ is generally speaking not 
small and does not tend to zero as wy— 0. That 
«—n* does not tend to zero as w)— 0 is, of 
course, a consequence of neglecting in all expres- 


*The equation nfcos 6 = 1 follows immediately from the 
condition &/@ K1 since o -@ = o(1 - nB cos 6) = é. 
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sions given above the corrections necessitated by 
taking into account thermal motion in the plasma 
beam. It is physically evident that when thermal 
motion is taken into account the refractive index 
n must tend to Ve when the concentration in the 
plasma beam is reduced. We shall formulate the 
condition for the validity of the results given here, 
which are obtained by neglecting thermal motion, 
at the end of the paper. 

b) In the limiting case of no magnetic field 
(wf = 0) we put, as before, w —~@=£& and as- 
sume that , wy) <w. Retaining in the dispersion 
relation (4), as before, terms without w,) and terms 
with w/é?, and dropping all other terms which 
are small compared with the ones retained, we get 


s (¢ — n®) — wo€? [(1 — B2) (e — n? cos? 8) 


— n*sin?6 (1 — 8?)] = 0. (7) 


Solving Eq. (7) for & under the condition nfcos 6 
= 1 we find 


E = + [(1 — 82) (1 — B2 cos? 8) /e(1 — 28% cos? 6)]%. (8) 


The correction to the frequency is found to be of 
the order wy, as in the preceding case, and insta- 
bility occurs when ¢€f2>1 and ef? cos? 6 <1, ie., 
outside the Cerenkov cone. We note also that the 
solution (8), as is the case for the solution (6), is 
not valid in the neighborhood of the Cerenkov cone 
(eB? cos? 61), for then — ~~. 

c) We assume now that the resonance occurs 
at frequencies near @ + wf; and we put w-@ 
+ wyy = &. Proceeding as in the preceding cases, 
we get from the dispersion relation (4) 


2(¢ —n?) — w3 (sy? + y) /(o — 6 Fon) — = 0 (9) 


and hence 


E= wi (ey’ + yx) /e(e — 2”) (o —o + wn). (10) 
The correction to the frequency turns out to be 
real and proportional to we. There is therefore 
no instability in this case. The solution found 
here is invalid when ¢€ —n* = 0, i.e., when ep? 

x cos? @ ~ n2B? cos? 6 x W*/(@ F wif)*. The solu- 
tion when € —n?— 0 is studied below. 

2. The case of weak perturbations combines 
the solutions of the dispersion relation (4) under 
the condition «-n?—0 as wy—0. 

a) We put w-—W=£ and assume as before 
that £, Wy) K w, wy. Under the condition € 
x cos? 6=1, which is the same as the condition 
for Cerenkov radiation of a single charged par- 
ticle, 

5 -n2?3? cos? 8 ew? wo 


& w282 cos? 0 w? 
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or 
'E)*)=~ 625 / O. 


e—n?=s(1 —o?/(o 


The dispersion relation (4) is then appreciably 
simplified 


De7E /w — wrk * (1 — 8”) (@ — n” cos” 6) = 0. (11) 
Solving Eq. (11) for € and assuming that n? * € 
we find 

E = (w% (1 — B) sin? 6 /2e)”. (12) 


It follows from (12) that the correction to the fre- 
quency ~~ wr! 3 turns out to be larger than in the 
preceding cases. & tends to 0 more slowly than 
W 9, aS Wy9—0. When we evaluate the root in (12), 
two values turn out to be complex, one of which 
corresponds to a wave that builds up in time. 

b) Putting the external magnetic field equal to 
zero (wi = = mY we assume as before w—-W = é 
and «6? cos? @=1, so that n? = €«@?/(@ + &)?. 
Upon suitable obvious simplification, the disper- 


sion relation (4) becomes 
Qe" / wo — wt? [(1 — 8°) (e —n’ cos’ 6) 
— n* (| —ef*) sin’ 6] = 0. (13) 


Using the equation n? x € and eliminating B’, we 


can write the solution of Eq. (13) in the form 


E = (we (e — 1) tan? 6 / 26”)”, (14) 


which shows the existence of increasing waves. 
Equation (14) has been obtained earlier.’ It was 
shown then that it determines the build-up of an 
electromagnetic wave, which has a component of 
the electrical field parallel to the velocity of the 
plasma beam, i.e., a wave such as occurs in the 
Cerenkov effect for a single charged particle. 

c) As in the case of strong perturbations, we 
now assume that €=w-Q-w and — «Kw, wjj. 
In order that ¢-—n? tend to zero as Wy —-O0 itis 
necessary, as already noted, to put €f* cos’ 6 
= @/(@ + wy)”. The result is 


n® =e (© + on)" /(@ + on +8), (@—n) = 2k ((O+0y), 


and the dispersion relation is, after the usual sim- 


plifications, of the form* 
2e¢/ (@ + 


on) — wi (ex? + y) /E (o — ce oH) =0. (15) 


Solving Eq. (15) for & we find 
E = == Mo Foy) Qe (@ a OH) (w 4 aT wy) (J — e8° 


(16) 
*If the plasma beam moves along a constant magnetic field 
in vacuo (€ = 1), Eq. (15) for the case of the propagation of a 
wave along the direction of motion of the plasma beam (6 = 0) 
goes over into the dispersion relation studied in a paper by 
Twiss.° 


) sin? 0/4se,] 7 
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pe (16) is obtained under the condition ep? 
x cos? 6 = @7/(G + wr)? <1. When the velocity. 
of the plasma beam exceeds that of light, eB, 
the expression under the square root sign is posi- 
tive, and the correction to the frequency is a real 
quantity indicating that there is no build-up in the 
case under connigera Cu 

d) If ‘- W-O + wy and eB? cos? 6 = w*/ 
(cw —wyy)*, the sign of w}y Changes in the disper - 
sion relation. The solution of Eq. (15) then be- 
comes 


E= +o [= wy /2e (Gee on) 
+ Ga ofy(l —ef? sit Osea) 


When ve Bcos 6 >1, WH <@, we have €f? >1, 
and the correction to the frequency turns out to be 
imaginary showing the existence of increasing 
waves. It follows from (16) and (17) that the crite- 
rion for instability is in this case the inequality 
Ve B cos @>1. This criterion was formulated 

by Zheleznyakov.! 

If the inequality Ve 8 cos 6 >1 is satisfied, 
the component of the beam velocity along the di- 
rection of propagation of the wave turns out to be 
larger than the phase velocity of the wave. An in- 
terpretation of the phenomena that occur then and 
are connected with the build-up of the electromag- 
netic wave is contained in the cited paper by Zhele- 
znyakov. We note that the instability determined 
by Eq. (17) occurs also for @=0, i.e., for a wave 
propagated in the direction of motion of the plasma 
beam. 

It was noted in the foregoing that we did not 
take into account the thermal motion in the plasma 
beam when deriving the dispersion relation. One 
can obtain a criterion for the validity of the solu- 
tions found here. Zheleznyakov! found in the non- 
relativistic approximation a dispersion relation 
for the case of interpenetrating plasma beams, 
taking thermal motion into account. The form of 
this dispersion relation is such that the thermal 
correction remains inessential, as long as an 
inequality of the kind 


(17) 


! 


(o—o@+,)/kor > 1, (18) 


where v7 is the velocity of the thermal motion of 
the electrons in the plasma, is satisfied. The 
meaning of inequality (18) becomes clear if one 
takes into account that the required correction to 
the frequency = w-—®+wy and that when there 
is thermal motion the parameter @ =kv cos 6 is 
spread over a range Aw © kvy. It is clear that 
the thermal motion can be neglected if & =w—& 

+ wy > AO ® kv, i.e., just when inequality (18) 
is satisfied. 
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In the case of weak perturbations considered 
above, when «—n? xcé/@, the inequality Aw/t 
<« 1 can easily be shown to lead to the inequality 
lc/Ve —c/n| >v-p. (This was pointed out by 
V. V. Zheleznyakov.) This means that the differ- 
ence between the velocity of propagation of an 
electromagnetic wave in a dielectric without a 
plasma and the velocity of a wave when a plasma 
beam is present must be much larger than the 
velocity of the thermal motion in the plasma. 

The authors are grateful to V. V. Zheleznyakov 
for discussing the results obtained here. 
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We use the chain of equations for the relativistic distribution functions which we obtained 
earlier! to derive a relativistic transport equation in second approximation for a plasma. 
We derive first a transport equation in which only the retarded interaction of charged par- 
ticles is taken into account. This equation is in a particular case the same as the one ob- 
tained in a paper by Belyaev and Budker.” We consider a relativistic Fokker-Planck equa- 
tion for a plasma in which the retarded interaction between charged particles and the exci- 
tation of plasma oscillations by non-equilibrium charged particles is taken into account. 


1. THE SECOND-APPROXIMATION TRANSPORT 
EQUATION FOR A RELATIVISTIC PLASMA 


Ws: use in this section the results of reference 1 
to derive a second-approximation classical trans- 
port equation for a plasma; this is the relativistic 
analogue of the equation obtained by Bogolyubov. 
Belyaev and Budker? considered as a special case 
of this the equation where radiation and pair pro- 
duction were neglected. It becomes the same as 
Landau’s equation asc— ~. 

We first derive the transport equation neglecting 
radiation. We can obtain this, for instance, as fol- 
lows. 

We start from Eqs. (12) and (13) of reference 1 
for the random functions Ngip; and Fix, with 
this difference, however, that we take instead of 
Eqs. (13) for the tensor Fj, the equations for the 
four-potential Aj 


uz0N qv, 104: + —FinteONg, p, (Op: =0, (1) 


4 
V2A; — OPA, / 012= — uy », dtp, OA; | 0q: = 0.(2) 
We assume that there is a positive-charge back- 
ground of ions. For the sake of simplicity, we 
shall write sometimes Nx, instead of Ngipj > 
where xj indicates the eight-vector (qj, pj). 

As we intend to obtain an approximate transport 
equation neglecting radiation, we can write the so- 
lution of Eq. (2) in the form 

t 
(7 6 —ik(q—q’) —1_.- ’ 
Ai (4) = Fes \\ HN pe Pog sin og (tt) Rd! (8) 


ty 


*The present paper is a direct continuation of reference 1 
by the author. 


We can let the lower limit tend to -», provided 
the time needed to establish statistical equilibrium 
7 and the characteristic dimensions J of the sys- 
tem are such that 1/c « rT. dQ’ = d‘q’d‘p’ in Eq. 
(3). 

Using Eq. (3) to eliminate the potential A; from 
Eq. (1) and writing 


e ) * —ikq —1.-;: 
Ly at | {aqr (ue Wp SiN Wel) 


— gqe (Hie "uy" sin oy!) } &k, (4) 


we get the following equation for the function Ngipi 
t 

1:0Nq, 0; (09: + \\ Lit (qi — 41 Pi) Nq-¢ dQ'WON 4, »;/ Op: =0. 
fs = (5) 

Using (5) we can find a chain of equations for the 

moments of the random function Ng;p;- We get the 

first equation for Ngjpj by a straight averaging 

of (5). To obtain the equation for the second mo- 

ment Nx; Nxt for t #t’ and q #q’, we multiply 

(5) by Ny; and average 


t 
uO NaN y [0q:-+ i Litt ae (NaN NW») dQ" =0, (6) 
where dQ” = dtg’dtp”. By interchanging the vari- 
ables qj qj and p; ==p; we can obtain another 
equation for the second moment which is the same 
as the first. 

It is sometimes more convenient to use equa- 
tions for the corresponding distribution functions 
instead of the chain of equations for the moments 
of the random functions Ng;p;- We have given in 
reference 1 the equations which connect the mo- 
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ments of the random functions Ngp with the dis- 
tribution functions for the variables Gs Dy and t: 
One can write down the corresponding equations 


for the functions Ng jp; of eight variables. For 
instance, 


Nz,N ye = N(N—1) f+ N48 (x; — x4 (s)) ds fs (x) 


and similar equations for higher moments. 

Subsituting these equations into the equations 
for the moments, and taking into account that 
LiJ(qi, ai) = 0, we get the following two equations 
as the first of a chain of equations for relativistic 
distribution functions 


(7) 


t 
ai Vit oO 
Les |) Eeme gp, 20 =0, 


z 
Ofe Of ” ’ ’ ” ’ 
u; an +\ {Leas S28 (x; — x; (s)) dQ ds 


[Let “A dQ’ = 0, i ie (8) 


and a similar second equation for f,. 

We denote by yw the parameter that character- 
izes the weakness of the interaction. Let pu ~ e. 
We cut off the chain of Eqs. (7) and (8) by putting 


2=hhite'g, fs= hihi. (9) 


Here g=g (xj, xi) is the relativistic correlation 
function. 

The approximate set of equations for f, and g 
becomes, after integration over qj and pj, 


t t 
up a5 n\ {Lins f dQ! ve =e N \ \ Lit gdQ’ = 0, (10) 
7 : £ i, £ 


Cs) 


t 
Of, , Mw, , , , 
Ui ag. e+ \ Lin Se ha (7; (s'), p;(s’)) ds’ = 0. (11) 


ty 


The correlation function which determines the 
connection between different positions of particles 
at different times enters into Eq. (10) for f,. It 
follows from Eq. (11) that the correlation function 
itself is determined by the distribution function of 
the first particle at time t and by the distribution 
function of the second particle at all times, within 
the limits t => t’ >to, i.e., by the complete motion 
of the second (primed) particle in that time inter- 
val. The dependence of the right-hand side of the 
equation on gq; manifests itself in that the second 
particle is during its motion at the point q’ in the 
time t’. 

In Eq. (11) for g we take thus only the influence 
of the motion of the second particle on the first one 
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into account. The reaction of the first particle on 
the second one is described by the correlation func- 
tion satisfying the second equation. This one is ob- 
tained from Eq. (11) by the substitution x; = xj 
and has the following form 
uae 8 + \ Lar (g; — ai, 0d) W, HF, (ads),pds)) ds=0. (11) 
‘0g; ) Si ame er a ae ; 

The distribution function of the first particle at 
times ty) <t <t’ occurs in the right-hand side of 
Eq. (11). Because the particles are identical, we 
must substitute into the right-hand side of Eq. (10) 
a symmetrical combination of solutions of Eqs. (11) 
and (11’). 

We write Eq. (11) explicitly, substituting into it 
Kq. (4) for Ly 


t 
ot Sai ({ a 
‘ 0q; oe 0q; 


o 


(vie (2. 1 sin wp (t — ¢’)) 


(6) ree 5 é D 
ar (ve—** @—2) wt sin wm, (E—t )} 
l 


x ur SE fr (9; (2), p; (2)) ded. (12) 
In this equation vj, = uj, /y’, di’ =as'y', q’ = qua), 
t= t/(7) = 7, and’ / =’ /mpc"? Theresa, simi-— 
lar equation for the second correlation function. 

As the interaction is weak, one can determine 
the trajectory of the second particle in the right- 
hand side of Eq. (12) by the method of successive 
approximations. As we wish to obtain the transport 
equation up to terms of order u*, we must restrict 
ourselves to the zeroth approximation when solving 
the equations of motion. In that approximation 
qa(t)=vrT+C and q’(tT) =v’t+ C’. We determine 
the constants C and C’ from the conditions 
q(T) =q(t)=q at r=t, and q’(T) =q’(t’) =q’ 
at t=t’. We therefore have C=q-vt and C’ 
=q’-v’t’. We get thus 

q(t) =v(t—A+q, q(t)=v(t—t’)+q’. (18) 
Using Eqs. (13) and the fact that 
id —v (tl —+), t p)Hh@, &, p), 
we can write Eq. (12) as follows 


t 
OE BEN ACW Ops hee, 
ae eal ue (vrexp {— ik (q—q 


0 


/ 


ar. Oh tte ne . 
OU SiN Og(t — 7) — ou (v, exp {— tk 


X(q—q' —v («—?’))} 


x OLE SIN My, (£— <))} i as 11 (9,p;) ata?k 


e (14) 


and a similar second equation for the function of g. 
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Making in Eq. (14) a change of variables t—T 
=t*, letting tj) ~-—%*, and integrating over t*, 
we get in this case the following equations for g 


Og e (ee 

BE eae 0q; ~~ Dap wo, — (kv’)? 
0 

xsink[q—q’ — v’ (tf — t')| dku; = “ fi (Pp (p;), 


Ce ee ee 
i aq, oa on we ae (kv)? 


xXsink [q’ —q— v(t’ — t)) Phu; ; os hy (pi). (15) 
In these equations k; and ki are wave four-vec- 
tors with components k, i(k-v)/c and k, 
i(k-v’)/c respectively. 

The solution of these equations for time inter- 
vals which are larger than the correlation time, 
so that one can neglect the initial values of the 
functions g, can be written in the form 


e? 


kv, — ky; ‘ ; ; : 
a Ve ere aa, (¢— t’) —(v— v’)t] 


x us (fs /Opq-sq—vebr (9,0) Bde (16) 


with a corresponding expression for the second 
correlation function. When obtaining Eq. (16) we 
have used the fact that ujk; = y(k-v —k-v’). 

Using (16) to eliminate g from Eq. (10), we 
get the required relativistic transport equation in 
second approximation. It is the same in the non- 
relativistic approximation as Eq. (10.18) of 
Bogolyubov’s paper.° 

From the second-approximation transport equa- 
tion obtained here we can obtain the relativistic 
generalization of the well-known Landau equation. 
To do this we consider the case of a distribution 
function which varies so slowly in space-time that 
one can consider it to be constant over a region 
defined by the correlation radius and the corre- 
sponding correlation time. 

In that case we can drop in Eq. (16) the deriva- 
tives with respect to the coordinates, i.e., we can 
assume 


(Of1 / Opz)q+q—ve = Of: / Opi. 
Substituting the expression for g into Eq. (10), in- 
tegrating over qj, and assuming the function f, (qi) 


to be independent of qi we get the following trans- 
port equation 
(Reh Jaw 


The components of the &jz tensor are defined by 


af F) 


uj aq, ~ Op; ( Git (Pi, P (17) 


L. KLIMONTOVICH 


the equation 


Ht 5 (hui) 8(kju’) Pkdw. (18) 
— ow)? j 


We can write Eq. me in a different form 


Gi, = 2etN (unu’ Der 


$1 = kiky (Aju, 2d°kdw, 


= Se aE | 
where the A;(k, w) are the Fourier components 
of the 4-potential produced by the charged par- 
ticle in the independent-motion approximation. 
We can integrate over k and w in Eq. (18). 
If we use the fact that the tensor éjz is symmet- 
ric in uj and uj and that uj8jz=0 and ujSiz 
= 0, we need only find the trace of the tensor ¢éj] 
to determine the 87. As a result we get the fol- 
lowing equation 


By = Qne*N (uplln)*COL [(Upn)2c* — 1” 
x Sl owe (Unw;,)? ae 1} oy —c? (Uglty ~iae uu’) 


— C4 (Unu’) (ugu’, + ujur)}. (19) 


L= if dk/k is the Coulomb logarithm. 

Equation (17) is the same as the transport equa- 
tion obtained in Belyaev and Budker’s paper.’ 

It is often more convenient to use a transport 
equation for the usual distribution function 


F,(q, p, t). Taking into account the connection 


between f, and F, (see references 1 and 2) 
fi (Pp) = Fi(q, p, t)8(e—c V mec? + p®) mec*/e (20) 


substituting Eq. (20) into Eq. (17), and integrating 


over ¢€, we get the following equation 
OR OF, 
pei 

MOR Ce a(OF4 OF y roe A 

= ap, \ B20 {aps Fa — So Pah a on PO RRC 
In this equation 
ot kR,d (kv — kv’) 
bo = 2e4N Un n’ e a 3 — 

B ( U ) \ [w2 — kv]? LR, Un, Un | Y- (22) 


If one uses Eq. (9) of reference 1 instead of Eq. (1) 
for the random function Ngp(t), one can derive 
Kq. (21) directly. 

The relativistic Maxwell distribution, which for 
particles of constant mass can be written in the 


form 
fi (Gz, pi) = C8 (p: + myc?) €xp (piu: /«T), 


satisfies the transport Eq. (17). 
a normalizing factor, 


(23) 


E In Eq. (23) C is 
uj the average velocity four- 
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vector in the equilibrium state, and T the tempera- 
ture. 

When one substitutes (23) into Eq. (17), one must 
take into account the fact that kju; = 0 because of 
the equation of continuity, and that kjuj = kjuj = 0, 
because of the occurrence of the 6 functions in 
the expression for the tensor 6jj. 

In the system of coordinates in which the aver- 
age electron velocity vanishes Eq. (23) for the 
usual distribution function F(p) is of the form 


Fo (p) = Cexp{—cY mec? -- p* x1}, (24) 


The transport equation(17) which we have obtain- 
ed is incomplete even in the chosen approximation 
~ e*. This is due to the following facts. The deri- 
vation of Eq. (17) was based upon the use of Eq. 

(5), from which the variables characterizing the 
state of the electromagnetic field were completely 
eliminated. Indeed, in Eq. (5) we took only the re- 
tarded interaction between the particles into ac- 
count. 

We have seen that the transport equation ob- 
tained in this manner is not completely satisfac- 
tory, as it contains a divergent integral over the 
wave numbers, the “Coulomb” logarithm if dk/k. 

A similar situation arose also when the correspond- 
ing nonrelativistic Landau transport. equation was 
derived.’ 

The divergence difficulty was avoided in the 
nonrelativistic case by choosing an upper limit 
for the integral at large k~ 1/a, where a = e?/ 
mov’, and a lower limit at small k ~ 1/rq = kg, 
where rq is the Debye radius. In a paper by 
Temko? the integration domain at small k in the 
derivation of the Fokker-Planck equation for a 
plasma is limited because the Debye screening is 
taken into account. 

Both in this and in other cases, the interaction 
corresponding to small k < i/rq is neglected in 
the derivation of the transport equation, which 
therefore takes only the screened interaction be- 
tween the electrons in the plasma into account. 

It is, however, well known®’ that the screened 
interaction accounts for only a part of the inter- 
action energy of the electrons. The other part of 
the interaction, corresponding to small values of 
k, can be expressed in terms of the plasma oscil- 
lation variables. . To obtain the complete transport 
equation one must thus take into account the inter- 
action of non-equilibrium electrons with the plasma 
oscillations. One possible solution of this problem 
was considered by the author in reference 8. 

We saw that a similar situation also arises in 
the derivation of a relativistic transport equation. 
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This indicates that it is only possible to restrict 
oneself to taking retarded interactions between par- 
ticles into account in the wave-number range k 
>kg. It is thus impossible to eliminate the field 
variables completely. In order to choose the divid- 
ing value kg, one must consider a suitable expres- 
sion for the relativistic correlation function. 

To conclude the present section, we note another 
possible way to derive a relativistic transport equa- 
tion. One can use the fact that the interaction is 
weak to express approximately the second double- 
time distribution function which occurs in Eq. (7) 
in terms of the single-time distribution function. 

In that case one can reduce the problem not to the 
solution of Eqs. (14) and (15) for the double-time 
correlation functions, but to the solution of an 
equation for the single-time correlation function, 
which can also be obtained from Kq. (5). 


2. A RELATIVISTIC FOKKER-PLANCK TRANS- 
PORT EQUATION FOR A PLASMA WITH AC- 
COUNT OF THE EMISSION OF PLASMA 
WAVES 


One can consider the distribution of the charged 
particles in a plasma to be in equilibrium when 
fast particles pass through a plasma, provided the 
number of fast (non-equilibrium) charged par- 
ticles is small. The transport equation for the 
plasma is in that case the Fokker-Planck equation. 
One obtains it in the relativistic case from Eqs. 
(17) and (21) for the functions f, and Fy, by re- 
placing in these equations the functions dependent 
on the primed momenta by the corresponding ex- 
pressions for the equilibrium state. The relativ- 
istic Fokker-Planck transport equation for the 
function F, has thus, for instance, the following 
form 

OFy 


al (25) 


OF 0 OF 0 
+vs-= : P (AF). 


dq Sp, ° apy * Sp, 
The coefficients Dgg and Aq are defined by the 
expressions 


Das = \ 82a (P, p’') F (p') ap’, 


Ag=— \ d°p' Ba (p,p’') OF (p') / Ops, (26) 


where F)(p) is the relativistic Maxwell distri- 
bution (24), while the tensor 608 is defined by 
Eq. (22). 

We consider now briefly the derivation of the 
relativistic Fokker-Planck equation with account 
of diffusion processes and of the systematic friction 
processes caused by the excitation of plasma oscil- 
lations. 
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We turn to Eqs. (1) and (2). We expand the vec- 
tor potential in a Fourier series 


A; = V 4nc?/ V >) {AS (2) sinkq + A’ (R) cos kq}. 
k 


The equations for the Fourier coefficients have 
the form 


AY + wfAY = V Fe[Ve | Nap; coe ya Rap, j=l, 2. 
(27) 
We eliminate, as before, the vector potential 
from the equations for Ngjp;» but we do this now only 
for the components of the vector potential with 
wave numbers k>kg. The equation for the func- 
tion Ngjp; has in that case the form 


uiON x, | Oq; + — F i1t0N x, / Op: 
t 
“i \\ Lip {dQ!'u0N x,/Opi=0, x= (Gu Pid: 


—o 


(28) 


In Fjj we have here 


ae Vinesv V i As? (k) sin kq 


cos kq~ 
k<kg q 


The equation for AW) for k< kg is the same as 
Eq. (27). The tensor Ljj in Eq. (28) is again de- 
fined by Eq. (4) with this difference, that the do- 
main of integration is now restricted by the condi- 
tion k > kg. 

We consider first the case where the plasma 
is in a state of statistical equilibrium. We shall 
show that we can in that case approximately sepa- 
rate the equations describing the behavior of par- 
ticles with a screened interaction and the plasma 
oscillations. Such a kind of problem was consid- 
ered by Bohm and Pines in their well-known 
papers®" for a nonrelativistic plasma by a dif- 
ferent method. 

In an equilibrium state Nx, = Np; so that we 
can write Nx; = Np; + ONx;- Because we are deal- 
ing with a stationary and uniform case, the corre- 
sponding mean-square deviations depend only on 
coordinate and time differences, i.e., on di — qi. 

We substitute the expression Nx; = Np; 4B ONx; 
into Eq. (28). Taking into account the fact that in 
an equilibrium state Aj =0, Aj = 6Aj, Fix = OF jx 
we get for small deviations the following approxi- 
mate equation for 6Nx; 


u,O8N x | 09, + — FitiON p, | Op: 
t 
+ \\ Lu8N,;dO'u, AN, / Opi = 0. 


—oo 


(29) 


Using Eq. (29) we eliminate 6Nx; from the right- 


L. KLIMONTOVICH 


hand side of Eq. (27) for k< kg. The last term in 
Eq. (29) does not play any role here, as it contains 
only terms with k > kg. The equation for the Ai) 
becomes 


AY + O2 AY = 0. (30) 


The frequency Q, is different for different com- 
ponents of the vector AMD) and is determined from 
the corresponding dispersion relation for plasma 
oscillations. 

The equation for the change 6Nx; due to the 
screened interaction between the particles has the 
following form 

t 
u,03N .,/0q, + \ \ Li dN dQ!u, ON p, [| Op: = 0. 

We can thus under the given assumptions sepa- 
rate the motion of the particles with screened in- 
teractions and the electromagnetic oscillations in 
the plasma. 

We now consider non-equilibrium states in the 
system. The functions Nx. will consist of two 
parts corresponding to equilibrium and non-equi- 
librium parts of the plasma Nx; = nena? 


(31) 


£ Nees We shall assume that the deviation from 
equilibrium is small ayes <«K NSGae) so that 


we can neglect any correlation between the non- 
equilibrium particles in the plasma. 

The transition to equilibrium will in this case 
be determined by two factors, first the screened 
interaction between the non-equilibrium electrons 
and the equilibrium electrons in the plasma, and 
second the interaction with the plasma oscillations. 
The equation for NED which describes these 
processes has the following form 


uN Aq, + FitON ey” / Op; 


| Listes (NE PONE Op, 


—oo 


Ne MONG) apy do = 0. (32) 


Com 


4. 


The electromagnetic field tensor Fjz is deter- 
mined in this equation by the value of the four- 
dimensional potential of the plasma waves excited 
by the non-equilibrium electrons 


=e : De sink 
AP + BAP =F e\ unOrrO OOK pepatp. (33) 


i cos kq 
Equations (32) and (33) constitute also a set 
from which we can obtain transport equations for 
the first distribution functions for the charged par- - 
ticles and the field oscillators. The method of ob- 


A RELATIVISTIC TRANSPORT EQUATION FOR A PLASMA 


taining these equations is similar to the one given 
in reference 8. 

As in the foregoing, we restrict our considera- 
tions to the electrons in the plasma. The relativ- 
istic Fokker-Planck equation for the function F, 
differs then from Eq. (25) only through additional 
terms in the coefficients for the diffusion and for 
the systematic friction caused by the emission of 
plasma waves. We denote the corresponding extra 
terms by Dea and Abe) Each of them can 
be split into aro parts Dotenniiiod respectively by 
the emission of transverse and of longitudinal 
waves. 

The coefficients caused by the emission of 
transverse waves in an electron plasma differ 
from zero only if the plasma is in a decelerating 
medium. We do not consider this case here. The 
extra coefficients are thus completely determined 
by the emission of longitudinal plasma waves and 
are of the following form 


(em) ry T (R, 
Dap = he \ ay » — kv) ak, 
e teh Qi! 
Ag” — ral 27 8(Q) — kv) de. ee) 


Equations (34) differ from the corresponding 
nonrelativistic expressions, obtained in reference 
8, only in that now the plasma oscillation frequency 
is determined from the relativistic dispersion re- 
lation for longitudinal waves* 


panes | 


xT ow 


(uy 1 7)2F™ (p) ip, 


cgi CNS ace le k\ x, 
o—u,R/ ¥ 


7=1/V1—(@/e)? 


(v/c)°. 


We consider now the limiting expressions for 
the coefficients for the diffusion and systematic 
friction. We find in the nonrelativistic approxi- 
mation for the case of fast non-equilibrium par- 
ticles (v > VKT/m ) from Eq. (26) the following 
expressions 


Cru r 2 
is d ‘ Pane 
Av A= 0) |A: = zs In “0; viz, oe. 
209 rd 
Deg'= 09> «for a= Ot Dy Aaa i 


De Og ree gee : (35) 
Ze 2u a 
; 5 ‘ (em) d 
The corresponding expressions for Dg an 
nem) found from Eqs. (34) are of the form (com- 


pare with references 10 and 11) 


*One must take u/y instead of yu in the dispersion rela- 
tions derived in Sec. 4 of reference 1. 
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rq,’ 
Z 2a? 
De = De (36) 


In the ultrarelativistic case, when the velocity 
of the non-equilibrium particles is close to that of 
light but the electron temperature is kT « m,c?, 
the equations for the coefficients are the same as 
Eqs. (35) and (36), provided one replaces in them 


v by c. For the coefficients of the systematic 
friction we have, for instance, 
yoga tO aa (Cc a 
2 Cc Ge 2 Ce rg 


It is clear from the expressions given here that 
the total coefficients of the systematic friction and 
of diffusion along the direction of motion are inde- 
pendent of the choice of kg = 1/rg. In the ultra- 
relativistic approximation we get, for instance, 
the following expressions 


(enyas 7 ee 
Az + AP = aa 6 


Dip xTin—, Scan, 


Ne 


One can easily obtain also the expressions for the 
coefficients for the case KT > myc’. 

It follows from the formulae obtained here that 
taking the emission of plasma waves into account 
leads only to a slight change in the expressions 
under the logarithm sign. This consideration of 
the emission of plasma waves, done here, does 
therefore not lead to any essential change in the 
relaxation time. We must, finally, bear in mind 
that the results obtained here refer to that case 
where the number of non-equilibrium electrons 
is small and where the main plasma is in an equi- 
librium state. 

We considered in reference 8, in connection 
with a discussion of Langmuir’s paradox, an ex- 
ample where these conditions were not satisfied, 
i.e., where the initial state of the whole system 
was essentially non-equilibrium. It then turned 
out that, for instance, the transfer of energy of 
the electrons in the beam to the electrons in the 
plasma takes place over a time interval appre- 
ciably shorter than the relaxation time determined 
by the processes considered in the foregoing. The 
derivation of a transport equation for this case is 
a separate problem. 

It is also of interest to use the chain of relativ- 
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istic equations for the distribution functions ob- 
tained in the present paper to obtain transport 
equations when there are external fields present 
and for a basis for the hydrodynamic approxima- 
tion. 

Some of the questions mentioned in the above 
will be considered in the future. 

I use this opportunity to express my gratitude 
to Academician N. N. Bogolyubov for his interest 
in the present paper and for discussing the results 
obtained. 
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Quadrupole relaxation of nuclear spins of diamagnetic atoms in liquids is treated theoretic- 
ally. The calculations are made on the assumption that the thermal motion of the liquid par- 
ticles is a free translational diffusion. This assumption is valid for metal and salt melts and 
for weakly solvated ions in electrolyte solutions. It is found that To 1 n/T (n is the viscos- 
ity of the liquid) which is in good agreement with the measurements of T) 1 for the nuclear 
spin of I!27 in aqueous solutions of NaI and KI salts. 


1. INTRODUCTION 


One of the reasons for the lack of a complete 
theory of liquids and of liquid solutions is our poor 
knowledge of the potential of interaction between 
the particles of a liquid, particularly at small dis- 
tances. Therefore, it is difficult to obtain unambig- 
uous results on structure and on the motion of par- 
ticles in a liquid from a comparison of the physical 
properties of the liquid with a theory which utilizes 
an approximate interaction potential. 

However, if we study liquids by the method of 
magnetic resonance, the potential of the interaction 
between the magnetic moments of the particles can 
be determined quite accurately. Therefore, ina 
comparison between theory and experiment the only 
unknowns are the data on the structure of the liquid 
and the constants which characterize the motion of 
its particles (the diffusion coefficient or the cor- 
relation time). Investigations carried out during 
the last few years by the method of magnetic reso- 
nance have demonstrated the great promise of this 
method, particularly for the investigation of the 
structure of a liquid and of the nature of motion of 
its particles. In the first place a study was made 
of homogeneous diamagnetic liquids (water). It 
was shown that the magnetic resonance line in 
water is narrowed as a result of the influence of 
thermal motion: the thermal motion averages out 
the magnetic fields with which the magnetic par- 
ticles act on one another, and this leads to line 
narrowing.! Considerable progress was made in 
the study by the nuclear magnetic resonance method 
of internally hindered rotations of molecules in 
solid molecular substances. Later studies were 
extended to solutions of diamagnetic and paramag- 
netic salts in various solvents. It turned out that 


the shape and the width of the magnetic-resonance 
line due to paramagnetic ions dissolved in a dilute 
solution depend primarily on the structure of the 
complex formed by the ion and the molecules of 
the solvent, and on the nature of motion of the par- 
ticles of this complex.”*? The same situation was 
also observed in solutions of some diamagnetic 
ions whose nuclei possess large quadrupole mo- 
ments.‘ It became clear from this work that the 
dissolved ions can play the role of probes which 
are very convenient for the study of the nature of 
thermal motion and of structure in electrolyte so- 
lutions. It is obvious that this conclusion also ap- 
plies fully to liquid melts of metals (alloys) and 
of salts. 

However, the number of experimental investi- 
gations of solutions of electrolytes and ionic liquids 
(metal and salt melts) carried out by the magnetic 
resonance method is so far comparatively small. 
The reason for this lies partly in the lack of a the- 
ory which would enable one to interpret the experi- 
mental results unambiguously. Such a theory must, 
by starting with a specific model of the liquid, pre- 
dict the line shape and its behavior as a function of 
the temperature, the external field etc. First at- 
tempts of this kind were the investigations of 
McConnell?’ and McGarvey.° They based their work 
on a model which assumes the existence in a solu- 
tion of a paramagnetic salt of a stable solvated 
complex, and they investigated the contribution to 
the width of the electron resonance line made by 
the random rotation of the complex. They consid- 
ered the complex to be a rigid microcrystal. Com- 
parison with experiment showed that such a mech- 
anism for the broadening of the resonance line 
turns out to be the principal one only in rare cases. 
In a joint paper by Al’tshuler and the present au- 
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thor® it is shown that in solutions of paramagnetic 
electrolytes the principal mechanism of line broad- 
ening is the interaction of the electron spin of the 
ion with the internal thermal vibrations of the 
solvated complex ion.’ A theory based on a simi- 
lar line-broadening mechanism turned out to be 
justified also in the case of nuclear magnetic reso- 
nance lines of diamagnetic ions whose nuclei pos- 
sess an electric quadrupole moment, under the 
condition that the ions form stable solvated com- 
plexes in water.’ 

In this paper we investigate the theory of the 
width of nuclear magnetic-resonance lines in 
liquids in which the atoms under investigation 
have a quadrupole moment and do not form stable 
complexes with other particles of the liquid. This 
assumption is applicable, for example, to the quad- 
rupole relaxation of nuclear spins of halogen ions 
in aqueous solutions of electrolytes, since, as is 
well known from physical-chemistry studies, the 
halogen ions do not form stable associations 
(complexes ) with the molecules of the solvent. 
With certain limitations, a molecule of water may 
be represented by a point charge; the choice of the 
value of the effective charge of the molecule will 
affect the value of the calculated line width, leaving 
unaltered the physically important dependence of 
the line width on the temperature and on the nature 
of the thermal motion of the particles. A similar 
situation also exists in the case of alloys of metals 
and ionic salts, and in these cases the charge 
(ionic ) model of the liquid is quite accurate. On 
the basis of the foregoing we assume that the ther- 
mal motion of the particles of the liquid represents 
free translational diffusion. This assumption will 
be justified best of all in the case of liquids at 
temperatures considerably above their melting 
point. Near the melting point microcrystals can 
exist in the melt; the quadrupole relaxation of nu- 
clear spins in these microcrystals will evidently 
be determined by random rotation or by internal 
vibrations. These mechanisms are similar to those 
studied by us in reference 4. 

We now elucidate the essence of the relaxation 
mechanism under consideration at present. 

We single out of the bulk of the liquid one ion 
whose nucleus has an electric quadrupole moment. 
The other particles, regarded as point charges 
and occupying, generally speaking, random posi- 
tions with respect to the singled-out ion, will give 
rise at its nucleus to a resultant inhomogeneous 
field E. Due to diffusion the relative position of 
the particles will change; this will lead to random 
variations of the electric field E with time. By 
acting on the quadrupole moment of the nucleus 
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the field E can affect its spin. Random shifts of 
the energy sublevels of the nuclear spin will re- 
sult from this interaction, and this will give rise 
to secular broadening of the resonance line and to 
broadening due to relaxation transitions between 
the sublevels. 


2. THE METHOD OF CALCULATION 


The Hamiltonian for a system of spins of nuclei 
possessing quadrupole moments has the following 
form in a strong magnetic field 


A = —ByH, y+ A’. (1) 

Z 
The energy of the internal interactions H’ isa 
small perturbation compared to the Zeeman energy 
of the spins; in our problem it represents the en- 
ergy of the nuclear quadrupole moments in the elec- 
tric fields due to the surrounding particles. 

If we neglect the thermal motion of the particles 
of the system, then the broadening of the resonance 
line caused by the perturbation H’ can be calculated 
in the following manner. The (secular) part of H’ 
diagonal with respect to the spin of the particle 
under consideration will result in a displacement 
of the spin levels of this particle. For a system 
containing a large number of particles such dis- 
placements will form a continuum giving a line of 
a certain width Aw which can be evaluated by 
means of the formulas:! 


<Aw*> = Ty? =h-?<| Hmm |?>- (2) 


The averaging indicated by the angular brackets 
is taken over the space and the spin variables. 

We now must take into account the effect on the 
line width of the thermal motion of the particles. 
In our problem the thermal motion of the particles 
represents a translational diffusion. Since diffusion 
is a random process the matrix element Him 
which depends on the spatial coordinates of the par- 
ticles of the system will be a random function of 
the time. The square of the matrix element Hym 
can be represented in the form of the Fourier in- 


tegral 
+00 


«| Hine (#)P> = \ Imm (0) do, (3) 


where Jmm(w) is a function describing the fre- 
quency spectrum of the perturbation. According 
to the theory of random processes, the spectral 
function Jmm(w) is determined by the correla- 
tion function gym(T): 

+oo 
Jaye \ e~tetg (2) de, 


Emam (t) = Qiam <H mn (t +) Hmm (t)>. 


iG =< Hones ee (4): 


(5) 
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We shall evaluate the quantity ese » which charac- 
terizes the secular line broadening, by means of 
the formula! 


{Bie mae RJD mm (0), (6) 


_ which is sufficiently accurate when rapid motion 
occurs in the system. 

The exponential function exp(—7t/rTQ) is often 
adopted for the correlation function Zmm(T)- 
However, in those cases when the distribution den- 
sity U(q ,q) of the spatial coordinates q of the 
system is known, the function g(t) can be calcu- 
lated directly. Our case is just of this kind. Hinm 
depends on the radius vector Ra (Ra; 9a; Ga) 
from the center of mass of the nucleus under con- 
sideration to the charge ea. The distance Ra 
varies as a result of the process of diffusion, and 
therefore the distribution U(R A) is a solution 
of the free translational diffusion equation’ 


U(Ra, ts Ra, 0) = ge |e" D) g, (ARa) 7 (ERY) 
0 


x YT (8, 9) ¥7" (8, 99) Rdk, (7) 


i (x) = (2m) i’ Tigsy, (x) (VX, (8) 
D =kT/6rna is the diffusion constant, a is the 
ionic radius. 

The function U is equal to the probability den- 
sity of finding the charge e, at the instant of time 
T within the volume dv, atadistance Ra from 
the nucleus under consideration if at zero time it 
was at a distance R4 from the nucleus within the 
element of volume dv). In (7) the solution of the 
diffusion equation is written in the form of an ex- 
pansion in terms of spherical harmonics, which 
is convenient for the subsequent averaging. 

In place of (5) we now have 


Simm (=) = Qink, \ Hmm (9) Hmm (Go) U (9, 40) dadq. (9) 


The matrix elements nondiagonal with respect 
to spin Hipm’; |m—m’| #0 give rise to an addi- 
tional non-secular line broadening due to the de- 
crease in the lifetime of the spin in a given state 
due to relaxation transitions between different 


states. The probability of these transitions is 
determined by the formula! 
ner , ; 
Oe) eed mae) = zie \ exp (— 1mm’ t) g (t) de, 
—oo (10) 


and the corresponding relaxation time by the for- 
mula® 


BS} Ca Epis 41d) 
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Pye = (21 411) D) wre Bi — Ex) / 
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3. THE ENERGY OF THE QUADRUPOLE MO- 
MENT OF A NUCLEUS IN THE FIELD OF 
A POINT CHARGE 


The energy of the quadrupole moment of a nu- 
cleus in an inhomogeneous electric field produced 
by external charges can be represented in the form 
of the scalar product of the electric quadrupole mo- 
ment tensor for the nucleus Dj, and the electric 
field gradient tensor at the nucleus? 

H'= >\~ Dix (VE)", 


Ginle 


(VE) = 0o/Ox;Ox,. (12) 

In the representation in which I? and I, are 
diagonal the five independent components of the 
tensor Dj, are quadratic functions of the compo- 
nents of the nuclear spin 


Do= = C3lz—I(I4+1)), Du =—C le}, 


Dare sCle, any er 


LAGS Tolg ss LI, CES CO TOE), (13) 


We choose the origin of the laboratory system 
xyz at the center of mass of the nucleus under con- 
sideration, and we direct the z axis along the ex- 
ternal magnetic field. We denote by Ra (Ra, 6,4, 
ya) the radius vector of the charge e,. In spher- 
ical polar coordinates, the components of the ten- 
sor ( VE)ik can be written in the form. 


(VE) =3Y/ 2D eaRAVE(pa, Ya), 
(VE)= = > eaRaYs’ (84,4), 
aay /-fe > éaRa en (94, Oa). 


We ean easily evaluate the non-zero matrix ele- 
ments of the operator for the quadrupole energy of 
the nucleus (12) 


fie — V Bea + 7) (3m? — I (I “Lb 


(VE)= (14) 


1) Y eaRa Ys 


wl jeaRa Yo, (15) 
A 
Hin. mar = VY 7g C(L+ 1) Uelaln DeaRavar 
= ae mt >) CARA Ys (16) 
if eee ee Wane Hy IRN ee ie mR vo 
= Am, Pepe Ye is (17) 


The factors 1+y have been introduced into (15) 

and (16) to take into account the effect called anti- 
shielding, which consists of an enhancement of the 
fields produced at the nucleus by charges external 
to the ion containing the given nucleus as a result 
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of the deformation of the electron shells of the ion. 
The numerical values of |y| have been calculated 
theoretically for most ions having a nuclear quad- 
rupole moment.!° 


4. THE CORRELATION FUNCTION 


We now evaluate the correlation function for 
the matrix elements (15) — (17). The coordinate 
part of the matrix elements (15) — (17) coincides 
with the coordinate part of the matrix elements 
of the energy operator for spin-spin interaction. 
The correlation function for the latter defined by 
(5) and (9) has been evaluated by Skrotskii and 
Kokin.’ They obtained the following result: 


CO: 


Emm (Pp) = g(p)= =| A ate (as — cos hy <0x,- (LS) 
0 


where p=17/Tg, To = 2a7/D; however, they did 
not carry out the further evaluation of the integral. 
The integral (18) can be evaluated by differenti- 
ating it with respect to the parameter p: 
g,(p) = — =\ e—P# (as — cos x) dx. (19) 
The resulting integral can be easily evaluated by 
means of breaking it up into parts: 


ge) = — a Pe) poe ey 


(20) 
The correlation function (18) can now be rewritten 
p 
3 
cn as 1s (p— VP 
gO =— se \2p Cet) 
+ pp (e—/P +. 1)) dp + const, (21) 


the integration constant is determined from the 
condition g(~) = 0. 

On carrying out the integration required in (21) 
we obtain the final form of the correlation function 
for the matrix elements (15) — (17): 


3 T "8 1 1 1 1 1 
g (p) = a pe Pe Sica: Oe eae 


+3 pel —e-v) |; (22) 
it is normalized to the values g(0) =1 and g(~) 
= 0; (x) is the error function. 

It is appropriate to make a few remarks on the 
form of the function g(p). As can be seen from 
(22) and from the figure, the function g(p) differs 
appreciably from exp(—p). Yet the exponential 
function is often chosen for the correlation function 
for quite different random processes perturbed by 
different motions. Such a choice is dictated both 
by a desire for simplicity of calculation, and also 
apparently by the widespread opinion that the ex- 
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a— graph of the func- 
tion exp(—p), b— graph 
of the function (22). a 


OS 


b 


Oar 05.07 1 2 dp 


ponential form of the correlation function neces- 
sarily follows from the Markov character of the 
process. We see that although the diffusion proc- 
ess is a Markov process, the correlation function 
obtained by us does not have an exponential form. 
There is no doubt that the simplification of the 
correlation function to exponential form introduces 
a definite error into the results as has been spe- 
cifically established, in particular, by Skrotskii 
and Kokin.’ 


5. THE RELAXATION TIMES T, AND T, 


We evaluate the normalized spectral densities 
of the matrix elements in accordance with (2), (10), 
and (22). The correlation function can now be con- 
veniently written in the form 
co 
\ [2x2 (1 — e-/*) — xh (1-Le-/*)] dx; (23) 
p 
and with this definition the constant of integration 
will be equal to zero. We denote the normalized 
spectral density by 


co fev) co 
ao 


j(®) = \ CO (oe Xe \ cos ap dp\ [2x42 (1 —e-"*) 


1, © 
n/t 
ee 0 D 


3 
2Va 


g(p)= 


—x—h(1 + e—*)] dx, (24) 


where 


awe O = 1hO,, K=im—m'|, 

®, is the nuclear spin precession frequency. The 
integral (24) can be evaluated by changing the order 
of integration: 


3%, ° 1 > 
a \ [2x'/2 (1 — e"/*) — xh (1 + e-*)] dx\ cos ap dp 


6 0 


x 


j(o) = 


== 3t, [(z ®— 22°°)+-e-* cosz (2° 4 424 4 2z55) 


- -é-* sin 2 (z *—"227))) 
where 


(25) 


Za (2a)'/2 = (2hergt,)'2. 


Expansions of the function (25) in the limiting 
cases z<1 (rapid motion) and z>1 (slow 
motion) are given in reference 7. 


THEORY OF QUADRUPOLE RELAXATION OF NUCLEAR SPINS IN LIQUIDS 887 


ye 2, eee 

j (hoo) = =* (1 —5 V 2hwpte / 12) for z<1, 

A oN .. 2t, 8 15 ae 

J (A@o) = “5 | 220 3 aah — 8) 9) (2hw9t-)—"2 for z> 1]. 
(26) 


We can easily obtain the averaged squares of the 
matrix elements 


Qiam = <| Hinm’ (0) |?) = | Amm |? (N/V) (e 


since 


2/240), (27) 


adios 
A 


In a liquid the condition z «1 is practically al- 
ways fulfilled. In this case we obtain for the re- 
laxation time T, 


|¥2 |2> = N/(24a°V). 


et OH 3m? —T +12 N te 
Ts = 58 feeaQ (1+ 4)? | Tl —1) Nrgercs 


(28) 
The factor contining the spins is equal to 1 and 
0.56 for spins 4 and / respectively. 
Under the condition z «1 the probabilities of 
relaxation transitions are equal to: 


Leseis w (*/o, */2) = W(—*/2, —%/2) = 12U, 

w (*/2, —*/2) = (Yo, —*/2) =12U, (29) 
=e w (*/2, */2) = w(—*/2, —*/2) = 80U, 

w (3/2, 1/2) = w(—"/2, —3/2) = 32U. 

w (P/2, */2) = W(—*/2, —*/2) = 40U, 

wW(F/o, —*/2) = W(?/2, — 8/2) = 72U, (30) 


U = 2x (1/1508?) (ee4@ (1 + y)/I (21 — 1)? Nz,/V (2a). (31) 


By utilizing formula (11) and the probabilities (29) 
and (30), we find that the relaxation time T, for 
spins % and % is, respectively, 


Trt = SR (eeaQ(1 +1)? (N/V) t/80", 


AGT 5-2 (ee,Q (1 +)? (N/V) ,/8a’. 


1875 62) 


= 


6. AQUEOUS SOLUTIONS OF ELECTROLYTES 


We have investigated the quadrupole relaxation 
of nuclear spins in diamagnetic solutions of elec- 
trolytes in reference 4, where we used as our 
basis the assumption that around ions in solution 
stable hydrated (solvated) complexes are formed 
consisting of molecules of the solvent, or of mole- 
cules of the solvent together with ions of the elec- 
trolyte dissociated in the solution. For aqueous 
complexes of Al*+ and Ga** ions, which form 
stable hydrated complexes in solution, we obtain 
good agreement between the calculated and the 


measured values of the width of resonance lines. 
For I°, Br’, Na* ions the measured line widths 
do not agree with those calculated on the assump- 
tion of the existence of a stable complex. This is 
apparently associated with the fact that the life- 
times of the hydrated complexes of the I, Br’, 
Na* ions are shorter than the relaxation times T, 
(or T,) calculated by us for these ions, while the 
complexes of the Al?* and Ga** ions live longer 
than the lattice relaxation times of their nuclear 
spins (107‘ sec). It is natural to assume that the 
I’, Br’, Na” ions do not form stable complexes 
at all in aqueous solution (this also follows from 
investigations in physical chemistry), and that the 
relative motion of the molecules of the solvent and 
of the ions of the dissociated electrolyte repre- 
sents free translational diffusion. Then in order 
to determine the line widths and the spin-lattice 
relaxation times for the I-, Br~, Na* ions (and 
for other non-solvated ions) we can utilize for- 
mulas (28) and (32). 

Let us calculate Tz! for I7 ions in aqueous 
solution. The antishielding coefficient 1+y for 
the I” ion is equal to? 179.85, the nuclear con- 
stants for the I?’ isotope are: spin equal to %s 
and quadrupole moment @=0.7b. Instead of 2a 
one should now naturally take the sum of the radii 
of the I” ion and of the water molecule 2a = ry- 
+ rH,O = 2.16 + 1.45 = 3.61 A. Moreover, the gts 
fusion coefficient for water at 23°C is equal to!4 
2x 105) so that T¢.= 2a2/D = Bil 0c *iseca The 
number of particles per unit volume is equal to 
N/V = 3 x 1022. We shall determine the effective 
charge of the water molecules later by means of 
comparison with experiment. On substituting the 
above values of the constants into (28) we obtain 


Tz) = 6.9-105 (e,/e)?. (33) 


Itoh and Yamagata’* have investigated the variation 
of Tz! for the nuclear spins of the I” ions in 
aqueous solution. They found that the dependence 
of THe on the temperature has a close resem- 
blance to the temperature dependence of the ratio 
n/T for any given solution. Formula (28) predicts 
just such a dependence 


Te = (12a3x/k) y/T, Tana ic Ui te (34) 
Further, the isothermals of the quantity Tz 1 must 
be proportional to the viscosity of the solution: 

Tz; ~%- (35) 


Itoh and Yamagata” have studied the dependence of 
Tz! on the concentration of the solution, and this 
dependence has turned out to be considerable in a 
solution of NaI and not very great in solutions of 
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KI. At first glance formula (28) does not show any 
dependence on the concentration of the solution. 
However, the viscosity of the liquid depends on the 
concentration of the solution: the experimentally 
observed dependence of Tz! on the concentration 
agrees closely with the dependence of the viscosity 
on the concentration in accordance with (35). 

We now turn to formula (33) and determine the 
effective charge of the water molecule. On substi- 
tuting the value of T;!=7 x 10? sec”! obtained™ 
for 23°C and extrapolated to infinite dilution we get 


(36) 


en — OM et 


As may be seen, the effective charge of the water 
molecule obtained from the study of quadrupole re- 
laxation in non-associated solutions is even some- 
what smaller than the usually adopted values ~ 0.5e. 

An exact calculation of Tz! taking into account 
the dipole nature of the water molecules and their 
rotational motion will be given by us elsewhere. 

In concluding this section we note the following. 
In the presence of a stable solvated (hydrated ) 
ionic shell the relaxation of nuclear spin proceeds 
by means of the interaction of the quadrupole mo- 
ment of the nucleus with the normal vibrations of 
the complex; in this case the temperature depend- 
ence of the width of the resonance line is deter- 
mined by the equation®*4 


Dpeal 2 COU, (0,7) 22D), (37) 


where w, is the frequency of the characteristic 
vibrations of the complex which amounts to (4 to 
16) x 10!3 sec7!. Relation (37) was verified by the 
study of the widths of electron resonance lines for 
a whole series of paramagnetic ions which form 
stable complexes in solution;? so far there have 
been no experiments on the study of the tempera- 
ture dependence of the widths of nuclear magnetic 
resonance lines of diamagnetic ions solvated in 
solution. On the other hand, if an ion does not 
form a stable solvated complex, and the motion of 
the neighboring particles consists of free diffusion, 
then relation (34) must be satisfied. A comparison 
of (34) and (37) shows that a study of the tempera- 
ture dependence of Tz 1 can yield a completely un- 
ambiguous determination of the occurrence of com- 
plex formation in solution. 


7. MELTS OF METALS 


In metallic crystals having a cubic structure 
the energy of the nuclear quadrupole moment is 
equal to zero, and the principal role in the spin re- 
laxation of the nuclei is played by their interaction 
with the conduction electrons and among themselves: 


Ka Ave VATIE.Y, 


the spin-lattice relaxation (the relaxation time T,) 
is determined by the interaction with the conduction 
electrons, while the line width (the relaxation time 
T,) is determined by the magnetic interaction of 
the nuclei among themselves.'*!4 A result of this 
is the inequality T, = T,. As a crystal is heated 
various lattice defects are produced: the cubic 
structure of the lattice is destroyed, and this re- 
sults in the appearance of quadrupole broadening 
of magnetic resonance lines which has been experi- 
mentally established for Al?" nuclei in metallic 
aluminum." If the structure of the crystal has 
symmetry lower than cubic (for example, in gal- 
lium ), then quadrupole effects occur even in a 
perfect lattice without any defects. 

Thus, from experiments on magnetic resonance 
in metals it follows that the quadrupole energy of 
nuclei is due primarily to the electric fields pro- 
duced by ionic cores in the metal lattice; the elec- 
tric fields at the nuclei due to the conduction elec- 
trons have symmetry close to spherical, which is 
characteristic of S-state electrons, and as a re- 
sult of their high symmetry cannot produce quad- 
rupole splitting of the nuclear spin energy levels. 
Apparently, basically the same situation also ex- 
ists in a metallic melt. But since in a melt the 
instantaneous configurations of the ion positions 
which vary with time do not have any symmetry, 
the fields produced at the nuclei are, gener- 
ally speaking, different from zero, and give rise 
to relaxation effects, whose magnitude may be 
computed from formulas (28) and (32). 

A calculation which we have made for Li and 
Na yielded values of T,; and T, greater than 
the experimentally observed ones.’® The Li®, Li’, 
and Na?? nuclei have small quadrupole moments 
and, therefore, the quadrupole effects are small. 
Al?” has a somewhat larger quadrupole moment. 
The relaxation time calculated with the aid of (28) 
is T, (Al2") = 3x 107? sec, which also exceeds 
the experimentally found value!4 T, = Ty = 2.1 
x 1073 sec by a factor of ~15. (For the evaluation 
of T, (Al?") the following values of the constants 
were adopted: e AW @, i.e., it was assumed that 
the Al ions in the melt are singly charged; the 
metallic radius of the Al atom a=1.4A, I=%, 
Q = 0.156 b, N/V = 10%; D=2 107% sand 7; 
= 2a*/D = 107!! sec, 1+y = 3.59. The value of 
1+y which we have utilized was calculated’? for 
the Al®* ion: for a singly charged ion the value of 
1+y will probably be greater, since the anti- 
shielding effect is associated with the deformabil- 
ity of the electron shell of the atom.) 

Our results show that in lithium, sodium, and 
aluminum melts the quadrupole relaxation of nu- 
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clear spins plays a subordinate role; other mech- 
anisms predominate. However, in an aluminum 
melt, so far as we can judge from our calculations, 
the rate of quadrupole relaxation of nuclei differs 
from the rate of relaxation due to the dominant 
mechanism by a factor of ~10. We can expect that 
in the case of metals having a quadrupole moment 
of ~1b, quadrupole relaxation will give a contri- 
bution comparable to the contribution of the mech- 
anisms predominant in Li, Na, Al, and will possi- 
bly become dominant. It should be noted that the 
antishielding effects, on which the rate of quadru- 
pole relaxation depends in a large measure, are 
quite insignificant for the Li*, Na*, and Al* ions. 
For ions which are isoelectronic with the inert 
gases the antishielding coefficient |y| increases 


as the number of the electrons in the ion increases: 


for the series of ions Na*, K*, Rb*, Cs* the val- 
ues of y are equal to 4.53, 12.84, 49.3, and 110 
respectively.!° This shows that quadrupole effects 
will be large for heavy atoms. For example, me- 
tallic indium is convenient for carrying out experi- 
ments: it has a relatively low melting point and a 
large quadrupole moment (for the isotope In! 
I=% and Q=1.16b). We can assume that the 
antishielding effects will also be large for the In 
ion; according to Rhoderick’s estimates!® made 

on the basis of an experiment in a mixed single 
crystal of InSb, y (In) = 1000. 


8. MELTS OF IONIC SALTS 


Formulas (28) and (32) which we have obtained 
may be found applicable to interpreting widths of 
resonance lines and the spin-lattice relaxation 
time of nuclear spins in melts of salts, for exam- 
ple, of the NaCl type. The new feature which has 
to be taken intc account in discussing melts of 
salts as compared to melts of metals and solutions 


of electrolytes consists of the difference in the sign 


of the charges of the ions composing the melt. This 
means that ions of different sign can appear near 
the ion under consideration as a result of the proc- 
ess of diffusion; this circumstance will in some 
way affect the relaxation times T, and T., and 
this, generally speaking, can be taken into account 
by introducing a certain factor into the right hand 
side of (28) and (32). The functional dependence of 


T, and T, on the temperature and on the viscosity 


expressed by (34) and (35) will remain valid. 

We now estimate the order of magnitude of the 
factors in (28) and (32). X-ray investigations show 
the existence in liquids of a sharply pronounced 
short-range order with atomic configurations cor- 
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responding to close packing.!” On the basis of this 
we can assume that atoms which are the nearest 
neighbors of the ion under consideration have a 
configuration corresponding to one of the close 
packed configurations, for example, octahedral. 

If we assume that all the atoms of this octahedron 
have charges of the same magnitude and of the 
same sign, then the field gradient VE at the center 
of the octahedron will be due only to the displace- 
ments of the atoms from their equilibrium posi- 
tions in the octahedron, the magnitude of the com- 
ponents will be given by VE ~ eaa “Qj, where a 
is the equilibrium distance between the atoms, Qj 
are linear combinations of the displacements of 
the atoms from their equilibrium positions in the 
octahedron, a + 3A; the magnitude of Qj can 

be estimated" from the width of the first maximum 
of the radial distribution function of the particles 
in the liquid: Q; ~ 0.5A. 

On the other hand, let us assume that in the 
process of diffusion either ions with charges of 
different sign or vacancies have appeared in the 
neighborhood of the ion under consideration. Then, 
as a simple calculation shows, the components of 
the tensor VE differ from zero even in the case 
of the correct atomic configuration; the magnitude 
of the components is given by VE~ ega™®. It is 
clear that the ratio of the gradients in the second 
and in the first case is equal to a/Q; ~ 6, while 
the ratio of the magnitudes of Tz! amounts to 
~ 36. Consequently, in a salt melt, if we admit 
the possibility of formation of coordination spheres 
for the ions consisting of particles of charges of 
different sign, the magnitude of ita. increases by 
a factor of 10 to 100 and attains a value of ~ 10° 
sec’! (~100 oe). Such an estimate of the width 
agrees with the result of Flynk and Seymour: 
in a melt of bismuth iodide these authors were 
unable to observe the nuclear resonance of Bi? 
(I= Tp. Q=0.4b), even though their spectro- 
scope permitted them to observe lines of width 
up to 40 oe. 
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The analogy between the weak and the electromagnetic interactions is presented in such a way 
that the electric current and the charged currents in the weak interaction are obtained from a 
single symmetrical expression which involves the operators $+7 and 1+ ys after the re- 
quirements of conservation of the electric, leptonic, and baryonic charges and of vanishing 

of the photon mass are imposed. A definite “chirality” is ascribed to particles of half-integral 
spin, which is conserved in weak interactions. Doublets of “bare” Fermi particles in the weak 
and electromagnetic interactions are classified in terms of the values of the electric charge, 
the leptonic or baryonic charge, and the chirality. 


hire hypothesis of Gershtein and Zel’dovich! 
and of Feynman and Gell-Mann,? that there is 
conservation of the vector current in weak 
interactions, indicates the existence of a 

deep analogy between the weak and the elec- 
tromagnetic interactions. A concrete formula- 
tion of this analogy is proposed in the present 
paper. Together with the requirements of con- 
servation of electric, leptonic, and baryonic 
charges and of chirality, this makes it pos- 
sible to set up a complete expression for the 
weak current of the “bare” particles, which 

is in qualitative agreement with all available 
experimental data on the decays of ordinary 
and strange particles. 

In what follows we use the hypothesis that 
there are two isotopic leptonic doublets (v,e") 
and (v,y7);? the isospins of all baryons are 
assumed to be equal to 4, in accordance with 
Gell-Mann’s hypothesis of global symmetry.‘ 
When the hyperons are included in the treat- 
ment the table of the properties of fermions 
that was presented earlier’ takes a new form* 
(see Table I). Here letters with the tilde de- 
note antiparticles; 7, n, e are the leptonic, 
baryonic, and electric charges, 


Yo = 2h (A® — X), Z° = 2-2 (A® +. 29), (1) 


y; is the chirality in weak interactions;*"' the new 
strangeness S’ of a particle is calculated by the 
formula 

e=I1,+3/,(l/+n-+S’). 


*For antiparticles the signs of all numerical entries in the 
table are changed. 


TABLE I 

16 u n e Ys Ss’ 
e — is Ite] Ot AO 
v1 TA eh ONL Oh sea te 10); 
p. SS SU AO see) | ep 
V2 kee || a! OP Opes |) 
p we Ole et eet O> 
n S58 OE) Wyeast — © 
Yo wy ON Gil yl | SS ts 
Sr —})s Oi) Seay LO 
Z9 Ly Ol a Oleh) Se 
= allie Oey aye || Sp 
ao ty CH Se eel eee 
=o satis Olea) Olea 2 


Table I shows that definite chiralities are as- 
signed to all fermions except the neutral hyperons 
A and 2°; their chiralities can be +1, depending 
on whether they occur in the Z or the Y doublet:* 


p a Zo a =0 
we(t), ve(m), Ze(s), B=(2). 
(2) 
We shall take as the primary weak processes 
the interactions of the weak currents with charged 
vector mesons X#.? 
Then the Hamiltonians of the electromagnetic 
and weak interactions can be written in the form 


HO = ej? Ay, (3) 
a + (+) yt 
FS ONAN ak Se ee ae 
ip <= Cale ae (4) 
*The chirality of a particle indicates whether the wave 
function of the particle appears in the weak current with the 


factor 1+y, or 1~y;, and accordingly corresponds to the 
eigenvalues y, = +1. 
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where e is the charge of the electron; g; ~ otf? 
and g is the constant of the Fermi interaction. 
We now assume that all three currents j®, j™, 
and j©) have the same isotopic structure.* Since 
for all fermions the electric current j® has a 
structure of the form B/2+7Tz, the correspond- 
ing structure of the weak currents must have the 
form 


T= (Bie <.) andy —(B/2 eee 


Here the operator B is defined by B=/+n 
StS ae 

The correct expression for the electric current 
of the fermions is obtained from the following more 
general expression: 


ie 


i (L, Bee ey 7 ale 
x (B/2 + tz) Op dit ly + 


N 
= (") b=('"), 


» 
by imposing the requirements of conservation of 
the electric, leptonic, and baryonic charges, of 
conservation of chirality in weak interactions,’ 
and of gauge invariance of the interaction.’ It has 
the usual form 


eee), 


Op = %u.(1 + 45) (5) 


©) — i (Liye (B/2 +t) a) +. + (Bre (B/2 +2) 8) 
= — i[(ey.e) + (era) — (Pup) 


+ (3 2") 4+ yt) — EE]. (6) 
In a similar way we get the expressions for the 
weak currents from general expressions of the 
type of Eq. (5) by using the conservation laws that 
have been mentioned (without gauge invariance) ft 


ee ee Neh 7S) (BOs On, cae ey. 
+Z+ i) sg ae ean (CAO ante (alone _2)] 
+ +i l(ZO.N) + (¥O.E)|= i [(@0.»,) + (@Owv2) + (AO np) 
+ (£0,¥°) + (5-0,2°) + (20,2) 
+7 il(Z°Oup) + (&Oun) + P°O.E) + E0,E9), (1) 


:( -(—)* 
ii. (8) 
Thus the violation of isotopic invariance in the 
weak and electromagnetic interactions is of precisely 


*The analogy between the weak and electric currents based 
on the idea of an intermediate vector meson has been studied 
by Schwinger and by Salam and Ward.°* 

tAccording to the hypothesis of the conserved vector cur- 
rent, in all three of these currents one must add the corres- 
ponding mesonic currents. 
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the same character for all. We note that conserva- 
tion of chirality in the expressions (5) and (7) is 
attained automatically, and the other requirements 
are imposed from outside. The requirement of 
gauge invariance, for example, leads to the exclu- 
sion of terms that do not conserve parity. ee 
Furthermore the electric charge is regarded as 

a conserved integer quantity on an equal footing 
with the leptonic and baryonic charges and only 
“accidentally” (the isotopic structure 4+, of 
the current) coincides with the coupling constant 
with the electromagnetic field.* 

The expressions that have been obtained for the 
weak currents evidently allow us to explain all ex- 
isting experimental data on the decays of ordinary 
and strange particles: they contain no terms with 
change of the strangeness S by two units; the 
empirical rule AS/Ae = +1 is satisfied for proc- 
esses with change of strangeness;’ and there are 
no terms that lead to the production of pairs in 
the decay of hyperons.f 

It is easy to see that these results are a direct 
consequence of our choice of the values of the 
chiralities of hyperons and the requirement of 
conservation of chirality in weak interactions.? 
This choice is not an accidental one, but is occa- 
sioned by the following considerations. It is ob- 
vious that one can carry out a classification of 
leptonic doublets in the weak interactions accord- 
ing to all possible combinations of leptonic charge, 
chirality, and sign of electric charge. The possible 
leptonic doublets are shown in Table II. In the lep- 
tonic case the primed doublets are not observed. 


TABLE II 

L | Ys e 
ho | —4t | +4 | —1 
ln | +4 | +4 | —4 
h +4 | —1-| +4 
tr | —4 | —1 |] +4 
f —1 | +4 | +4 
A +4) +4 | +4 
“ils +1; —1 | —4 
v | —41 | —1 | -1 


This is evidently connected with the fact that the 
mass of the neutrino is identically zero [if the 
primed and unprimed leptonic doublets existed 
simultaneously in the “world,” then each of the 


*This conception of the electric charge is clearly expressed 
in a paper by Zel’dovich® (cf. also reference 9). 

tFor discussion see a paper by Dalitz.?° 

It must be noted that “‘chirality’’ is not a charge, since it 
is conserved only in the weak currents. 
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two neutrinos and antineutrinos would occur in 
two different doublets (vj = 4, etc.)]. If in Table 
II we replace the leptonic charge by the baryonic 
charge, we get a table of possible baryonic doub- 


lets. Evidently they all actually exist (cf. Table II). 


TABLE III 

n 2 
Y = 4 yi 
ih +1 +1 —1 
Y ae ==) 14 
i =| sil +1 
= ey +4 +4 
N +4 a4 4-4 
E an my | = 
N a —{ —1 


We note that the scheme we have given for the 
weak and electromagnetic interactions of “bare” 
particles, in which definite chiralities are as- 
scribed to the particles, corresponds to the gen- 
eral feature of these interactions, that they are 
incapable of giving rise to a finite proper mass of 
particles when this mass is initially zero (this re- 
sult is a direct consequence of the fact that these 
interactions do not change the chirality of the par- 
ticles), and therefore in the absence of strong 
interactions all the particles involved in them can 
be regarded as devoid of rest mass. The strong 
interactions remove the degeneracy, but do not 
change the number of independent particles. 
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Integral relations for the components of the S matrix describing a nuclear reaction with two 
channels (one channel is the elastic scattering of a nonrelativistic particle and the other is 
inelastic scattering with excitation of the nucleus) are derived from general principles of 
causality, unitarity, and symmetry, and the analytic properties of some components of the 

S matrix are established. For simplicity the treatment is confined to the case of spheric- 
ally symmetrical scattering. In agreement with the results of Wigner! and of Baz’,” the ex- 
citation function of the elastic scattering has a break at the threshold of the inelastic proc- 
ess. The form of the excitation function of the inelastic process near threshold is found in 


the general case. 
1. INTRODUCTION 


A number of papers®~® have been devoted to the 
determination of the mathematical structure of the 
S matrix (S function) for the scattering of non- 
relativistic particles by a nucleus of finite size or 
by a potential field. As van Kampen has shown,‘ 
the S function for the scattering of a nonrelativ- 
istic particle by a nucleus of finite size has the 
form 


(1) 


ptm AsiA, 1+A/A, 7 I— AEP, 
S(h) = e- 2 | rae Wie 
St ALA, hs A/A,v 4 Us flere 


The singularities of S(A) in the upper half-plane 
are simple poles located on the imaginary axis. It 
is evidently impossible to establish the character 
of the distribution of poles in the lower half-plane 
from general considerations. It is also necessary 
to note that the general requirements of causality, 
unitarity, and symmetry do not provide the possi- 
bility of determining even the order of the poles 
in the lower half-plane. Generally speaking, de- 
spite a widespread impression (cf., e.g., reference 
6), there is no basis for believing that they are 
only simple poles. 

It must be remarked that the theory of the elas- 
tic scattering of a particle by a nucleus of finite 
size that has no internal degrees of freedom does 
not have any concrete applications in atomic and 
nuclear physics. In actual fact, when the energy 
of the incident particle is large enough there must 
necessarily occur a change of state of the bom- 
barded system. Therefore the formula (1) for the 


S function of the elastic scattering of a particle by 
a nucleus must be regarded as only an approximate 
formula that holds for «€/E > 1, where E = k?/2M 
is the energy of the particle and «€ is the excita- 
tion energy of the nucleus. The Breit-Wigner for- 
mula, which can be obtained from Eq. (1) (cf. ref- 
erence 6), is also approximate. Attempted modi- 
fications of the Breit-Wigner formula to take into 
account the channels of reactions other than 
elastic scattering are much inferior in rigor to the 
S function of the theory of “pure” scattering. This 
theory allows us to establish the structure (1) of 
the S function on the basis of three fundamental 
principles — causality, unitarity, and symmetry. 
The formulation of the principles of unitarity and 
symmetry is quite unambiguous. The causality 
principle is another matter. After the discussion 
of this question in the literature we can now re- 
gard as established two noncontradictory formula- 
tions of the principle of causality: a) the direct 
formulation proposed by van Kampen‘ (the proba- 
bility of finding the particle outside the nucleus at 
the time t=t; is smaller than this same proba- 
bility at t = —~); b) the “indirect” formulation 
proposed by Heisenberg’ (the completeness rela- 
tion must be fulfilled for the wave functions of 
particles outside the nucleus ). 

It is a matter of definite interest to establish 
with mathematical rigor, on the basis of the prin- 
ciples just mentioned, the integral relations be- 
tween the components of the S matrix (when in- 
elastic-scattering channels are present), and to 
determine the structure of the components that 


894 


TEES e RU CTURE 


correspond to the elastic scattering, thus general- 
izing Eq. (1). In carrying out this program we 
shall rely on the second formulation of the causality 
principle. This choice is made on the following con- 
siderations: simplicity of the formulation; auto- 
matic establishment of the connection of the poles 
and residues of the S matrix with the eigenvalues 
of the energy of the system and the normalization 
coefficients of the bound states; the possibility of 

a much easier approach to long-range potentials 
than in the van Kampen formalism. If, unlike Ning 
Hu,? we use exact expressions for the wave func- 
tions outside the nucleus in deriving the structure 
of the S function in the case of a long-range po- 
tential, the form of the S function is basically un- 
changed, except that now not all of its poles will 

be connected with energy levels of the system (on 
this point see references 4, 8, and 9). 


2. NOTATION. FORMULATION OF SYMMETRY 
AND UNITARITY PROPERTIES 


Let us consider reactions of the type n+ C 
=n’ +C’, where C is the bombarded system 
and n and n’ are the incident and scattered 
particles. For simplicity we shall regard the nu- 
cleus C as infinitely heavy. We assume that the 
energy spectrum of C is purely discrete with 
nondegenerate levels. We write for the corre- 
sponding eigenfunctions Yj ( —), where j numbers 
off the levels in order of increasing energy and é 
is the internal coordinates of the system C. We 
take the entire interaction of C with the particle 
to be spherically symmetrical and localized inside 
a sphere of radius a. For r >a we can expand 
the wave function W(E, r, é) of the system ina 
series of the functions 4j(é ys 


Wi(E, 1, 8) = Ou (E, 1) 4) @)- (2) 


As is the usual practice,'® we call j the chan- 
nel number and J the number of the open channel. 
Thus $j jE, r) contains both the incident and 
Boatisced waves, and $1 4(E, r) only the diverg- 
ing wave. Obviously W7(E, r, é) are essentially 
the same as the functions ¥“) introduced by 
Schwinger and Lippmann." In order hereafter not 
to obscure the general picture by cumbersome cal- 
culations, we shall confine ourselves to the case 
of just two levels, and let the distance between 
them be ¢ = k?/2M. 

Setting K = (k?-k?)/?, we can write more de- 
tailed expressions for 7;(E, r): 

®,, = A (e-* — Sye""), Di" ASioe 
(3) 


®,, = AS,,e*" , Do = A (e-/Kr — Sope/*’), 
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Obviously we must require that 


Let us now examine all the conclusions that can 
be drawn about the properties of the functions Sij 
without resorting to the completeness relation. We 
shall regard S]j as a function of k (or K) for 
positive and negative k (or K). We use the con- 
dition of the conservation of the number of par- 
ticles in the form that expresses the equality of 
the flux of the converging wave to that of the di- 
verging wave. This leads to the set of relations: 


LSq f= Il (Ese), RK™| Soi}? + | Soe |? = 


(5) 


The next group of relations comes from the ob- 
vious fact that under the replacement k — —k 
(or K— -—K) the function Wj(E, r, €) must go 
over into itself (apart from a constant factor ). 
Here pj(é) can of course be regarded as real. 
These relations are* 


Si (Bh) = Sa (Ry), 


| Sir? + KR™| Syo/? = 1(E > 8). 


Siu We k) Seas Sie & k)/Sys (R), 


22 (K) = Ss2(—K), — Sog(— K) = — Sar (— K)/Sai (K). 


(6) 


3. NORMALIZATION AND COMPLETENESS CON- 
DITIONS. INTEGRAL RELATIONS FOR THE 
COMPONENTS OF THE S MATRIX 


The writing of the normalization and complete- 
ness relations for Wj(E, r, é) is a step beyond 
the framework of the Schrédinger-equation formal- 
ism. Even if we assume that the Schrodinger equa- 
tion is valid for all r, the completeness relation 
does not follow from the Hermitian property of the 
Hamiltonian, as is the case, for example, in the 
treatment of “pure” elastic scattering.? The func- 
tions W7(E, r, &) are eigenfunctions of a non- 
Hermitian operator (cf. e.g., reference 11). This 
can indeed be seen from the fact that the require- 
ment that there be no converging waves in part of 
the channels is equivalent to the imposition of a 


~ *If our two states of the target nucleus are due to spin 
splitting, the relations (6) are changed. In fact it is not diffi- 
cult to show that with a suitable choice of the quantization 
axis for the spin the replacement k >-k (or K > —-K) must be 
accompanied by multiplication of the spin functions w, and w, 
by the matrix o, (in this case y, and y, are eigenfunctions 
of o,). As can easily be perceived, this leads to a change of 
the signs of the fractions in Eq. (6). In the final analysis this 
difference is unimportant, since these relations are not used 
in the derivation of the analytical structure of the functions 
S,, and S,, that determine all observable quantities. 
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non-Hermitian boundary condition at infinity. On 
the other hand, as is well known, the “Hermitian” 
solution of the Schrédinger equation, which auto- 
matically satisfies the completeness condition, 
cannot describe the scattering problem. 

The normalization condition (7) and complete- 
ness condition (8) are written down by analogy 
with the corresponding conditions for “Hermitian” 
solutions: 


Var Oi (E, 4 (E, = BRK) ew, 


\ de by (ge ona Oy Sy DY 
l 
From Eq. (7) we can find the coefficient A 
A=1/V2e (9) 


and the relation 


S» Sanat kK Sa =). (10) 


For j=j’ =1 the condition (8), after some 
simple manipulations, multiplication by e71k(r+r’), 
and integration with respect to the variable p 
=r+r’ from 2A toinfinity (A >a), with the 
use of Eqs. (5) and (6), gives the result (for E 
>): 


| Sia]? + {Sai |? = 1, (11) 


l(k)Si (k)-36(—k)Sia (—) 4 


een 
+ i\ dk 


ko 


lw Seal (R‘) 
k' +k 


S (— + |c,.|2 exp (2ik. A) 
1A is Ss 


(12) 


Sia (k) = 24S, (2); (x) = I for x > 0; 


(13) 
By analytical calculations one can obtain the in- 


tegral relation that follows from Eq. (8) for j = j’ 
= 2 (ia S e@))e 


| Soo |? + | Syo |? = 2kKa — (14) 
K P Soo q (k’) dk Sen a (aR 
= Sooa (R) a Keak | k= kK 
k 
a , eka Eee : | c,, |? exp (2iK A) 
fee ea See a 
(15) 
Sop Ae) =e" KES, (k) (16) 


O(c) == Oforxr< 0. 
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For j=1, j’ =2 the condition (8) gives an ex- 
tremely complicated integral relation between the 
components of the S matrix that correspond to dif- 
ferent input channels. We shall not concern our- 
selves with the study of this relation. 

Let us turn to the simplification of the relations 
(12) and (15). From the fact that the relation |S |? 
= 1 becomes invalid for E =e we can draw the 
conclusion that S,, depends on K. Because the 
root is multiple valued, S,, must be considered 
on a Riemann surface, which we get by cutting the 
two k planes from k=ky) to + and from k 
= -—k) to —© and connecting them crosswise along 
the cuts. Let K take positive values along the 
upper edges of the cuts in the plane of integration. 


According to the meaning of the integral ye in the 


-o 
left member of Eq. (12) the integration is taken 
along the upper edge of the cut in the right half- 
plane, and along the lower edge in the left half- 
plane (the path C, see Fig. 1). Since we intend 
eventually to apply Cauchy’s theorem, we trans- 
form our integral in such a way that the integra- 
tion may also go along the upper edge of the cut 
in the left half-plane. If we denote the path of 
integration so obtained by C’, then we have 
is f+ Je where 4) is the integral around the 

C* ie: 
ean et in the positive direction. We now 
use the fact that Eq. (12) must be valid for all A 
oo 


>a. This means that jf must cancel with if ; 
ko l.ec. 
This will happen automatically if 


sh — k) = — Se (R), (17) 


U 
where sf. (k) and sith (k) are the values that 
Si:A(k) takes on the lower and upper edges of the 
cuts. Finally the relation (12) takes the form 


dass 5! | Cy, |? exp (27k, A) 


TSA (A) ee \ Sah Negi eee 


(12’) 


where S44 now means only the values of the 
function on the upper edges of the cuts. 
To simplify the relation (15), in the integral 
co 


if we must go over to the new variable K. If 
Ko 
we write 


FIG 
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KRS 324 (Rk) = 89.4 (K), (18) 


then Eq. (15) becomes 
75904 (K) 


CO A we 
\ SoA (K’) ’ my S554 (K’) 
AgGeKae lakek 


0 


dK’ 


ko 
a i\ exp {21K A} , 


ReZKE | Sys () |? dh = 4ni > Cy. | exp (21K, Ab 


K<R, 
(15’) 


0 


Let us transform the integral 


(ak ee 


Q 


$45.4 (K’) 
Keke 


We note that 5.4 depends also on the function 
(K?2 + k? yt/2. 2_ We construct the suitable Riemann 
surface by cutting the two K planes from ik) to 
—iky and joining them crosswise. The plane of 
integration is characterized by the fact that in it 
ee k2 )i/2 takes positive values on the right- 
hand edge of the cut. In the integral 

\ dK’ 


0 


Boa (K) 

“K=-K’ 

we make the change of variable of integration 

K’ — -K’. If we write 5 .4(K) to denote the 
function 5.4 with (K? + k})'/? replaced by 

— (K? + k?)'/2, the requirement that A be arbi- 
trary leads to the relation 


K) = 845 (K) 


(otherwise there appears in Eq. (15’) an additional 
integral from 0 to infinity, which is a function of 
A and K and must vanish identically, which is 
impossible ). 


Sova = (19) 


FIG. 2 


In the left member of Eq. (15’) let us separate 
the integral over the path D (see Fig. 2) and some 
remaining integral over K’ from 0 to ik) and 
over k from 0 to kp. After a number of trans- 
formations it turns out that Eq. (15’) is equivalent 
to two independent relations: 


Pie (KY) leas? exp (21K ,A) 
a: as ~ 4 2) K—=K, : 


78.4 (A) 


S55 (2) = SE R) = i Sis 7 == 0, Jip ROS. 


In Eq. (21) Sy. and Sy, are to be understood as 
the analytic continuations of the corresponding 
functions into the “nonphysical” region k < ky. 


897 


4. CONCLUSIONS ABOUT THE MATHEMATICAL 
STRUCTURE OF THE S- MATRIX COMPO- 
NENTS AND THE BREIT-WIGNER FORMULA 


We can now show without difficulty that the func- 
tions Sia and 8.4 are meromorphic: the for- 
mer, with respect to k in the part of the k plane 
above the contour C’ (Fig. 1), and the latter, with 
respect to K in the part of the K plane above 
the contour D (Fig. 2). The proof is based on ap- 
plication of Cauchy’s theorem and use of the fact 
that A is arbitrary. Let us consider the integral 


{Sgt 
eZ 

in Eq. (12’). Adding and subtracting the integral 

along an infinitely small semicircle passing above 

the point k’ =k and the integral along an arc of 

infinite radius (to close the path of integration), 

and using Eq. (12’), we get 


0 Sia (R!) de! Res S,, 4 (k,) 
l \ — Tey, = 2n Diag ae — tSy,4 (R) 


ie 

Sia (k!) dk’ 

sil eee f (22) 

r 
Thus S4;q4 is a meromorphic function of k in the 
upper half of the k plane, with simple poles on the 
imaginary axis, and 

Spal ak nay 
\ k’—k ze 


(I. is the arc of infinite radius). The analytic 
continuation of S,,;4(k) into the lower half-plane 
can be constructed on the basis of the values of 
the function on the lower edges of the cuts as de- 
fined by Eq. (17). Taking into account Eqs. (5), 
(6), (13), and (17), we can write the explicit form 
of S4,(k): 

& k)K -+ folk 
Sui (h) =e BB 


II (Rk) (0 <a, < a),, 


(23) 


where II (k) is a product of the type of that in Eq. 
(1), and f,(A) and f,(A) are integral functions 
with no common zeroes, which for real A have 
the properties (for all k > ky): 


AK Eh) Poy 


h(— &) i, (R) 
f2(— k) a eee nee SS fe (=) -) 
\ iB% hi (A) A ++ f(A) I f9, if 3>0 2 
\e fie 29h sapele= ne loop if 30 ee 
with 8 arbitrarily small in absolute value. Obvi- 


ously only the quantities kg can be zeroes of 
f;(-A) A+ f,(-—A) in the upper half-plane. 

In a quite analogous way we can determine the 
structure of the component S..(k): 
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gi (K) k + ga (K) 


g1(—K)k + g2(— K) (J < <0). 


(26) 


Soo (R) = en 22K It (K) 


The properties of g are quite analogous to those 
of f (in the various statements we must make the 
replacements f{—g, kK, AA). 

Let us consider the reaction of the scattering 
of the particle by the unexcited nucleus (/ = 1, 
ef. reference 2). This case is interesting through 
the presence of the threshold process of the in- 
elastic scattering (with energy loss) of the par- 
ticle. Using the well known formulas for the in- 
tegrated effective cross sections for elastic and 
inelastic scattering (og and o;), expressed in 
terms of S,, [see Eq. (23)], we find, in agreement 
with reference 2, that the excitation function de 
has a vertical tangent at k=ky (which corre- 
sponds to a break or a point of inflection), and 
near the threshold o, is proportional to (k?- keh 

Strictly speaking, of course, these conclusions 
are valid for not very large energies, when we can 
neglect the contribution of partial waves with non- 
zero orbital angular momenta. 


SUMMARY 


We have succeeded in establishing with mathe- 
matical rigor the structure of the S functions of 
spherically symmetrical elastic scattering of a 
nonrelativistic particle by a nucleus of finite size 
when this nucleus has one excited state. In so do- 
ing we have used only the physical requirements 
of conservation of the total number of particles, 
of symmetry, and of completeness of the system 
of wave functions outside the nucleus. It has been 
found that because their arguments are mulitiple- 
valued these S functions are not analytic in the 
whole plane, but 8,,;4 is analytic in k above the 
contour C’ (Fig. 1), and Sj.q is analytic in K 
above the contour D (Fig. 2); furthermore in the 
upper half-plane these functions have simple poles, 
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whose positions are given by the eigenvalues of 
the energy of the system. From the general form 
of S,, there follow with complete rigor the well 
known conclusions about the behavior of the exci- 
tation functions of elastic and inelastic scattering 
at the threshold of the inelastic process. The for- 
mulas (23) and (26) approximately describe the 
scattering of slow neutrons by nuclei for which 
the energy spectrum is characterized by the small- 
ness of the distance between the first two levels in 
comparison with the distance to the next level. As 
is well known, such a structure is a property both 
of many even nuclei and also of many odd nuclei. 
In conclusion I express my deep gratitude to 
Professor A. S. Davydov for a helpful discussion 
of this work. 
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A calculation is made of the effect of disintegration of cosmic -ray nuclei in the field of solar 
photons, leading to the production of correlated showers in the atmosphere. The energy of 
the disintegrated nuclei is found to be of the order of 101° ey per nucleon, and their flux of 


the order of 1074 to 1073 km=2 hour”! sr7!. 


As a result of the divergence of the photonuclear 


disintegration products before they enter the atmosphere, the distances between the shower 
cores turn out to be approximately of the order of 1 km. 


INTRODUCTION 


Because of the Doppler effect, the energy of 
solar-radiation photons is sufficient to cause the 
disintegration of cosmic-ray nuclei if the energy 
of the nuclei is high.’ 

If, in the coordinate system of the sun, the pho- 
ton possesses an energy € 9, and a cosmic-ray 
nucleus with mass M possesses an energy E 
= yMc?, then, in the coordinate system in which 
the nucleus is at rest, the photon energy is given 
by 


@=6)(¥ + V 72— | cosa) = 2ye, cos? $ ; (1) 


where qa is the angle between the direction of mo- 


_tion of the photon and that of the nucleus in the coor- 


dinate system of the sun (Fig. 1). 


Since the mean energy of a solar photon amounts 


to about 1 Mev, and the photodisintegration of nu- 
clei occurs at a photon energy of about 10’ ev, nu- 
clei with energy corresponding to y = 10-18. 
E ~ 10!8 ey per nucleon, can undergo photodisinte- 
gration. 

A nucleus undergoing photodisintegration decays 


into two or more fragments, depending on the reac- 
tion type: (y,n), (y,p) or (y, 2n), (y, np), (y, 3a) 


The moving fragments all reach the earth’s atmos- 
phere practically simultaneously (the relative de- 
lay is of the order of 107!2 sec), and each of them 
produces an extensive air shower. Thus, the pho- 
todisintegration effect of the nuclei should lead to 
the existence of correlated air showers. 

The divergence of nuclear fragments before 
reaching the atmosphere is determined by the dis- 
tance from the earth at which the photodisintegra- 
tion occurs, and by the angles of emission of the 
fragments in the coordinate system of the sun. An 


estimate shows that the distances between the 
shower cores should be of the order of 1 km. The 
divergence due to the deflection of the charged 
particles by the magnetic fields is negligible. (For 
a field of 107° gauss, the deviation would be of the 
order of 1072 cm.) 

The study of correlated showers can yield in- 
formation about the composition of cosmic-ray 
nuclei in the range of ultra-high energies. In fact, 
when one photonucleon is emitted from a nucleus 
of atomic weight A, two particles are produced, 
one with nucleon mass and the other with a mass 
greater by a factor of (A-—1). Their energies 
will also differ by a factor of (A-—1). Therefore, 
one of the correlated showers will have about 
(A-1) more particles than the other. This pro- 
vides the possibility of determining the atomic 
weight of the original nucleus. 

Unfortunately, as will be shown in the follow- 
ing discussion, an estimate of the number of ex- 
pected photodisintegrations of nuclei before they 
reach the earth’s atmosphere yields a very small 
value. However, arrays having an effective area 
of the order of several square kilometers are at 
present being planned for the detection of EAS. 
There is hope that such arrays will yield suffi- 
cient material not only to assess the effect of cor- 
related showers, but also to investigate some fea- 
tures of this phenomenon. It is therefore of inter- 
est to consider this process in somewhat greater 
detail. (In reference 1, an arithmetical error was 
committed, as a result of which the effect has been 
overestimated by a factor of 100.) 


NUMBER OF PHOTODISINTEGRATIONS 


In the calculation, we shall use the diagram 
shown in Fig. 1. The following notation has been 
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(70-) 
Y= 8 
A 
FIG. 1. Diagram of the motion of a nucleus in the field of 
solar photons. A—position of the sun; B-— position of the 
earth; AD—direction of motion of the photon; DC —direction 
of motion of the nucleus. 


chosen: distance from the sun A to the earth B, 
AB = Ry. Distance from the sun A to the nucleus 
D moving towards the earth, AD=R. Distance 
from the nucleus D to the earth B, DB=L. The 
angle between the direction of the photon stream 
and the motion of the nucleus at an arbitrary point 
of the trajectory of the nucleus, angle ADC = a. 
The same angle at the moment of the arrival of the 
nucleus at the earth, a=. It is evident that 


RRs sine) Sitho, ye =k, (Sinan tanhe——cos,\); 


—dL =R,da/sin?a. (2) 


We shall assume that the energy spectrum of 
the solar photons corresponds to black-body radi- 
ation. For the calculation, we set T = 5800°K, 
which corresponds to kT = 0.5 ev. 

The number of photons per cm? at a distance R 
from the sun in the energy interval €), €) + dé 
is 
pao Rs ef dey 


p (&o) deo= (AT)® R? peoikT 4? (3) 


where the constant py is chosen so that the en- 
ergy flux per cm?/sec at a distance Ry from the 
sun corresponds to the solar constant K = 0.15 
watts/cm’. We have 


ee) 


= Cy e dé, by 
K = Grp \ SalRT yg = oR - 3! 6 (4), (4) 
0 


where ¢(4) is the Riemann ¢ function [¢(4) 
= 1.082], and c is the velocity of light. Hence, 
Po = K/ckT +3! (4) = 0.96 x 10" photons/cem3. 

Let us denote the effective cross section for 
the photodisintegration of a nucleus of type g by 
Tg (€), where € is the photon energy in the coor- 
dinate system of the sun. The probability of photo- 
disintegration of the nucleus before it reaches the 
earth can be written in the form 


0 co 


Welt) = \ dL \ P (80) % (2720 cos?) 2cos*-S deo, (6) 
co 0 


where the factor 2 cos? (a/2) appears because 
of the head-on motion of the nucleus and of the pho- 
tons. We assume the velocity of the nucleus to be 
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equal to the velocity of light: 


Uv a 
| + — cosa = 2c0s* > . 


In order to find the number of disintegrating 
nuclei, it is necessary to know the energy spectrum 
of the nuclei. 

There are no data on the energy spectrum of 
nuclei of each type in the high-energy range. There 
is only information about the energy spectrum of 
all particles taken together, and the spectrum in 
the region of interest E = 101° ey can be ap- 
proximated by a power law? 


F (> E) = B(E/ 10%) *, (7) 
where x =1.8, and B= 107!! particles em7~*sec™! 
sr~! (reference 2). 

We shall assume that the energy spectrum of 
various nuclei is of the same form. The fraction 
of nuclei of type g among all particles with an 
energy higher than a given value remains then 
constant in the energy range of interest. If we de- 
note this fraction by Og, then, for the number of 
nuclei of type g having an energy higher than E, 
we obtain a formula analogous to Eq. (7) in which, 
instead of B, we have to write og. In order to 
pass from the variable E to y, we make a sub- 


stitution in Eq. (7) according to the formula 
E, = A,mc*x, 


where Ag is the atomic weight of the nucleus g. 
The integral spectrum of nuclei of the type g is 
then obtained in the form 


3B 2 = 
es) mey % 
Fos "= ae ane) ’ (8) 
and the differential spectrum is 
Fg (1) dy = Bgy— +» dy; (9) 


where k = 1.8, and Bg = 2 x 1071! 6g(10"/Ag)*? 
particles cm™’ sec“! sr~!, Multiplying Eq. (6) by 
Eq. (7) and integrating over dy, we obtain the 
total number of disintegrations of nuclei of type 
g occurring per unit time [using Eq. (2)]: 

DBe Ripe Gear tag: 2 
c= aan ery \ 2 40\ rere reTySe © (2180 cos") 


0 0 ey 


xy el cos” = dy, (10) 
where €g is the threshold energy for the photo- 
nuclear reaction on nuclei of type g, and e’ 
= €g/2€, cos? (a/2). 

The integration yields 

Ng = 2BgpoRo (2RT / &g) (2+ x)! C(3 + x) f(A, x) fg ott) 
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[for the chosen value of x = 1.8, €(3+x) = 1.04], 
where 
i= \ Sg (yee) yt) dy, 
1¥ 


where y= c/Eg and the function Tg(YEg) can be 
well approximated by the expression 


(12) 


Sg (Yeg) = Cg(y—l)e “4, (13) 


The constants ag and Cy are found from the ex- 
perimental data on the energy dependence of the 
effective cross section for the photonuclear reac- 
tion? 11 


(14) 
(15) 


ag = 1/(Ym— 1), 


Cg = CAgS imax, 


Omax is the value of the maximum effective cross 
section attained for y = yp. 

As a result of integration (12), we obtain the 
differences of complete and incomplete gamma 
functions, which is very inconvenient for calcula- 
tion, as it is necessary to take the values of these 
functions with a large number of signs. One can, 
however, derive an approximate expression for Ig 
which is more convenient for making calculations 
if we substitute an exponential function 
exp [-vVk(k-1) (y-—1)] for the power function 
y ‘X*1) under the integral. For such a substitu- 
tion, the solution coincides with the exact one for 


a> 1 and ag K 1, while, for ag ~ 1, the value 
of Ig will be negligibly higher. 
As a result, we obtain 
Ig Ce} (ag + V x(x — 1)P. (16) 


The function f(A, kK) [see Eq. (11)] depends little 
on « and, therefore, in computing the values of 
this function, we set 2(1+«)=5 for simplicity, 
and obtain 


f(s) =(1/sin®) {2 sin 34+ gsin > + gsins 4} 07) 
f(A) —1 for A—0; 0.9<f(A) <1 in the range 
0<A<71/2; £(A)— 16/15(7-A) for A—T. 
Substituting Eq. (16) and also the numerical values 
of the corresponding constants (see Table I) into 
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Eq. (11), we find that the number of particles pro- 
duced in photodisintegrations of nuclei of type g 
per hour over an area of 1 km? and within an angle 
of 1 sr is 


1024C 


ol 4107 ev \}8 g 


The numbers obtained show that the expected ef- 
fect amounts to a quantity of the order of 107‘hr7! 
km~?sr~!, and does not depend greatly on the 
atomic weight of the nuclei. 

The real value differs from the calculated one 
apparently by not more than one order of magnitude. 
The contribution of other photonuclear reactions 
will increase the effect by not more than a factor 
of 3 to 5. The increase in the number of detected 
showers when the sun is near the zenith is found 
to be negligible. In fact, the angular dependence 
f(A) of the disintegration probability increases 
with decreasing angle —A only slowly during 
the passage of particles near the sun: 


fOx=1/(r—d). 


This leads to the fact that the disintegration proba- 
bility, averaged over the angle of 1 sr along the 
direction pointing towards the sun, is greater than 
for angles A ~ 0 by only a factor of 3.5. Averag- 
ing over one day will give a coefficient differing 
little from one. 

The approximation made in the calculation be- 
cause of the exchange of the true sun spectrum for 
the black-body spectrum with temperature T 
= 5800°K does not lead to an appreciable error, 
since the relative contribution of different regions 
of the solar spectrum to the photodisintegration 
process is very close to the relative contribution 
of these regions to the energy flux of solar emis- 
sion. The contribution of the different spectral re- 
gions is shown in Fig. 2: the dotted line 1 shows 
the contribution to the energy flux, and the curve 2 
shows the contribution to the number of photodis- 
integrations. The maxima of both curves lie in 
the visible part of the spectrum. The greatest un- 
certainty in the calculation of the number of dis- 
integrations is due to the constant B which appears 


(19) 


TABLE I 
ee ES 
5 } 2 
Gos 

e , Mev ea Mev Send o A m eee, 
ties 20.5 24 1.3 9.9 20.8 0.4-40-* 
ele 19.5 21.3 13 Al 397 0.6-10-4 
NA 17.5 22,9 16 3.6 113 0.7-10-4 
OX 19.0 2259 8 5.20 127 0.3-10-4 
Fess 13.0 At 19 ae 570 0.6-10-4 
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FIG. 2. Curve 1—energy-flux distribution of the solar 
spectrum; curve 2—contribution of photons of different ener- 
gies to the photonuclear process, and also the energy distribu- 
bution of nuclei undergoing photodisintegrations. The x axis 
at the bottom of the figure represents the energy of photons in 
ev (vertical dotted lines enclose the optical region of the 
spectrum). The top scale of the x axis refers to curve 2, and 
represents the energy of the nuclei expressed in units of 
y/yett (y = E/Mc?). The y axis represents the corresponding 
values of the functions in arbitrary units. 


in the expression of the energy spectrum of cosmic 
rays. If an error by a factor of 2 is made in the es- 
timate of the total energy of EAS, on the basis of 
which the primary-particle spectrum is normalized, 
then this leads to an error in the constant B by ap- 
proximately a factor of 4. 

In the detection of correlated showers, the effec- 
tive solid angle for the observation may amount to 
2 or 3 sr. 

Taking all these factors into account, one can 
expect, for an array with an effective area of 1 km?, 
a number of detected photodisintegrations equal to 
1074 to 107 per hour, provided that a considerable 
percentage of ultra-high-energy cosmic-ray par- 
ticles consists not of protons but of more complex 
atomic nuclei. 


ENERGY DISTRIBUTION OF DISINTEGRATING 
NUCLEI 


For the majority of nuclei, the energy depend- 
ence of the effective photodisintegration cross sec- 
tion has the shape of a narrow resonance curve. 
Because of this, and also because of the sharply 
decreasing form of the energy spectrum of cosmic 
rays, a considerable contribution to the number of 
photodisintegrations, determined by the integral 
Ig(12), is made only by a very narrow range of 
values of y close to y=1. If, for an estimate of 
the distribution with respect to y, we set y= Ym 
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= const, we obtain the condition 


Qvey cos? (« / 2) /er = Ym = |. (20) 
Hence, it follows for cos? (a/2) = const that 
diny=-dlne . Therefore, the distribution of 
the nuclei undergoing photodisintegration with re- 
spect to y should be represented by the same 
curve as the distribution of the contribution of 
various regions of the solar spectrum, if the x 
axis represents In ey or —Iny. Thus, curve 2 

in Fig. 2 shows also the approximate energy spec- 
trum of nuclei undergoing photodisintegration. The 
values of Yof¢ corresponding to the ieee tt of 
curve 2 are given in Table II for the case cos? (a/2) 


=1. Evidently, for other values of a, we have 
Vert (*) = Tere (% = 0) / cos? (a / 2). (21) 
TABLE II 
| ” off | Fett’ °Y 
Het 5.1-108 2-1036 
ce 4,5-108 5. 4-101 
N14 4.7-108 6.6-1016 
OLS 4.6-108 7.3-10% 
Fess 3.5-108 2-101? 
For A #0, the trajectory of the nucleus moving 


towards the earth is characterized by various val- 
ues of qa and, therefore, for an estimate of the 
distribution with respect to % it is reasonable 

to introduce the quantity [cos? (a/ 2 )hi/2 corre- 
sponding to an angle a4/. such that 12 


a1 
2 2 (14%) 


\(esgy ge $4 (co ee 


We give here the values of [cos (a/2)]i72 for 
various values of A: 
K:0 


(22) 


z/4 n/2 3n/4 


(cos*(a/2)}y,:1 0.97 0.9 0,84 


ESTIMATE OF THE DETECTION PROBABILITY 
OF CORRELATED SHOWERS AS A FUNCTION 
OF THE DISTANCE BETWEEN THE CORES 


The distance between a photonucleon and a nu- 
cleus is, at the earth, equal to 


pea Wh, (23) 


where @ is the angle between the directions of the 
nucleon and of the nucleus in the coordinate system 
of the earth. 

We shall assume that the distribution of the 
fragments in the coordinate system of the nucleus 
is isotropic, so that the probability of emission of 
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a particle within an angle 6c, 0¢+d6¢ is given 
by the formula 


W (0,) d@, = + sin 0 d6,, (24) 


where 6, is the angle, in the coordinate system 
of the nucleus, between the direction of emission 
of a particle and the direction of motion of the nu- 
cleus towards the earth before the decay. For a 
velocity of emission of the nucleon and nucleus 
equal to Bc, the angular distribution in the coor- 
dinate system of the earth can be written in the 
form 


W (8) d0 = 770d0/B°Y 1— (10/8)? for 9<B/y, 
W (68) =0 for @>8/y7, (25) 
since 
6 = (B/ y) sin for B<1l. 


For simplicity, let us assume henceforth that 
in photodisintegration the nuclei are always emitted 
from the nucleus at the same velocity. The lateral 
distribution function p(r) in its differential form 
is given by the equation 


_ Wd 4 1 
do(r) = 3-726 a0 zm (LB/1) Vit—(r/ 6D) aN, 


(26) 


where dN is the number of nuclei undergoing dis- 
integration at a distance L, L+dL from the earth, 
corresponding to the integrand (10). It is very dif- 
ficult to carry out an accurate integration of this 
expression. The problem is, however, simplified 

if we take into account that, for the nuclei under- 
going disintegration, the range of important values 
of y is small (see Fig. 2). Therefore, in inte- 
grating the expression (26) over y (or over y), 

it is permissible, in the factor standing before dN, 
to set y =Yegf, the value of which can be obtained 
from Eq. (21) on the basis of Table II and the values 
of [ cos? (a/2)]i72 for various values of A. To ob- 
tain the lateral distribution it is now only necessary 
to perform an integration over dL, i.e., over da; 
this presents no difficulties. 

The probability of observation of shower cores 
at different distances from each other is shown in 
Fig. 3. Curve 1 was calculaed for » = 0, and 
curve 2 for A = 37/4. 

To determine the value of rp it is necessary 
to estimate the velocity of photonucleons 6. For 
light nuclei, the majority of photonucleons will be 
due to a direct photoeffect, so that the energy of 
a photonucleon is given by the formula 


En = &r (Y eff =TF I), B eft = V 2E, / mec. (27) 


The values of Boge calculated from this formula 
for all nuclei are close to B = 0.07. Hence, the 
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FIG. 3. Graph of the detection probability of shower cores 


at various distances from each other; x axis represents In(r/r,) 
and the y axis p(r)r’ in arbitrary units. 


value ry (A=0), according to Eq. (26) and the 
values of Yeg¢ given in the table, is of the order 
of ry) (A=0) =2 km. It is evident that our calcu- 
lation leads to an overestimate in the value of ro, 
since not all photonucleons are due to the direct 
photoeffect. 

Special experiments for the detection of corre- 
lated showers have not been carried out. However, 
during the observation of EAS in 1950 at an alti- 
tude of 3860 m,'? a case was detected which is of 
considerable interest. High-density showers were 
recorded at two extreme points 1 km apart while 
at the central point the detected shower-particle 
flux density was found to be extremely small. The 
probability of a chance passage of two independent 
showers of corresponding densities within the re- 
solving time of the array (6 usec) can be esti- 
mated as being 1074 during the whole period of ob- 
servation of 1000 hours. An analogous event was 
observed in 1951 by Eidus et al.'4 at sea level. 
Further experiments with suitable arrays can 
yield important information on this subject. 
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We consider the relaxation of the magnetic moment and the equalization of spin and lattice 
temperatures of ferrodielectrics with a weak magnetic anisotropy in weak magnetic fields. 
We show that the magnetic dipole interaction establishes the equilibrium of the magnetic 
moment, both as to its magnitude and as to its direction. The relaxation time of the abso- 
lute magnitude of the magnetic moment is in this case of the same order of magnitude as 
the characteristic time of rotation of the magnetic moment to its equilibrium direction. 
The relaxation time for the equalization of spin and lattice temperatures is also evaluated. 


ike Akhiezer, Bar’yakhtar, and Peletminskii! pre- 
sented a general theory for the relaxation of the 
magnetic moment in ferrodielectrics; this theory 
was based upon the fact that there are two types 
of interaction between spin waves: the strong ex- 
change interaction and the weak relativistic inter- 
actions (magnetic dipole interaction and interac- 
tions caused by the magnetic anisotropy ). 

The exchange interaction leads to the establish- 
ment of a Bose distribution of the spin waves with 
a non-equilibrium value of the magnetic moment, 
but the weak interactions lead to the establishment 
of an equilibrium value of the magnetic moment 
both in absolute magnitude and in direction. In the 
cited paper this scheme was applied to an evalua- 
tion of the relaxation time of the magnetic moment 
in those circumstances where the magnetic aniso- 
tropy constant £ and the external magnetic field 
H) were sufficiently large. Under those circum- 
stances one can easily check that spin waves with 
wave vector k=0 cannot split up into two spin 
waves with wave vectors k and —k. The strong- 
est of the “weak” interactions, which describe the 
processes of the combination of two spin waves 
into one and the splitting of one spin wave into two, 
can therefore not cause a change in the number of 


spin waves with k= 0, which determines the com- 


ponent of the magnetic moment of the body perpen- 

dicular to the axis of easiest magnetization. 
Because of this, one invokes the relativistic in- 

teractions, which describe processes involving a 

large number of spin waves one of which has a 

momentum k= 0, to explain the relaxation of the 

transverse component of the magnetic moment. 
The situation is different in crystals with a 
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small magnetic anisotropy constant 8 in weak 
magnetic fields (8 + Hy)/My < 47/3), since under 
those conditions the splitting of a spin wave with 
k =0 into two spin waves now turns out to be pos- 
sible. Because of this it is not necessary, when 
describing the relaxation of the magnetic moment 
in such crystals, to take the interactions describ- 
ing spin wave-spin wave scattering into account, 
and it is sufficient to restrict ourselves to the 
magnetic dipole interaction which describes the 
splitting of one spin wave into two and the amalga- 
mation of two spin waves into one. 

We note, finally, the following fact: it is well 
known (see Néel”) that many ferrites, which at 
low temperatures can be considered to be dielec- 
trics, have a complicated magnetic structure, i.e., 
they are described not by one but by several mag- 
netic sublattices. This leads to the occurrence of 
high-frequency branches of the magnetic energy 
spectrum with a large activation energy, as well 
as a low-frequency branch (without an activation 
energy). The contribution of these high-frequency 
branches to the thermodynamic and transport prop- 
erties of ferrodielectrics at low temperatures is, 
of course, exponentially small. One might think 
that the strong exchange interaction y(M,° M,) 
between uniformly magnetized sublattices could 
essentially change the interactions between low- 
frequency spin waves. This would thereby lead 
to an influencing of the magnetic structure of the 
transport and relaxation properties of a ferrodi- 
electric at low temperatures. 

A detailed analysis (see Appendix) shows that, 
indeed, the interaction between low-frequency spin 
waves, which is caused by the energy of exchange 


rc 
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between sublattices, turns out to be of the same 
order of magnitude as the relativistic interaction 
describing spin wave-spin wave scattering. This 
enables us to neglect the magnetic structure of a 
ferrodielectric with weak anisotropy when we study 
its relaxation processes. 

2. The Hamiltonian of a ferrodielectric with 
cubic symmetry can be written in the form 
pa pp) al x, 
Ht =\[50 GES + sa (MM + MMe 
+ Mj M2) + 3] do, 

4 9,0? aM, OM, . OM, OM, 
2 ai \ | Ghoul aroeoie 

where M is the magnetic moment density, H the 
magnetic field acting in the crystal, uj, the de- 
formation tensor, q@ a constant connected with 

the exchange integral [a@ = (@c /uMy) 2”, where 
®e is a quantity of the same order of magnitude 

as the Curie temperature, a the lattice constant, 
M, the saturated magnetic moment, and yp the 
Bohr magneton], and 6; and 6, are the magneto- 
striction constants. The first term in Eq. (1) is 
the magnetic energy of the ferrodielectric and the 
second term the exchange part of the magnetostric- 
tion energy which is connected with the inhomoge- 
neity of the magnetic moment. Kaganov and Tsu- 
kernik® have shown that one can neglect the energy 
of relativistic origin, which describes the magneto- 
striction effect when there is a uniform magneti- 
zation, when one considers relaxation and transport 
processes in the temperature range T > 27M, 

mel KK, 

If we now make the well-known transition (see 
Holstein and Primakoff* and also Kaganov and Tsu- 
kernik®) to the creation and annihilation operators 
of the spin waves, cy and Ch, we get 


gp?) — use| dv, (1) 


gps) Le gp) gp) Ne op) (2) 
HH =>) excn Ce, ek =V AR —|Bx/?, (3) 
k 
4 — >; Dis 361 Cz 3A (k,-+k,—kg) + C€.c., (4) 
2 Aaa} 
7 — 2 Dinter Ceesck (ki 4-k.—k;-— ka), (5) 
LEPC 
where we have used the following notation 
Ay = pM, (ak? + B + Hy / M, + 2x sin? 6,), (6) 
By, = 27 uM, sin? Oye **k, 
Dye, 3 = — mu(2uM a eVoat [sin 20, (eu, L 2 *01)( tat y-!-U503) 


+- sin 26, (€'*us'-+ 05) (14j3 -+ 0103)+sin 205 (eu, 
++ e~!#y),.) (Ul, + 0) 4) |. (7) 
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Do, 34 = — (u2a / 2V) (kik, + k3k,), (8) 


uk = V (Ax + &x)/ 2&, Up = — kV (Ay — pease 


Cj = Ck; » 6; and yj are the polar angles of the 


vector kj. Since 4.3, is very small for small k 
(~ ak?) the main role in the collisions caused by 
the operator 3¢“4) will at not too low temperatures 
(T > 2muM,) be played by spin waves with large 
wave vectors: €k~ T, ak? ~ T/uM,) > 1. One 
sees easily from (6) and (9) that for such values of 
the wave vector |vx| <« |ux| #1 

The considerations given above refer also to 
the Hamiltonian describing the interaction between 
spin waves and phonons, xP), The Hamiltonian 
cP) expressed in terms of creation and annihila- 
tion operators for the spin waves and the phonons 
is of the form 


SH = >) Vy, 961 Cabs (k, — ky — fg) 4- c.e. (10) 
13-2) 3 
where 
a Cc h \ 7/2 
Vis,s =u Vs (sr) [5, (k,es) (kof) 
-+ 8 (kyes) (ky fz) + 285 (ky k2) (esf3)], (11) 


the index 3 indicates the wave vector f; and the 
polarization s of the phonon, e; and ws are the 
polarization unit vector and the frequency of the 
phonon, bz; and bs are the creation and annihila- 
tion operators for the phonons and p is the den- 
sity of the medium. 

Using Eqs. (4), (5), and (10) for the Hamiltonians 
xe), 3¢4) and 3¢°P), we can now write down the 
transport equation for the number of spin waves ny, 
with wave vector k, 


ny = ny 2 by MD ee Ly tite Ly {n, N}, (12) 
where 
bye {n} = ee 2 | Pyosa | ((@1 + 1) (M2 + 1) ng 4 
,3,4 
ee 1) (71g -+- 1)} 6 (1 ++ ¢2 — €3 — 84) A ((k, + ky 
—= Ky =)Ka), (13) 
pate: ea (2| Dros {? (ty + 1) (mz + 1) ng 
3 
— fyNs (n, r 1)} 8 (& + & — 83) A (ky + ky — kg) 
| @y31 |? (ta + 1) 2223 — 
— My (My -+ 1) (mg + 1)) 8 (&2--+ ¢3 — e,) A (k, -+ k, — k,)}, 
ET es = DROP [(ny -+ 1) oN Ue! 
2S a\, 
— fy (My -- 1) Ne hs (f; — 22 — hws) A (k, — ky — fy) 
+ | Pies? (ty ++ 1) ta (Ng 4+ 1) = ny (tz + 1) Ng] 8 (ey + hed, 
&) A (k, 4- fs — k,)}, 


(15) 
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N; is the number of phonons with momentum f, 
and polarization s. The operator L‘®) describes 
the spin wave-spin wave scattering processes 
caused by the exchange interaction in the transport 
equation; the operator Le? describes the recom- 
bination of two spin waves into one and the splitting 
up of one spin wave into two, which are caused by 
the magnetic dipole interaction; the operator Lip ) 
describes the emission and absorption of a phonon 
by a spin wave. Starting from Eqs. (13) to (15) for 
the operators L{®), Line, and L‘P) one can show 
by a treatment similar to the one in reference 1 
that in the temperature range @c > T > @& 

x (uM) /@,)*/" = 10°K the main role in the trans- 
port equation is played by the operator Li? 

(Lie) > Lie ), LiP?). To a first approximation 

one can thus use the equation 


LO wey —— (0) 


to determine the spin wave distribution function. 
The solution of this equation is of the form 


ke 0; 


Ng 
ie frenptgpl rr =—1\-"* (16) 


where y and ny are arbitrary constants which 
can be connected with the mean values of the ab- 
solute magnitude of the magnetic moment <m?> 
and of the dispersion of the component of the mag- 
netic moment <mi> perpendicular to the axis 
of easiest magnetization (the z axis) 


LM = <|{ M(r, £) dol S 
— Mv [MoV — Qn Dil on |? — 2 Dy pK n| 
k k 


<M’ > = <Mz> + <M?) = Quy MV, 


qk = wA / Sy = — Os, / OH. (17) 


The presence of weak interactions ( Ee, Li )) 
causes the quantities y, Ts, Tp, and ny to 
change in time, but slowly compared to the estab- 
lishment of the distribution (16). 

Proceeding as in reference 1, we can obtain the 
following equations to determine the quantities y, 
ny, and AT= Tg—-Tp 


AT + Gi% al Eyfty /C = By, + By ny, 


AT 4 1Gey 2 ein, foe BrrAT, ny =—n,/2,, C8) 
where 
JS al al la ge ak cae ull ae 
Cs = 3 nis ae. } ? Dae 5 6a3 On ) 


are the spin and phonon specific heats, €) the en- 
ergy of a spin wave with k=0, and 
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0 0) Caen ‘) a 
Gee Se 0 Sen Saf Vide 9 | 
1 c, OF Ding ne (sa Zn aT 2th ny)» 
TE BS 
Gy = Fh ee ore , np, . (19) 


SzA XN) 
Fa > | Dios |? (4a + peo — ts) 
123 


x ning (nm + 1) 6 (ey + &2— 3) A (ky + k.—ks), 


aL 
By, =A Sa, ( —* 
y all (5 ), 
he — SD} | Det of? (1 + 209) wx 8 (@, — Qe); (20) 
k 
4 4 OL 
pein | ete te eae 
ae kemrerleats sar), 
2nh Cpt, ' 
= ao aay ae c, 21| Fass 0% (ny + 1) 
X n} N38 (&; — &2 — ims) A (Kk, — kp — fe), (21) 
1 aL 8 
=H Cat - F 21| Oe, o [2 (1 + 2n?) 8 (2, — 2ex), 
A = (l/es + 1/¢p)T/Gou. (22) 


Assuming the quantities AT, y, and ny to change 
with time as et we find the following expressions 
for the relaxation constants 


Gi Bry + By, +V (Gi Br — By)? + 4B pp Byy Ga 
2 (G2— G3) ? 


eRe 


(23) - 


If T>>@g (uM)/@c)“" > 2muM, we get 


( »Mo Eee \ ane uM 
We Be a0 sos Vena aon: ia 


Hy 
«B+, <1 


a~ 


Ae 


(24) 


uM (vMo\'2 _T Hy 
’ +7, ~1, 
| h (3) 6, B My 
e2 
Ties 
>% 


& 


h 2 {NYE 
(sie) (Of + 201 + 05) tr ; 


iC: 
2 2 
(6) 
(ae) ian} exp (- Me 
pa 8, 478, 


where @p is the Debye temperature, ©, = sth/a, 
and st the velocity of a transverse sound wave. 

It is clear from Eqs. (22) and (23) that the re- 
laxation time of the quantity ny is determined by 
the process where a spin wave with wave vector 
k=0 splits into two spin waves with wave vectors 
k and —k. This process can occur when the en- 
ergy conservation law 


| 
ha 
| 


8p 
c 


B4 == Zen, 


where ¢€) is the energy connected with the uniform 
precession of the magnetic moment, is satisfied. 
Kittel’ has shown that the uniform precession fre- 
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quency w, and thus €) = hw) is strongly shape 
dependent. If we consider a ferrodielectric occu- 
pying one half of space bounded by one of the crys- 
tal planes with the field Hy in this plane, then 


s, = uV (A, + BM) (Ho +BMy + 42M). (26) 


We can obtain the expression for €) from Eqs. 
(3) and (6) by putting kK=0 and 6, = 1/2 which 
corresponds to a quantum mechanical considera- 
tion of uniform oscillations of the magnetic mo- 
ment. 

In evaluating the energy spin wave €, we neg- 
lect the influence of boundary effects* which is 
permissible provided the spin-wave mean free 
path J is much shorter than the dimensions of 
the specimen L 


L=0/W = (0,/T)"a<L. (27) 


When condition (27) is satisfied, the average spin 

wavelength X ~ (@c/T)'/*a is at the same time 

much shorter than the dimensions L of the body. 
Using (26) one sees easily that the energy con- 


servation law €) = 2€, is satisfied, provided 
B+ H,/M, <4n/3. (28) 


We do not give here the detailed calculations, but 
quote the final results for A; 


uMo een F Ho 
ks rele 
ai aa ere ee ; 
L Vag uMo a Se : Hey dre Hoos 
( i (“B, Oleh Ooi.) ane 
(29) 


The quantity tT, tends in this approximation to 
infinity for 6 + H)/My = 47/3, as should have been 
expected. This means that it is now necessary to 
take the relativistic interactions which describe 
the spin wave-spin wave scattering into account 
to evaluate T,;, as was done before.! Using Eq. 
(18), and also Eq. (19), we get the following for- 
mulae which describe the change in time of the 
quantities <m*>, <Mi>, and AT 


SL eS gee A ip <q? —— 
Tr Ei » 8P P/2) © C/o) Ga \ T (MV)? 
Vv (e—?2t hut e—ut) aie G2 uM Ee Yo 
x ' 2Gy R(Ag— Ay) (229 +8 + Ay/ My) \ T 
Mo Ts Q x 
x —Aot __ p—Ait 1. 23 (p—Aot __ p—Aaf 
* (Mv ¢ ir sian e e (30) 
CM — TR? _— <M — HM? 4, ST | hi ee 
(MVP (MVP boat Mg) | 6, 
y AT (grat — gat 4 ECM) E Cla) My 
SPE I 8x2 h(Ag—Ay)(2e + B + Hy/M,) 
Aa Vee CIF as 4 
5 (S)" I ) 10 (e- ut — @—hst) (31) 
0, @. } (MVy 
(Mi > = (Mi o> et, (32) 


*We are indebted to M. I. Kaganov for this remark. 
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where AT, <?,>, and <®j> are the initial 
values of the temperature difference, the trans- 
verse components, and the magnitude of the mag- 
netic moment of the body, while M2 is the aver- 
age value of the absolute magnitude of the mag- 
netic moment at the given temperature. 

It is clear from the formulae given here that 
2/d3 is the relaxation time of the transverse com- 
ponent of the magnetic moment of the body. 

To elucidate the physical meaning of the relax- 
ation constant 44 we assume that AT) = <Mjo> 
= 0. We have then 


<M?) — M? = [CMG> — M2] es". (33) 


Under those initial conditions 1/A, has thus the 
meaning of the relaxation time of the mean square 
of the magnetic moment of the body. 

If the initial data are such that <m4 > = 0 
and <mz>= M2 then 


AT = AT,e—*, (34) 


and we must treat the quantity 1/A, as the time 
for equalizing the spin and lattice temperatures. 
Let us estimate the magnitudes of Aj, A», and 


A3- Putting 
8, ~ 10°°K, 0;~10?°K, 


M, ~ 10? emu , 


8+ HyiM.~1, 
wu. =sr10* ema: 


o = 10g/cm3, as 2-10°em, 


we get 

hy ~ hg ~ 108 (T / 8,) SEC = he ~ 104 (T / 0.) sec! 
Provided 8 + H)/My is not too close to 47/3, the 
relaxation times of the absolute magnitude and of 
the transverse component of the magnetic moment 
are thus of the same order of magnitude. One 
should describe such a relaxation of the magnetic 
moment phenomenologically by the Bloch equation. 
In this equation is contained the difference between 
the relaxation for the case of a small anisotropy 
and weak fields and the relaxation in the case of 
large anisotropy or strong fields, when the estab- 
lishment of the equilibrium value of the magnetic 
moment is appreciably faster than the rotation of 
the moment towards its equilibrium direction. 

In the temperature range T «K @g (uM) /@,)“/" 
the main role in the transport equation is played 
by the operator ie In}. In ferrodielectrics 
with a small magnetic anisotropy the equilibrium 
value of the magnetic moment is thus at these tem- 
peratures established at the same time as the 
Bose distribution of the spin waves. 

The authors express their deep gratitude to 
A. J. Akhiezer under whose guidance the paper 
was prepared and to M. I. Kaganov and V. M. 
Tsukernik for valuable discussions. 
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APPENDIX 


We consider a ferrodielectric with two magnetic 
sublattices, the Hamiltonian of which can be written 
in the form 


aac 


! H? 
+ MM, + | do, 


dM, OM, , 1 OM. OMy 


x OM, OM, 
at iG ad PEO OX 


| Oi: 
EAMOe MNO, 


(A.1) 


where Mj is the magnetic moment of the j-th 
sublattice, H the magnetic field acting in the fer- 
rodielectric, and a,, dp, Q49, and y quantities 
which are connected with the exchange integrals 


e5 M), 


iy 


Ly —~ A, ~ Ayo ~ O,.a? / 1~ Oc /UMy. 


We do not write down here the anisotropy en- 
ergy which is inessential for the following. 
Putting 


M;=M,--mj, H=H,+h, 


where Mj is the equilibrium value of the mag- 
netic moment of the j-th sublattice, H) the con- 
stant magnetic field, in the direction of the z axis, 
and m and h small corrections to Mo; and Hp, 
we find 


H =\{ho Om: Om: | 1 Omz dm; 


om, Om» 
On hOx? Weber Saxe OX, ia 


Oh: 
120%) OX; 


== %¥Mon ms + 1¥Mos my + ym, Mz — 


Going over from m and h to their Fourier com- 
ponents 


(A.2) 


, elke = ape ck 
Coke ye hy (zs 


and pene the ae of magnetostatics, we get 


= zo 2 img Mon + = dale? Mo Me + &12 R?MK, M_Ko 
Le ki 1 2 


ah lay (Mor miko + Moo mix) A (kK) + yMk1 Mx 
— AV (mix 4 mis) A (kK) + (20 / 2?) (me, + Ms, k) 
< (Mig + Moke, k)}. (A.3) 
We now define the operators of the magnetic mo- 
ments m, and m, by the equations 
im, = (26M)? (1 — wa, a, /2M,)" a, 
~ (2uM,)" (a, — pay aay /4M,), 
= (2u.M,) af (1 — pay ay | 2M,)” 
= (2uM,)/: (ay — pay a; a, /4M,), 
fig VM 2-2 ay? Gys 
m, == (2uM2)7(1 — pa, * ay | 2M2)'2 a, 
= (2uMo)"2 (dz — uy asa; /4Me), 
my, = (2u.M,)'/2 a; (1 — pa; dz | 2M,)/ 
= (24M) (ay — way ay ay /4Mz), 


Reh2 
Hy (m; + mj) + go} ao 
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m;= Mi+M,=paz a, mt = myimy, 
Mia Mo > 0; M, = — Mx > 0, 
[a;(r, t), ap (r’, t)] = 8/-8(r—r’). (A.4) 


Using these formulae one can express the Hamil- 
tonian %3C in terms of the variables a,j and aie 


Aj = a yar, t) e—tkr Op = vi 7 1} (r,.2\est 
V > k (A. 5) 


We then get 


HG ea, (A.6) 


where 


1 + + + aes 
G05 =>) Ala Gin Gy Ale Gia Gig Bi Oi dans Bed aan), 
k 


Aja = 2 (0, R® Mi + 7Me+ H), Avo = uw (a2 k? M, + yM, — A), 
By = pu (M, M,)'? (ay. Rk? + 7). (A.7) 


We have neglected here the influence of the mag- 
netic dipole interaction on the spectrum; taking it 
into account does not change the result, but com- 
plicates the calculations greatly. 

The Hamiltonians 3¢® and 3c“) contain, re- 
spectively, three and four operators a,; and Aig; 

The Hamiltonian Ho which is quadratic in Ae 
operators 2k; and aig can be dapopalced by a 
Bogolyubov canonical fransforiwation® 


Ak = Ug Cke + U5, C (A.8) 


* A+ 
Qky = Uy Ck =F Oo 9 ok 9? —kV 


where the operators Cj and Cig; satisfy the 
commutation relations 


[ekjs Cee] = 8j7 A(k — k’) 


and where u and v satisfy the usual conditions 
| ay} Pel Bigs || => | Woy |® —| 09, |? = — Ibe 
If we use the equations of motion 
Oj => (i/h) [F, As], 


we can obtain another four equations to determine 
u and v, and also the eigenvalues of the Hamilto- 
nian Ky). These equations are of the form 


Usa Sk2 = Ako lz, + By Vy2, 


Uy 8a = Ala lu + Be Var, 
— Vo, &ky = Ake V21 + By ts Bn Sys == Ayo peer 
and hence 

Sk; 12 = {(Aus + Ans)®/4 — Bil! + (Ata — Ate) / 2, 
=e) (DE Anse = eee 
(BL — (Ae — ea) Tl 


V2 == Voy = (Ag 
Yin = Us = = By; (A.9) 


Since y> 1, we have* 


*We note that the expression for €, given in reference 8 


is incorrect. 
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8 = (u/ M) (a, k? M? + ak? Mz — 204k? M, M2) + vA, 
eg uyM — vA + (uM, / M) (a1 ++ &, — 204) Rk, 
Vig = Ua = (M,/ M)*, Uy, = Usg = — (M1 / M)%, 
M=M,— M,>0. 

We see that one of the branches of the energy spec- 
trum has a large activation energy caused by the 
exchange interaction between the sublattices. The 
contribution from the oscillations of the magnetic 
moments described by the variables cy, and ci, 
to the thermodynamic and transport properties of 
the ferrodielectric at low temperatures is thus ex- 
ponentially small, and when one studies these prop- 
erties of the ferrodielectric one need only take into 
account the low-frequency spin waves, described 
by the operators cy, and cj. 

The interactions between the low-frequency 
spin waves themselves, caused by the exchange 
energy connected with the inhomogeneities of the 
magnetic moments and by the magnetic dipole en- 
ergy, have the same structure as in the case of 
a ferrodielectric with one magnetic sublattice. 

As regards the interactions caused by the ex- 
change energy between sublattices when the mag- 
netization is homogeneous, 


(DN ty AS. 1p My\"27 4 + + + 
hee —i\ (Ge) (a* a* aay + at aya, a2) 
1/, at 
St (ZF) (at @y ay a, + a, a) dz Q2) + 4a; a, a) a,| do, 


= 


one can use (A.5), (A.8), and(A.9) to show that that 
part of it whichdescribes the interactions of the 
low frequency spin waves with one another does not 
contain the large parameter y and is of the form 
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+ ead 
Lae = >) Ok kkk, Cea Cea Ck Cal A (ky + k, — ks k,). 


kik ok jk, 
where 
Dx, skak, ~ W/V, 


Lek, 5G is a small correction compared with 
3¢°), This makes it possible to neglect the mag- 
netic structure when studying the low-temperature 
properties of ferrodielectrics. 
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RENORMALIZATION IN PARITY-NONCONSERVATION THEORY 
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A method is proposed for the renormalization of mass, charge, and wave functions in the 


parity-nonconservation theory. The method is checked in the case in which the “three-I° 
approximation” equation is used for the vertex part. 


Tae renormalization program (for a theory which 
is invariant with respect to time reversal) should 
be somewhat different in parity-nonconservation 
theory than in ordinary theory, for the reason that 
the radiative corrections based on an interaction 
which does not conserve parity contains terms of 
a type different (pseudoscalar ) than those con- 
tained in the free Lagrangian. Renormalization 
in parity-nonconservation theory was considered 
by d’Espagnat and Prentki! and Sekine.? The for- 
mer did not study the problem sufficiently fully, 
and the latter reached a conclusion that a syste- 
matic renormalization program was impossible, 
which is erroneous from our point of view. It is 
therefore appropriate to consider this question 
again. 

In the presence of parity nonconservation, the 
free equations can, generally speaking, have a form 
that differs from the ordinary. Therefore, we shall 
first (in Sec. 1) consider the properties of free 
equations in the presence of parity nonconservation. 
In Sec. 2 the renormalization program will be given, 
and in Sec. 3 it will be shown how this program is 
realized in a concrete example — the calculation of 
the asymptotic behavior of the Green’s function and 
the vertex parts for large p’. 


1. THE EQUATIONS OF MOTION OF FREE PAR- 
TICLES IN PARITY NONCONSERVATION 


In parity nonconservation, the equations of mo- 
tion of free particles generally differ from the 
form usually taken. At first glance, it can be 
shown that in such forms of parity violation in 
which time (combined) parity is not conserved, 
the observed effects appear in the propagation of 
a free particle in a vacuum, for example, the ro- 
tation of the plane of polarization of light. Actually 
however, because of nonconservation of parity, no 
observed effects can arise in the propagation of 
the free particle in a vacuum. Physically, this is 
almost obvious, inasmuch as the motion of the free 


particle is determined by its momentum and the 
projection of its spin on a certain axis, which do 
not change by virtue of the laws of conservation, 
regardless of whether parity is conserved or not. 

In the case of bosons with spin zero or one, the 
hypothesis of parity nonconservation does not 
change the equations of motion, as can be seen 
directly from the free Lagrangian. In fact, for 
bosons with spin zero one can construct only the 
scalars (8y/8x,)* and g? from the field g and 
its first derivatives; it is not possible to construct 
pseudoscalars, so that the ordinary expression for 
the Lagrangian density 


Le — [(O¢ / Oxy)? + p?¢?] (1.1) 


does not change upon the consideration of parity 
nonconservation. For bosons with spin one, for 
example, for the electromagnetic field Ay, in ad- 
dition to the scalar Fi, (Fyp = 0A)/8x, — 9Ay/dxy) 
which is quadratic over the field, there is also the 
pseudoscalar €yy,gFypyFyo- However, the addition 
of this pseudoscalar to the Lagrangian 


(1.2) 


does not change the equations of motion, inasmuch 
as the second term in (1.2) reduces to a total de- 
rivative after differentiation by parts. 

For particles with spin one-half, the most gen- 
eral expression for the Lagrangian density of free 
particles in the presence of parity nonconservation 
differs from the ordinary, which corresponds to the 
Dirac equation, and has the form* 


L=$[p(1 + 1s) — m— ive] 9, 
p = iy, 0/ 0x, =i (80 / Ot + Bay), 


Here, because of the Hermite character of the La- 
grangian, the constants > and yu should be real. 
The equation for the » function 


1 p52 1 
Nh = — > Fav — 7 Muvac Fuv Pre 


(1.3) 


[p (1 + dys) — m — ipys] > = 0, (1.4) 


*The following notation is employed: 
Tp = B, Ba}, Ts= — 111 {213 Ya Tem a= Q, Yy=4—Baa. 
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follows from (1.3); upon squaring this equation, we {has bp} = {be Dad = 0. (1.12) 
a sue the connection between energy and mo- th ceooed aiththe opainertaaineekes terete 
ee mechanics, the time dependence of the ~ operator 
p> = (m? + u*)/(1—) or FE? =p? + (m’+4*)/(1—). can be obtained from the equation 
eet — 10 j9t = Sex He), (18) 


Thus, account of parity nonconservation leads 
only to appearance of the effective mass Meff 
= (m? + p2)/(1—A?) . 

It is important to note that (1.5) has meaning [p(1 + dys) —m) p=itu(l + dys) Ob / Ox, —mb =0, 
only for |A| <1. We shall see below that if the (1.14) 
terms which do not conserve parity in the free 
equation appear only because of the interaction, 
and the ordinary Dirac equation holds for “bare” 
particles, then |A| actually does not exceed 
unity. idp / dt = #4, (1.15) 

Invariance relative to time reversal or charge 
conjugation imposes definite limitations on the 
general form of the Lagrangian (1.3). It is easy KH = ap + Bm(1 + dys) /(1 —%) (1.16) 
to prove that in the case of T-invariant theory, 
t= 0, while in the case of C -invariant theory, 
on the other hand, A= 0. Inasmuch as T -invari- 
ant theory possesses the greater interest, we shall 
consider this case in more detail.* 

The free Lagrangian in the T-invariant theory 
has the form 


Computing the commutator in (1.13) by means of 
(1.11), we obtain the equation 


as was to be expected. It is interesting to note that 
if we rewrite (1.14) in the form of the Schrodinger 
equation 


then the corresponding Hamiltonian 


becomes non-Hermitian. Of course, this is not any 
defect of the theory, inasmuch as the Hamiltonian 
(1.9) in second-quantization theory was Hermitian, 
and the eigenvalues of the energy were real [which 
also follows directly from (1.7)]. 

In the method of quantization of (1.10) and (1.11), 
used by us, the anticommutator {%q(r, t), og(r’, t)} 


L=$[p(1+s)— ml) 4, (1.6) is an integral of the motion. It is easy to demon- 
p? =m? /(1—), [AJ <1. (1.7) strate this by calculating the derivative of the anti- 
commutator with respect to time by means of 
In order to carry out the second quantization, we (1.15), (1.16), and (1.11). In the case of any other 
determine the canonically conjugate momentum method of quantization, for example, when just 4 
n= OL /A(ab/ dt) = —igB(1 + 4s) (1.8)  @Ppears on the right-hand side of (1.11), the anti- 
commutator will no longer be an integral of the 
and construct the Hamiltonian motion. 


= = = Equation (1.14) and the anticommutation rela- 
H = xrdb/ot —L = — id 1 +k + mod, lal = GF. ; 

or V( ts) ¢ PY (1.9) tions (1.11) do not have the usual form in T -in- 

variant theory with parity nonconservation. One 


The anticommutation relations for canonically can show, however, that all the physical conse- 
conjugate variables taken at the same instant of quences for the motion of a free particle (or for 
time can be determined in the following fashion: the motion of a particle in an electromagnetic field) 

(u(r, £), p(t’, £)) = ie (rr —1’). (1.10) are the same as in the theory with parity conserva- 


aes tion. For this purpose, we carry out a transforma- 
Substituting (1.8) in (1.10), we find the value of the tion of the ~ functions: 
anticommutator of the functions ~ and y at the 


same instant of time: p=Sf, $=VS, S=pstp (1.17) 
fb2 (r,t), dp (t’, t)} = (1 —)*)* [ya (1 + 75) lea 8 (r — 1’). and put the matrix S in the form 
(L221) 

The remaining anticommutators vanish as usual: Disp Aria iiis: (1.18) 

*In C-invariant theory, the term with the time derivative mR ‘ A and B are real numbers. We substitute 
dy/dt does not change as a result of parity violation. There- (1.17) in (1.6), and require that there be no terms 
fore, the commutation relations remain the same as in ordinary PY5 in the new expression for the Lagrangian, and 
theory, and additional problems do not appear in carrying out that the coefficient of 6 be equal to unity. This 


the renormalization program. leads to the following set of equations for the coeffi- 
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cients A and B: 
(A? + B?)X + 2AB = 0, A? + B?+ 2ABh\ = 1, (1.19) 
the solution of which has the form 


A=+((14 


Ser 
Bean) (eek) ls 


For such values of A and B, the Lagrangian (1.6) 
is expressed in terms of ¥ and y’, and takes 
the form 


ny 


(1.20) 


L=¥(p—m/V1I—®)¥, 
where the anticommutation relations (1.11) reduce 
to the usual: 


{d2(r, £), bp (t", £)} = (Ya)as 8 (tT — Fr’). 


In the presence of an electromagnetic field the 
operator f should be replaced by S—eA in the 
Lagrangian (1.6) because of gauge invariance. It 
is clear that the transformation (1.17) will hold in 
this case also and lead to (1.21) with the substitu- 
tion of p- eA for fp. We thus see that for the 
case of the motion of a free particle, or of a par- 
ticle in an electromagnetic field, the entire effect 
of the introduction of the parity-nonconserving 
term py; into the Lagrangian leads, after trans- 
formation of the ~ functions, to the appearance of 
an effective mass Meff = m/V¥1-—A2. Inasmuch as 
the mass of the particles is determined from ex- 
periment, it is physically impossible to distinguish 
between the Lagrangians (1.6) and (1.21). 

Some interest attaches to the problem of how 
the equations change upon introduction of the 
pseudoscalar term Apy; in the presence of inter- 
action with other fields. In order to make this 
clear, it suffices to consider how the five covari- 
ant expressions formed from y functions, scalar, 
pseudoscalar, tensor, vector, and axial vector, 
change under the transformation (1.17). Making 
use of (1.16) and (1.20), it is easy to prove that 
the scalar, pseudoscalar, and tensor change in the 
transformation (1.17) according to the law 


(1.21) 


(1.22) 


f0H=H OY /VI-®, O;=S,T,P, (1.23) 
while the vector and axial vector change as 
GO) = ¥ O;(1— bys) ¥ /(1—*), O;=V, A. (1.24) 


Equations (1.23) and (1.24) do not have much 
meaning, because if one considers that the term 
Apy; arises because of an interaction which does 
not conserve parity, then the same interaction pro- 
duces corrections to the vertex part of the inter- 
action under consideration. For the interactions 
S, T, and P it follows from the T invariance 
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that the general form of the interaction operator 
cannot contain the matrix y,. For vector inter- 
actions the correction should have the same form 
as in electrodynamics, i.e., 1+ Ay, and, conse- 
quently, should compensate the factor (1—Ay;)/ 
(1-A*) in (1.24), It can be shown that for axial 
interaction the ratio of the parity-nonconservation 
term (in the correction to the vertex part) to the 
parity-conservation term is the same as in the 
vector interaction, i.e., the correction will also 
have the form 1+ Ays and will be compensated. 
The latter statements (relative to V and A inter- 
actions ) hold only for vertex parts with free ends, 
while for vertex parts with p* # mphys, terms 
not conserving parity of course remain. 

One must also make the following observation. 
The transformation (1.17) is not unitary. There- 
fore, in the physical interpretation, it is necessary 
to assume that the physical particles are described 
by the functions %’ (and not by w) so that, for ex- 
ample, for a particle at rest, ~’ (and not w~) has 


the form jy’ = i) ,» where v is a two-component 
spinor. 


2. RENORMALIZATION IN PARITY-NONCON- 
SERVATION THEORY 


As a parity-nonconservation interaction, we 
consider the interaction of a charged boson* 
possessing spin zero with a fermion field having 
the two states X and N. (The interaction in the 
decay A) —N+ 7 serves as an example of such 
interaction .) We shall write down the total La- 
grangian in the form 


Lae (p — mox) bx + by (p — mon) dw + ¢* (p? — U2) © 


+ Sobx (% + Bs) bw¢ + Herm. Conj. (2.1) 


where mMopx, Mon, My are the bare masses of the 
corresponding particles, gy) is the bare charge, 
a? + B2=1, aw and B are real. 

As usual (see, for example, reference 3), it 
is convenient to carry out the renormalization of 
the mass and of the » functions of X and N by 
considering the equation for the corresponding 
Green’s function which, for example, has the follow- 
ing form for N: 


{p — mon — M (p)} Gy (p) = 1; 


*These considerations can be carried through in a quite 
similar fashion for the case of interaction with a neutral boson 
field. Of course, it is necessary to bear in mind that in this 
case N and X cannot be one and the same particle, inasmuch 
as this would lead to the vanishing of terms which do not con- 
serve parity because of the T invariance and the Hermitian 
character of the Hamiltonian. 


(2:2) 
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M(p) is the mass operator: 
M (p) = casi Be 3 bs dk (« — ys) 

xGx(p + R)D*(p, p+k; k) D(R*); (2.3) 


T* (6, p+k; k) is the exact vertex part corre- 
sponding to the interaction vy (a+ Bys5) YN 
(I~ corresponds to the Hermitian-adjoint inter- 
action ty (a—By;5)~xv*); D(k*) is the Green’s 
function of the meson. 

In T-invariance theory, the general expres- 
sion for the mass operator should have the form 


M (p) = pM, (p?) + prsM2(p?) + Ms(p?), — (2.4) 


where M,, M,, M; are scalar functions of p’, 
and the equation for the Green’s function (2.2) is 
written as 


Ms; (p”)} Gy = 1. 
(225) 


{p — ton — pM, (p?) — prsMz (p?) — 


We transform (2.5) in the following manner: 

{p[1-— My (minys)] — Pt>sMz (mmpnys) — mon — Ms (mprys) 
— p [My (p?)— My (’pnys)1 — Ps [Mz (p?) — Ma (mprys)] 
— [Ms (p?) —Ms (tm pnys 1} Gu = 1, (2.6) 

where Mphys is the pavele a mass. It is seen 


from (2.6) that for p* — Mphys> the equation for 
the Green’s function Gy has the form 


Zz {p(1-+ 4s) — m} Gy = 1; (2.7) 
Co Ma env): 
tt = [ton 1M (tM pnys)| Zz, § = —ZaMs (11 spya)s 22-0) 


that is (with accuracy up to the factor Zine ), the 
form of the equation for the Green’s function cor- 
responding to the free equation (1.14). 

By studying the free equation (1.14), we came 
to the conclusion that in the transition to physical 
particles described by the ordinary Dirac equation 
(with the observed mass Mphys = m/V¥ T=): At 
is necessary to make the transformation (1.17). 
Since the Green’s function is defined in terms of 
the T-product as 


Gas (x, x‘) = <O|T a(x 


), da (x')) | 0, (2.8) 


then the transformation of the w~ functions (1.17) 
produces the following transformation of the 
Green’s function: 


G=aSG@.5: (2.9) 


We now make another numerical renormalization 
of the ~ functions: y’ = Z/*yp and the Green’s 
function: G’ = Z,GR. Then (2.6) takes the form 


IOFFE 


A gre 
{2 — mphys— Piapres 


ZAM, (p= Why (Mens)! 
[M2 (p? )— M, (m Nonsa)s 


— (Za [VI —®) [My (p%) — Ms (m3nye)]} Ge = 1. (2.10) 


7” Ys—h 
— pl, ee 


For p*— Mphys> the pent ag Green’s func- 
tion is GR— (p - Mphys) , i.e., it has the form 
of the Green’s function of a free particle with mass 
Mphys: 

Renormalization of the mass and of the y~ func- 
tions for the second fermion takes place in pre- 
cisely the same fashion. Renormalization of the 
mass and of the wave equations of the boson is 
carried out just as in ordinary theory, inasmuch 
as parity nonconservation does not lead to the ap- 
pearance of terms of a new type in the expression 
for the polarization operator. 

There still remains the charge renormalization. 
For this purpose, we consider the exact expression 
for the interaction energy [a(p’, (p—k)?, k?) and 
b(p’, (p-k)*, k*) are certain functions of p?%, 
(p—k)?, k?): 

Sobx (P) [a (p®, (p — k)*,R*) 

++ 1b (p®,(p —k)?, ky] by(p — b) 9 (A), (2.11) 
for p?*— mx, (p—k)? — mi and k? — 2 (my, 
my, are the physical masses). Then, in ac- 
cordance with the definition of physical charge, 
we should have 


Sobx (mx) [a (mk, my, w?) + b (mk mn, 22)15] by (mw) ¢ 
= gbxr (mx) (& + Bers) bye (Mw) PR (2), 


aR BR = 1. 


(uw?) 


(2.12) 


The renormalized ~ functions are connected with 
the usual relations 


bx = Zk (Ax — Bxvs) bxr, 


by = Z2k (Aw + Butts) dvr, 9 = Zy"or- (2.13) 


We note that for equal masses of N and X, 

there willbe Zyy = Zon» An = Ax, By = Bx and 
AN = —Ax. This circumstance follows directly 
from a comparison of the equations of the mass 
operators (2.3) for N and X. Substituting (2.13) 
and (2.12), we find the relation between the renor- 
malized and non-renormalized charges (and also 
the expression for the values of aR and BR) at 
myx = My: 


@ = g025Z, Zs, tx = Z,(a—bd)/(1 — 2), 


3 = 21(b —ai)i(1 — 2); 


~ 


Z4,=(1—¥)/V(@ +8) =) — 4abr. 


(2.14) 
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The expression for the renormalization of the 
charge (2.14) is materially simplified in the case 
of the two-component theory. Then, as can be 
proved (see the following section), a=b= Zi 1/ 
yo, AS 1— Z, and, in place of (2.14), we have 


B? = golZ3Z,"Z3(1 + A)? = g2Z2Z,°Z, (2 —Z,)-2+ (2.14’) 


The exact vertex part (for p* = m*) has the form 


Ms “eal Fit) /V 2, 


so that Zj;' has the meaning of an ordinary renor- 
malized constant in the renormalization of the ver- 
tex part. 

The remaining part of the proof of the renor- 
malizability of the theory (in particular, the elim- 
ination of the so-called “b divergences” ), inas- 
much as it is not connected with the specific parity 
nonconservation, can be carried out in the same 
fashion as in the usual theory.‘~® 

The renormalization that we have carried out 
will be valid only in the case in which the quantity 
A, determined in accord with (2.7), is less than 
unity in absolute value, |A| <1. We now shall 
show that this is actually the case. For this pur- 
pose, we generalize the spectral decomposition 
of Lehmann-Kallen to the case of noconservation 
of spatial parity under the preservation of time 
(combination) parity (see also reference 2): just 
as in reference 7, we consider the function 


GSB) (x, x) =<0 | dar (x) dar (x’)|0>, Gap? (x, x’) 


=(0| Por (x’) bar (x) | (2.15) 
and the anticommutator 
Goa (x, x’) = <0] {bar(x), Yar (x’)}|0>. (2.16) 


in addition to the Feynman Green’s function (2.8). 
(As is well known, the Lehmann-Kallen relations 
are written down for renormalized functions. ) 
Making use of CP invariance, it is easy to prove 
that the function G@) can be expressed in terms 

of G) by means of the equality (C is the charge- 
conjugation matrix ) 


Got (—r', f; Hr, th=—Cy,G)(—r, t —1', tC? 
(2.17) 


and, consequently, all the vacuum averages, in- 
cluding the Feynman Green’s function and the anti- 
commutator, are expressed in terms of G™. 

According to Lehmann,’ the function G™ can be 
written as 


£0| Par (x) Gar (x’)|0> = Dy <0| dar (x)|Pp> <Dp! dar (x")] O> 
p 


= >) CiCh exp {— ip (x —x’)}, (2.18) 


p 
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where py is the state with the 4-momentum p. 

From a consideration of the relativistic invariance 
and the CP invariance, the general expression for 
ey Cy aid (the summation is taken over all states 


with 4-momentum p) should have the form 
(2n)® >) CéCo = (Pap + dan V p*)pr(p?)—(Prs) ass (p”) 
p 
— Sapo (p?) = {(p [1 — f (p) Ys)as 
+ 88 V p?} pr (p?) — Sapo (p?); 


f (Pp?) = ps (p?)/o1 (”), 


where pj, Pg, p3 are real functions. Substituting 
(2.19) in (2.18), we obtain the general expression 
for the function G™, and consequently, for the 
arbitrary Green’s function: 


(2.19) 


GO) (x) = | PF) 98) +e 2) 


0 


— po (x?)} Al ) (x, x?) dx?; (2.20) 
Here A‘? (x, x2) are the vacuum functions for the 
boson field with mass kK. 

In the momentum representation, Eq. (2.20) is 
written, for example, for the Feynman function, as 


[p (1 — f (2) Ys) + %] pr (x2) — po ?) 


ee dx?, (2.21) 


Ge(i=( 


0 


For the rest of the functions, the rule for bypass- 
ing the poles p=+k_ should be chosen in similar 
fashion. 

The functions f(k?), p,(k?), p.(k?) entering 
into (2.19) — (2.21) satisfy the inequalities 


Pr (x) 0, O< py (x?) < Qxp, (x*), fF (x?) <1. (2.22) 
The first of the inequalities (2.22) is obtained im- 
mediately after multiplying (2.19) by (v4) Ba and 
summing over a. In order to obtain the other in- 
equalities, it suffices to compute the sum 


Di hah, = Po {pr (p?) (a — p)® + p*x Ix — 2f (p)] 


++ 2ap, (p?)}>0; (2.23) 


ha = {yap (1 + xs) — 2] }ayCh, (2.24) 


x and a are arbitrary real numbers. The sec- 
ond inequality of (2.22) follows from (2.23) for 
x=0 and @ = Qin = (— 2+ Pp1)/p4, while for 
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a@=0, and x=xmin =f, we obtain the third.* 

A stable particle with physical mass m corre- 
sponds to the appearance of a 6 function in py (kK?) 
:p1(k?) = 6(K2—m?). Here, it must be true that 
p,(m*)=0 and f(m?)=0. The latter condition 
follows from the fact that the operators entering 
into the determination of the vacuum functions are 
unrenormalized physical quantities which satisfy 
the Dirac equation (with physical mass m). 

By means of the inequalities (2.22), we can now 
prove the inequality || <1 which is of interest 
to us. For this purpose, let us write down the ex- 
pression for the Lagrangian (2.1) in unrenormalized 
functions 


E = Zox (1 — XX) 1bxe 1p (1 — devs) —V 1 — Meox] xe 
=F Zon (1 = Aw) 2Owr [p (1 3 Avs) — V1 —vMon] Pwr 
+ Zoe (p? — ue) oR + Zigdxr (Ax + Bxys) 


% (a + Bys) (Aw + Burts) pwr. 


(2.25) 


The anticommutator of the y~ functions, taken at 
the same instant of time, will, in accord with (1.11), 
be equal to 


{ar(r, t), Yar(t’, t)} = Ze" [ra(l — Mys)]an8 (tr — 1’) 
(2.26) 


(the index X or N is omitted). On the other hand, 


the expression 
{Par (ir. t), Ver (t', t)} 
0 


follows from (2.20) for the same anticommutator. 
Comparing (2.26) and (2.27), we have 


[ya (1 — F(%*) 5) leaps (x?) d?d (r — rr’). (2.27) 


25% =\ Ff G2)p (2) de’, (2.28) 
r= | Feed / | pr(e)de. (2.29) 


Since p; =0 and has the component 6(x2-—m?), 
then, as follows from (2.28), Tae =>1 and 


*Interesting consequences may arise if f(x?) > +1 for 
k? » oo. In this case, the general proof of Lehmann that the 
exact Green’s functions should disappear as p? + « no more 
rapidly than the free ones will evidently not have adequate 
rigor in the analysis of the divergences, inasmuch as in the 
calculation of the polarization operator for parity conservation, 
the interaction of terms containing a higher divergence can 
vanish as a result of the renormalization of the operators 


1+fy, or 1—fy, [see Eq. (3.20)]. 
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0<Z4.< 1, 


i.e., we obtain the usual inequality for Z,. From 
(2.29) and the inequalities py =0 and f? <1, it 
follows directly that 


[Att 


The inequality |A| <1 is proved in general 
form and the renormalization of the 6 functions 
(2.13) carried out above is justified in the same 
fashion. 

Let us now sum up. Renormalization of the 
mass and charge in the case of a T-invariant 
parity-nonconserving interaction can be carried 
out in the same fashion as renormalization in the 
case of parity conservation. Here, the equation 
for the renormalized y~ functions in the case of 
free motion is the usual Dirac equation with phys- 
ical mass. However the free Lagrangian (2.25) ex- 
pressed in these y% functions and the Poisson 
brackets (2.26) differ from the usual in the pres- 
ence of terms which do not conserve parity. 


3. THE ASYMPTOTIC FORM OF THE GREEN’S 
FUNCTION AND THE EFFECTIVE CHARGE 
IN A SERIES WITH WEAK PARITY-NONCON- 
SERVING INTERACTION 


For the investigation of the asymptotic behavior 
(at large p?) of the Green’s function in weak coup- 
ling theory, Landau® proposed to use the so-called 
“three-I. approximation” in which all the terms of 
order [g? In (p?/m?)]" are kept in the equations 
for the Green’s functions and the vertex part, while 
terms of the order g?™[1In(p2/m?)]" (m>n) are 
discarded. Solution of such equations for the case 
of electrodynamics® and pseudoscalar theory’?!° 
has led, however, to unfavorable results, inasmuch 
as the Green’s functions that are obtained have non- 
physical poles at a certain value p* = Par and the 
three-I’ approximation proves inapplicable beyond 
the pole (p? > p3y) where the weak coupling be- 
comes effectively strong. This result led Landau 
and Pomeranchuk!!~!3 to conclude that the renor- 
malized charged vanished, so that the theory was 
unsuitable. 

It is to ascertain whether the difficulty that has 
been pointed out persists in the case of interactions 
that do not preserve parity, i.e., whether the solu- 
tions of the equations in the three-[’ approximation 
will contain nonphysical poles. By solving this 
equation, one will be able to test on a concrete ex- 
ample the method of renormalization set up above. 

We choose a formal model, namely a scalar 
symmetric theory, in which both the fermions X 
and N have isotopic spin one-half, while the meson 
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has isotopic spin one. We shall assume that the 
fermions enter into the interaction with two com- 
ponents of their wave functions, so that the Hamil- 
tonian of the interaction is written as 

= Box (1 + 45) wong: + goby (1 


—%5)t4xe. (3.1) 


Inasmuch as it is necessary for us to test our 
scheme of renormalization, we shall solve the cor- 
responding set of equations directly, not using the 
renormalization group.'*»!5 The set of equations 
for the Green’s function and the vertex parts will 
have the form (see reference 10) 

ge 


(p — m, +329 \ dk (1 — ys) Gx (p — A) 


aie p; k) D(k*)} Gu(p) =1, (3.2) 
(p—m, +3 —% Bh dte (1 +16) Gy (> — 8) 

<I" (p —k, p; &)D(k*)} Gx (p) =1, (3.2') 

ae 

(he? —p2 272 dtpSpi(! + 16) Gw (0) 

xI-(p, p +k; b) Gx(p + &))}} D(k®) = 1, (3.3) 
P"(p, p— k; —h)=1+ 45+ gay | aor (P, P — 4;—q) 

XGy (pe —a)l(p— 4, p —-4 — k, —k) 

AG (p= ka) (p:— o— &,, (p=; ¢):D(q?); (3-4) 
D Xp, (rel eearre ee { atgr- (peepee a: 9) 

SG a ip—¢, p— 9 —,——) 

Gn) ag oh) (pg hep akg) Dg): (3.4) 


Here I* and T° are vertex parts corresponding 
to the interaction vx( 1+7¥5)TYNGi, YN (1-75) 
xX T)UxYj, Mp and py are the bare masses (we 
consider the masses of N and X to be equal). 

In the two-component theory, the exact vertex 
part I’* should be proportional to 1+y¥;5, while 


I’ is proportional to 1-—ys: 

T*(p, p— ky Hk) =(1+16)s* (2, P—& —R), 

T7(p, p— k; —k) =(1—1)8(p, P— ks —k), (8.5) 
where s* and s are operators which do not con- 


tain the matrix y; (but only p and k). This proot 
follows directly from perturbation theory. In fact, 
any diagram for the vertex part I~ contains the 
factor 1+y; in its left angle. Therefore, if the 
rest of the expression is written in the form 


(1+ 75)M+(1—145)N, 


where M, N are operators which do not contain 
y;, then the terms with N makes no contribution 
to..E". 
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Being interested in the asymptotic behavior of 
the Green’s functions, we can throw away terms 
with the mass and seek solutions of Eqs. (3.2) — 
(3.4) in the form®=!0 


Gy (p) = (p/p?) [1 + Fr (p?) Y5] Fw (p2), 
Gx (p) = (p/p?) [1 + fx (p?) r6] Fx(p?), D (k®) = 9 (R®) /°, 
* (p—k, p; —k)=se [(p—k)*, p®, k?] 
— kp|(k® + p®) si [(p—k)?, p?, Rl; (3.6) 
we consider the functions Fy(p”), Fx(p*), o(k?), 


Sy, 8S, to be slowly changing functions of their ar- 
guments. 

If we set fy=-fx =f, s*t=s°=s, Fy= Fx 
= F, then Eqs. (3.2’) and (3.4’) coincide with Eqs. 
(3.2) and (3.4), respectively. Thus, it is necessary 
to solve the following set of equations: 


{p+6 STA Peden (Gai) 
xF [(p —&)*] s(p—k, p; k) 9 (k)} 
x (p/p?) 1 + raf (p?)] F (p?) = 1, 
(pane ZP [1 —f (pF (p*) 
xt — fF ((p + 2))1F ((p + )?) 
x Splps(p, p+ k k)(p + B)(p + k)*1} 9 (RR? = 1, 


(3.7) 


(3.8) 
s(p, p—& =14+4—4-| Sef Pe 
x{l —f ((e — 9))1Li — fF ((p — 9 — R)*) 
Ee a) PA aes q—k)*)8(p, p—q —@) 
x s(P—q, p— q—k; —) 
xs(p—q—k, p—k; 9)9(q). (3.9) 


Multiplying (3.7) by 1-y; and 1+y;, successively, 
we can convert this equation to a set of two equa- 
tions 


pee eee re 
s(p—k, ps B)e(k*)} (aip*) 1 — F(p)1 F (p*) =1, 
(3.10) 
[1 £ (DF (p?) = (3.11) 


Comparing Eqs. (3.8) — (3.10) with the corre- 
sponding equations in scalar theory with parity 
conservation,* it is easy to ascertain that, except 
for the difference in the coefficients for eo the 


*The equations in scalar theory (for large p*) have the 
same form and the same values of the coefficients as in the 
equations of pseudoscalar theory. Therefore, we can, for ex- 
ample, compare (3.8)— (3.10) with the corresponding formulas 
of the work of Galanin and others.*° 
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only change arising as a result of parity noncon- and Eq. (2.14’) for the coupling between sed bare 
servation reduces to the appearance of the func- and the renormalized charges takes the form 
tion [1-f (p? )] F (p?) in place of the function 


272 
F (i yy Therefore, all the discussions carried GP = eZ °ZaZ5 (1 +d)? 


out previously®»!° remain valid, and we can imme- a goss ( z) Pe (= <<) 9 (=) [} —f( ue ) 
diately write down the set of differential equations me Pee 
for the functions #(p*) = [1—-f(p2)] F (p?), @(p”) = 29 (ae 7) o2( =)9 (ar): : 
and so(p*) (which are analogous to Eqs. (50) — 
(52) of reference 10): Substituting (3.13) in (3.16), we have 

ae \mne Stalhy, 
d@ (£) / d= = 6xs? (&) ©? (8) 9 (6), g? = g? [1 + 3(g2/n) In(A*/m*) | (3.19) 


The renormalized functions are expressed in terms 
of the experimental charge in the following fashion: 


Dp= Qi"O=QR", R= QR”, ame 
Gye a 2 Ole 


dep (6) / dé = 8xs¢ (6) OD (5) 9° (6), 
ds, (€) / dé = — 4xs3 (E) ©? (&) (6). (3312) 


Here «x = g%/4n; €=I1n (p?/A2), A is the cutoff 


momentum; we shall consider 6, g and s, to ibs F (mi) 

be unrenormalized. The values of the coefficients a 5 + Qe“ [1 mi ay See ies OFM, 

on the right-hand side of (3.12) are changed in com- ; 
parison with the coefficients in Eqs. (50) — (52) of Eye Qk +07 Aes ee Qk — Qk 
reference 10 in correspondence with the change of = F(m) (Qi 4.1) Qf’ e+ QF ’ 
coefficients in the formulas for G, I, and D gtk —4 

(there is an additional factor of four in the formu- A= — eae , 


las for G and I, and of two in the formula for D). ; baler: 
Solutions of Eqs. (3.12) corresponding to the initial Q=Qr/Qa,  Qa= 1—12(g?/4x) In (p*/m"*), 


conditions for §=0, @=g~=s8)=1 havethe form Qa =! —12(g?/4r) In(A*/m’). (3.20) 
ee Ory NO) Sy (Elias, It is not difficult to see that f and A actually 
Q = 1— 12xé. (3.13) satisfy the conditions fi x2 <1. The value 


of the cutoff limit comes from the expression for 
the renormalized G, IT, D. In the same way, we 
have shown that one can systematically and without 
F =(14 Q*) /2Q%, f =(Qe—1)/(Q4+ 1). (3.14) contradiction carry out the renormalization in the 
three-[. approximation in the theory with parity 
nonconservation. 

We shall now analyze the results obtained. First 
of all, it is evident that the difficulty from the van- 
ishing of the renormalized charge remains in the 
theory under consideration with parity nonconserva- 
tion: the renormalized Green’s functions have a non- 
physical singularity. However, if it can be so ex- 

Zs = 9 (u2/A2) = QE, Z71 = s,(m2/A2) = Qa, pressed, the situation becomes more favorable. The 

* : fact is that if we denote the coefficients on the right 
Qa = 1+ 12(go/4r) In (A%/m?). (3.15) side of Eqs. (3.12) by a, b and ec, respectively, 
In order to express Z, and X interms of F and then the presence or absence of a nonphysical pole 
f, we write the equation for the Green’s function of will be determined by the sign of the quantity 
the N particle in the form (2.7) in the vicinity of 2(a+c)+b (there is no pole for 2(a+c)+b< 0). 
p? = m?: es eer to the theorem of Lehmann, a and b 
vs i must be positive. Therefore, the only possibilit 
Zz °P(1 +45) (p/p?) [1 ++ f (m?/A2) 15] F (m?/A2) = 1. of removal of the pole is connected ie the nays 
(3.16) ence of a large negative coefficient c. In pseudo- 
scalar symmetrical theory with parity conservation, 


The functions F(é) and f(&) canbe found from 
(3.13) and (3.11), and are seen to be equal to 


In order to carry out charge renormalization on 
the basis of Eq. (2.14’), it is necessary to express 
the values of Z;, Z», Z3; and A in terms of the 
values of the functions F, y, So, s. From the 
renormalization conditions for the functions o(é) 
and s)(é) we have 9 =Z3;9R, S) = Z;'Spp and 
the relations 


We then find 


h = f (m®/ AY), a=, b=4, c=-—1. Introduction of parity noncon- 

servation changes the coefficients and they become 

~ 2 2 25 '2 = 
Z, = F (m?/A*) (1 —®) equal to a=6, b=8, c=-—4, i.e., the coefficients 


= F (m?/A®) [1 — f? (m?/A?)] = 1 — f(m?/A?), (3.17) a and c¢ increase by a factor of four while b in- 
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creases by only a factor of two. Thus consideration 
of parity nonconservation increases the relative 
role of the coefficient c. 

We note that the introduction of additional fields 
can improve the situation materially. Thus, for ex- 
ample, if we assume the presence of a scalar meson 
X with isotopic spin 0 in addition to the pseudo- 
scalar meson 7 with isotopic spin 1, then in parity 
nonconservation the corresponding coefficients are 
shown tobe a=2, by =b,y=4, cg=c,=-2 and 
the value of 2(a+c7)+ bz, or of what is equal to 
it, 2(a+ by) + Cy approaches 0 even more closely. 

The author is grateful to I. Ya. Pomeranchuk, 

A. D. Galanin, and G. M. Gandel’man for useful 
discussions. 
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Experimental data are presented on the distribution of the transverse momenta of secondary 
shower particles in jets produced by cosmic rays. Transverse momentum distributions that 
follow from various theories and also from various phenomenological descriptions of multiple 
production of mesons are analyzed and systematized. Comparison with the experiments nar- 
rows the possible choice of a scheme for description of the elementary process of multiple 


meson production. 


ers theoretical formulas for the transverse-mo- 
mentum distribution of mesons pl, calculated in an 
arbitary system of coordinates, can be readily com- 
pared with the experimental data obtained in the 
laboratory system (l.s.). However, good agreement 
between the pl distribution with the experimental 
distribution is a necessary but insufficient condi- 
tion for the correctness of a theoretical descrip- 
tion, since it reflects simultaneously the angle and 
energy distributions of the generated particles. It 
is found, as follows from the analysis below, that 
the distribution of the transverse momenta becomes 
in many cases insensitive to the choice of different 
versions of the theory. 


1. TRANSVERSE MOMENTUM DISTRIBUTION 
RESULTING FROM DIFFERENT VERSIONS 
OF THE THEORETICAL AND PHENOMENO- 
LOGICAL DESCRIPTION OF MULTIPLE 
MESON PRODUCTION 


a) One of the first theories of multiple produc- 
tion of mesons is the Heisenberg field theory,! 
based on the use of the nonlinear Lagrangian in- 
teraction. The energy spectrum (~de’/e’?) of 
the generated mesons in the center-of-mass sys- 
tem (c.m.s.), resulting from this theory, was 
experimentally confirmed by shower analysis.?~® 
The anisotropy in the angular distribution of the 
mesons generated at large energies (10!! ev) was 
explained by Heisenberg qualitatively by using the 
uncertainty principle. In a direction perpendicular 
to the motion of the colliding nucleons, the dimen- 
sion of the generation region is f/u7z, and conse- 
quently, pj ~ 1.* In this case the mesons with 
momentum p >wy7, are scattered within an angle 


*The transverse momentum p, of the particles is measured 
in units of pion rest mass. 


Oe Ph hen ps 


As the energy increases, the degree of angular 
anisotropy of the generated particles increases. 
Later on, Symanzik* chose a function that reflects 
this law, and used this function to calculate the 
angular distribution in the laboratory system for 
the so-called “maximum-anisotropy” case.'® 

In the present paper we calculate the meson 
transverse-momentum distribution both in the 
“maximum anisotropy” assumption and in the as- 
sumption of angular isotropy in the c.m.s. The 
corresponding curves are shown in Fig. 1; the 
pertinent equations are 

dN © «8p dN Py : 

Nap (p -4y’ Napy (pa pay’ (1) 
N-!dN/dp , is the relative differential intensity of 
the generated mesons. 

b) In the Landau hydrodynamic theory" the 
c.m.s. energy of the generated mesons is uniquely 
related with the angle 6’ between the directions 
of motion of the center of mass and of the primary 
particle. Assuming that all the secondary particles 
are pions, we can obtain the transverse-momentum 
distribution in the following parametric form: 


aN _ Cy Ve exp[—L/34+2VE?—M/3] (1 -e*) 
Ndp, 4C1 M de-®®__4 [4 + exp (—2A)] /83VE—@ ” 


9 GoM exp[—L/6+VP—/3). 


Po. Pr 1- exp (— 2A) ’ 


.<| ta 
(2) 


L=I1n ye; Ye is the c.m.s. Lorentz factor (nucleon- 
nucleon collision is assumed); C, and C, are con- 
stants of order unity, determined from the Landau 
~~ “¥*We are very grateful to Mr. Symanzik for sending us the ~ 
unpublished manuscript containing this calculation. 
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aN 
N a) 
Ug 
FIG. 1. Transverse-momentum distributions of the 

mesons according to Heisenberg’s theory,”!° and the 
experimental distribution. Curves 1 and 2 are ob- a 
tained under the assumption of maximum anistropy,?° 
and isotropy of the angular distribution in the C:m-S., 04 
respectively. 


integral conditions;!! M is the nucleon mass. 
The corresponding distributions for ye = 20 and 
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distribution of the generated mesons coincides with 
that obtained earlier.’ (The disintegration temper- 


100 are given in Fig. 2 (curves 1 and 2). It follows ature of the system is assumed to be 1p7.) 


from the form of the distribution that the majority 
of the particles have p; 2M/y,. Such a result 
does not agree with experiment. 

Milekhin and Rozental’!? have interpreted the 
occurence of so large transverse momenta as 
the consequence of the second stage of the expan- 
sion of an ideal liquid — conical scattering. They 
calculated the distribution of the transverse mo- 
mentum of the generated mesons, starting with the 
assumption that such a distribution is determined 
exclusively by thermal motion in a one-dimensional 
relativistic current of a nucleonic liquid (see ref- 
erence 13). The use of a Bose distribution for the 
pions and its integration over the longitudinal com- 
ponents’? of the momentum p, makes the distribu- 
tion of the mesons over p, depend on the critical 


temperature T, at which the system begins to dis- 


integrate. The corresponding distribution* for dif- 
ferent values of the parameter Te/uq = 3, %, 1, 
and 1.5 is shown in Fig. 2 (curves 3—6). 

In a three-dimensional version of hydrodynamic 


theory,!4 Milekhin has shown that the transverse hy- 


drodynamic velocity is much smaller than the ther- 

mal velocity. Therefore the transverse-momentum 
aN 

Map, 

a8 


FIG. 2. Transverse-momentum distributions ac- 
cording to Landau’s hydrodynamic theory.** Curves 
1 and 2 are obtained for values of the Lorentz factor 
Yo = 20 and 100. Curves 3 to 6 are obtained in the 
one-dimensional version’”"* for various disintegration 
temperatures: T,/y,,= 4, 4, and 1.5. 


*We choose a system of units in which the Boltzmann con- 
stant and the velocity of light are equal to unity. 


c) It is interesting to examine also the statis- 
tical theory, first employed by Fermi! to explain 
the Schein stars. At large energies, the thermo- 
dynamic approximation is applicable. Using Eq. 
(45) of reference 15 for the number of mesons dN 
generated in a phase-space element dt we obtain 
a transverse-momentum distribution 


NdN/dp, 
a +1 +1 
TP : 
= Fay | — 9) ay | ay 
I 


I 


TPL ise 
exp | ———~-_ (1 — —1% dn, 
x\ spear enw | | " 
4 2 4 Pr 
f() = [SE in G22 SF], (3) 


where a= 2.413 and p is the nucleon collision 
parameter .* Calculations based on (3) were made!® 
at an average value p= 0.959.!° The quantity y 
=,/T is expressed in terms of the energy of the 
colliding nucleons. Since yg < 100 for most of 
the compared showers, we have assumed, following 
Fermi, that equilibrium takes place only for the 


§ Py 


*Pomeranchuk, Feinberg, and Chernavskii have indicated 
the difficulties connected in this theory with the choice of the 
meson-production volume and the introduction of the impact 
parameter.’° 
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pion gas; in other words, we have neglected the pos- 


sible production of heavy particles. 
Using the expression!® for the energy density é, 
we can write for the energy balance 


4 3 uh 
ces (4) 
hence 
— [THY ¢ (Te — Wy paee (5) 


The quantity qa can be treated in Eq. (4) either 
as the factor by which the production volume is in- 
creased!é 

Q = Qy /a (Qy = h? / ube), 


or as the fraction of energy transferred by the pri- 
mary nucleons to the equilibrium system.'" 


_aN 
Nap, 
O8 
ug 


a4 


A 


FIG. 3. Transverse-momentum distri- 
butions obtained from Fermi’s theory,** 
taking account of the angular momentum 
in the c.m.s. Curves 1, 2, and 3 corres- 
pond to values Ay(y, — 1) = 100, 10 and 
(0) 55. 


FIG. 4. Transverse-momentum distributions ob- 
tained under the assumption that the generated 
mesons are monoenergetic (p, = 3) in the c.m.s. 
Curves 1 to 5 correspond to various degrees of an- 
isotropy: n = 0, 1, 2, 3, and 10. 


10 p, 


The distributions shown in Fig. 3 have been ob- 
tained by numerically integrating (3) for a(yg-1)¥¢ 
= 100, 10, and 0.5. 

It is appropriate to note here that the choice of 
the form of the phase volume is important in the 
calculation of the distribution over the transverse 
momenta, and incidentally also in the calculation 
of the angular distribution and the total number of 
particles. Various qualitative models frequently 
encountered in the literature make use of the as- 
sumption that the mesons are monoenergetic. Let 
us see how this assumption influences the distri- 
bution over the transverse momenta at different 
degrees of angular anisotropy in the system of 
meson emission [this may be both the center of 
mass, as well as the system connected with each 


FIG. 5. Transverse-momentum distributions ob- 
tained under the assumption that the mesons are 
monoenergetic (p, = 5.7). Curves 1 to 6 correspond 
to n= 0, 1, 2, 3, 10, and 16. 
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FIG. 6. Transverse-momentum distributions 
obtained under the assumption that the mesons 
are monoenergetic (p, = 10). Curves 1 to 6 cor- 
respond to n=0, 1, 2, 3, 10, and 50. 


FIG. 7. Transverse-momentum distribution of the 
mesons obtained under the assumption of angular an- 
isotropy (~cos™" 6’) and of an energy spectrum from 
Heisenberg’s theory.’ Curves 1 to 4 correspond to 
n=0, 1, 2, and 3. The histogram is the same as in 
the preceding figures. 


of the meson emission centers (fire ball ).!8~29 ] 
If the angular distribution is approximated by the 
function cos?" 6’, the distribution by transverse 
momenta will have the form 


4 lal pi \r— le py 
Wap, = Ont+ (IF) Opi <P (6) 


where py, is the proposed value of the meson mo- 
mentum. The calculation was made for different 
values of n and pp, and more will be said below 
regarding the specific choice of py. Results of 
the calculations are illustrated in Figs. 4—6. 

d) In conclusion, let us consider the frequently 
encountered version of the theory,?!~22 in which the 
Heisenberg energy spectrum is combined with an 
isotropic angular distribution. In the center-of- 
mass system, such a distribution has the form 


dN =C 22? cos? 6'dQ, dQ = —dcos’. (7) 


CEMA 
Making the substitution p =p, /sin 6’ and inte- 
grating over the angles, we arrive at a transverse- 
momentum distribution dependent on n: 


dN 3 bP, (V1i+p2 —p,) 


n=l, (8) 


Nap) V4 ei t+piyet+py) 
ss spa Py (Vite pip) ao. (9) 
wean (Vip? +p.) 
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dN 7 P, (pp + 4V +1) 
The corresponding distributions for different 
values of n are shown in Fig. 7. 


n= 3. (10) 


2. COMPARISON WITH EXPERIMENTAL DATA 


The experimental distribution of the transverse 
momenta of the generated particles was obtained 
from showers registered in emulsions.?~%?%"4 We 
selected stars with energies E > 1044 ev, which 
can be considered with high degree of probability, 
as being produced in nucleon-nucleon collisions. 
The momentum of the secondary shower particles 
was determined from multiple-scattering meas- 
urements. The total number of particles was 161. 
The histogram obtained is shown in Figs. 1—7. 
The maximum in the distribution of the transverse 
momenta is located near p, = 1. 

a) It is seen from Fig. 1 that the experimental 
distribution of p; lies between curves 1 and 2, 
which are obtained from the Heisenberg theory 
for two limiting cases, and that the positions of 
the maxima of the curves are in good agreement 
with experiment. It follows from the comparison 
that the assumed limiting values of the c.m.s. an- 
gular distribution of the mesons are correct. The 
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actual angular distributions lie apparently between 
these limits. 

b) The Landau hydrodynamic theory!! (see 
curves 1 and 2 in Fig. 2) leads to excessive trans- 
verse momenta. This is the consequence of the 
exceedingly hard energy distribution of the gener- 
ated mesons, inasmuch as the angular distribution 
obtained from the Landau theory is in satisfactory 
agreement with the experimental data.3418 The 
modernization of the hydrodynamic theory!”*!? is 
based on the idea that the transverse hydrodynamic 
velocity of the particles is insignificant compared 
with the thermal velocities determined from the 
condition of statistical equilibrium of the elements 
of the system. As far as the distribution of the 
transverse momenta goes, this idea leads to good 
agreement with experiment at a temperature T, 
= (0.5to1) pu, (curves 5 and 6 of Fig. 2). On the 
other hand, the mean value of the transverse mo- 
mentum Py in the three-dimensional version of 
the hydrodynamic theory, according to reference 
14, is also of order wz. If we use this value of py; 
and the energy dependence of the multiplicity (n 
~ vif 2), which follows from the hydrodynamic the- 
ory, it is easy to estimate the order of magnitude 
of the average c.m.s. angle of emission of shower 
particles, 6’: 


n~y'h,  p~Mr'h, 6 ~ p/p ~ (tn/M) x7"? 
The value of 6’ estimated in this manner is 

much less than the average value of the angle 

(~ 2vV 2/nL ), estimated from the angular distri- 


bution given in the paper by Milekhin.’4 This lack 


aN 
Nadcos8 
6 
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of agreement may indicate that in the three-dimen- 
sional version of the hydrodynamic theory'4 it is 
either necessary to forego the dependence n ~ yd 
or the order of magnitude claimed for the trans- 
verse momentum is incorrect. 

c) From a comparison of the experimental dis- 
tribution with the curves calculated from the Fermi 
theory (see Fig. 3), it follows that for no reason- 
able values of the quantity ayg(V¥e-1) is agree- 
ment with experiment reached. If the quantity a 
is taken to mean an inelasticity coefficient, then 
for Yg=10 the values of a@ corresponding to 
curves 1, 2, and 3 of Fig. 3 are 1, 0.1, and 0.05, 
respectively. It is easy to see that with increasing 
Yc the discrepancy with experiment increases. 

The quantity qa can be estimated by stipulating 
that the energy spectrum of the theory agree with 
experiment. This calculation, carried out by 
Baktybaev for the showers considered, yields 
a-~ 0.01. 

d) The distribution over the transverse mo- 
menta corresponding to the assumption of mono- 
energetic generated mesons contains the momen- 
tum py) as a parameter. In the calculations we 
used a quantity pp, equal to the average value of 
the meson momentum. This value depends on the 
system of coordinates in which the analysis is made. 
For the center-of-mass system and the excited- 
volume systems, respectively,!®»?° the values ob- 
tained for py were 5.7 and 3 (Figs. 4 and 5). 

Inasmuch as values of p, up to 10 are seen 
on the histogram, we decided to plot these curves 
for py=10 (Fig. 6). 


10 FIG. 8. Histogram of the angular distribu- 
tion of the particles in the c.m.s., and differ- 
ential angular distributions obtained under 
the assumption of an angular anisotropy 
~cos’"@, Curves 1, 2, and 3 correspond to 
n= 16, 10, and 2. 


i) 


S> 


a 
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A monoenergetic and isotropic meson distribu- 
tion (n= 0) leads to a transverse-momentum dis- 
tribution (curves 1 of Figs. 4, 5, and 6) which does 
not agree at all with the experimental data. It fol- 
lows from Fig. 4 that for no value of n do the 
curves agree with the histogram of the distribution 
of transverse momenta. A considerable fraction 
(~ 15%) of the particles has a value Die sh For 
large values of py, agreement with experiment 
is reached only for n > 10° (when Po = 5.7 and 10, 
and accordingly when n= 16 and 50). 

Figure 8 shows the histogram of the overall 
c.m.s. angular distribution of the shower par- 
ticles.2~4,% 9523 The ordinates are the relative dif- 
ferential meson densities, N~!dN/d cos Gemas 
functions of cos 6’. Curves 1 to 3 correspond to 
n= 16, 10, and 2. 

From a comparison of Figs. 5, 6, and 8 it fol- 
lows that the values n> 10 lead to a sharp angu- 
lar anisotropy, which does not agree with the ob- 
served c.m.s. angular distribution. Thus, the as- 
sumption that the generated mesons are mono- 
energetic does not lead, for an anisotropic angular 
distribution (~ cos*" 9’), to an agreement between 
the distribution over p, and the experimental dis- 
tribution. 

e). The distribution of the transverse meson 
momenta obtained by assuming an anisotropic 
angular distribution (~ cos?" 6’) and an energy 
spectrum from the Heisenberg theory, is com- 
pared with the histogram on Fig. 7. Unlike the 
preceding case, the curves agree with the ex- 
perimental distribution for considerably lower 
values of n, which is in agreement with the 
c.m.s. angular distribution of the mesons, shown 
in Fig. 8. 


CONCLUSION 


A comparison between different versions of the 
theory and experiment leads to the following con- 
clusions: 

1) It is impossible to explain the observed dis- 
tribution of the transverse momenta by assuming 
the generated mesons to be monoenergetic, since 
a condition of sharp anistropy is imposed on the 
angular distribution. It is natural to assume that 
the anisotropy in the angular distribution of the 
mesons is greater than in the c.m.s. than in the 
system of excited volumes. A direct comparison 
with the experimental c.m.s. angular distribution 
shows that the experimental angular distribution 
is much less anisotropic even in this system. 
This contradiction disappears if it is assumed 
that the energy spectrum of the generated mesons 
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is similar to the spectrum that follows from the 
Heisenberg theory.! 

2) The Landau hydrodynamic theory"! shifts 
the distribution of p,; towards the larger trans- 
verse momenta, owing to the exceedingly hard en- 
ergy spectrum predicted by this theory for the 


' generated mesons. In the revised version of the 


theory,'4 as in the one-dimensional version, !? the 
distribution of the transverse momenta is in good 
agreement with experiment, but it does not follow 
from the hydrodynamics, and is introduced by 
superposing the thermal motion of the particles 
on the hydrodynamic motion, which is assumed 
to be less developed in the transverse direction. 

3) The Fermi theory'® in the thermodynamic 
approximation leads to a distribution of transverse 
momenta which does not agree with experiment. 

4) In the Heisenberg theory!»!" the distribution 
over the transverse momenta is in satisfactory 
agreement with experiment. The generated-par- 
ticle energy spectrum derived from this theory 
has found experimental verification.2~® The angu- 
lar distribution does not follow directly from the 
theory, but is qualitatively explained by Heisen- 
berg, starting with a correct representation of 
the order of magnitude of the mean transverse 
momenta. The c.m.s. angular distribution func- 
tion, introduced by Symanzik on the basis of these 
representations, is confirmed both by the distri- 
bution over p, and by direct comparison**4>% 
with experiment. 

5) Analysis shows that distribution of the trans- 
verse momenta of the generated particles is de- 
scribed satisfactorily both by the hydrodynamic 
theory, in which only thermal motion of the par- 
ticles is important in the transverse direction, 
and by the Heisenberg field theory. The experi- 
mentally observed distribution over the transverse 
momenta thus does not allow us to give preference 
to either of the foregoing versions of the theory of 
multiple production of mesons. 
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The total probabilities for leptonic decays of hyperons with emission of a pion, Y — N(Y’) 


+live, 


(Z denotes an electron or 4 meson) are estimated in the case of the simplest 


matrix element of the universal V-A interaction for one of the possible perturbation theory 


diagrams. 


ly view of the successes of the universal theory 
of weak interactions! it is of interest to study the- 
oretically leptonic decays of hyperons. The prob- 
ability of such decays was first obtained by Behr- 
ends and Fronsdal? and Feynman and Gell-Mann,! 
and the energy spectra and angular distributions by 
Shekhter;**4 experimentally a few events of leptonic 
hyperon decays were observed.° 

In this work we consider hyperon decay proc- 
esses of the type 


—>WN(Y')+lt+v4n, 
where in addition to leptons a pion is emitted: 
Nn i vet, Ae ptt + y+ 2, 
Sel ye aon sp ela yk 
Reo ety ate SAI Ae rs tL ee, 


=? sj AU } 


(1) 


PE) Ie gy 


[the letters and subscripts Y, N, 7, l (yu, e), v 
refer here and in the following to hyperons, nucle- 
ons, pions, charged leptons (u meson, electron), 
and neutrinos ]. All these decays are described 
(see Okun’®) by the universal weak interaction 
Hamiltonian 


Aine= = (G/V 2) ) (byr, (1 oe 5) by) (b/%, (J a 15) p, ) (2) 
(we consider the case Cy = —CA = G/V2 ). In the 


the particle in question. We make use of one of 
the possible perturbation theory diagrams (see 
figure) to estimate the probability of the decay (1); 
the weak interaction acts at the point O and the 
loop represents the virtual strong interactions. 

Since it is not possible at this time to deter- 
mine the unknown functions f and g we consider 
the simplest case obtained by taking f,; =g, =1 
and fj, gi =0 (i= 2, 3, 4), the matrix element 
for the decay (1) pesegh 


M = eh (Frte7z8 


(21)8Y 2 


1 
V 4nE Py + Px 


cant are) tay) 


x (b (1 + 45) Yabs), 
where g is the strong interaction coupling con- 
stant (g?/47 = 14). E and m are the total energy 
and mass of the particle and we use the system of 
units in which h=c=1. 

The decay probability is calculated from the 
usual formula 


W = (2n)*\ | MP) dSpyd*pad* pid p.8 (py— Py— Pa— Pi—Pa); 


(4) 


absence of a consistent theory of strong interactions where we make use of the method of Dalitz’ (see 


we use for the description of process (1) a phenom- 
enological matrix element. The invariant matrix 
element for the strongly interacting particles in 
this process contains eight unknown scalar func- 
tions of the invariants constructed out of the four- 
momenta of the various interacting particles and 


can be written as 
M, = fia + fe (yak — Ra) in [se + faPra 
Ae E1Yals + Se (Yak oe kya) i Gam S3kals + LaPnats, (3) 


where k=p]+ pp, p being the four-momentum of 


also Okun’ and Shebalin®) to reduce the integration 
over d’py, d°p,, d°pz, d’p, to the invariant in- 
tegration over d‘Q*, d’R* (Q*=pz+py, R* 
=pj—py) followed by the integration over d‘Q, 
dR (Q=pytPr, R=PN-Pr)- 

Neglecting the electron mass in comparison with 
the masses of all other particles and assuming that 
the condition A/my «1 is satisfied, where A 
=my — (my+ m,,), we find for the decays (1) 
with the emission of an electron or ~ meson re- 
spectively the following expressions for the total 
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ee ee ee 


Decay 7, sec t sec 108 oe sec | 10° oo sec | 10! +, SEC 
Asp + i-+y+ 7° 29 = AT 10.6 2.4 
Aon + i- +94 nt 76 a 2.4 
De ted fe eg a 0.48 3.45 0.3 0.7 1.7 
pie) Tee aT 0.57 0.79 1,7 
StS pie Se vice 0.77 0.93 0.8 
S-A0+ (- 1+ 94+ 7° 0.0033 ~_ 0.8 3.4 ~10 
B0,A01 f-tyt at 0.0054 = ~10 


probabilities :* 


27G? (g2/4n) ( my ); Vn, At: 
1-3-5-7-9-14.13%°\ 2my J (my +m)—A/2)\(1—A/2my/ 2(1-+A/2m,,~’ 


(5) 


Vz 


yw &e/4n) he V 1, V A/2 + 3m,/2 Ké 
27. 3x4 Tae (my + my —/2) (1 —d/2my)%(1 + 8/2m,)” 


(6) 
where 
K® = [(At— 4 mea? + 4 ms) A? + (L med —4A8)2 a 


a GAT ee A — SNA a Ate 


qe 


A* 
as ayaa 
A* = my — (my +m, + my) =A—m, 


$=my — my — M+ m = A+m. 

It follows from a comparison of theory and ex- 
periment for hyperon leptonic decays (see Shekh- 
ter’) that the effective weak interactions coupling 
constant is approximately an order of magnitude 
smaller than its usual value G= 10 °/mj ( Mp — 
mass of the proton). This fact may be due to a re- 
normalization of the Cy and Ca coupling con- 
stants due to the strong interactions. Following 
Shekhter* we take G = 10-*/m),. The table shows 
the hyperon lifetimes Tg and Ty, corresponding 
to electron and yu -meson decays with the emission 
of a pion, as calculated from Eqs. (5) and (6) using 
the above value for the coupling constant. For pur- 
poses of comparison we also list in the table the 
~~ *]t should be noted that the transition to the limit ie) 


is not allowed in Eqs. (5) and (6), since they were derived on 
the assumption 2m, > A or A*, 


hyperon lifetimes 7$h and 7Sh referring to the 
normal leptonic eee and Pea from Shekhter.* 
The lifetimes Te, Ty, for the cascade hyperon 
were calculated from Eqs. (5) and (6) with the nu- 
cleon mass replaced by the mass of the lambda 
particle; the crossed out entries refer to reactions 
energetically forbidden. 

The author is sincerely grateful to L. B. Okun’ 
for supervising this research and to I. G. Ivanter 
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By considering jointly the spectral representation of the photon Green’s function and the re- 
normalizability property, the behavior of the D function is investigated for very large ener- 


gies and e? 


= ¥, 137, and for very large charges but not too high energies. With an accuracy 


to within a numerical parameter it was possible to establish the dependence of the D function 
on charge in the first case, and on energy in the second case. 


Ar present it is still an open question whether 
the difficulties that occur when quantum field the- 
ory is applied to phenomena taking place at small 
distances indicate an internal inconsistency of the 
theory or whether they are due to the inadequacy 
of the existing calculation methods. Although 
objections have been raised repeatedly against the 
double-limit proof of the zero-charge, the argu- 
ments of Landau and Pomeranchuk (which, how- 
ever, refer only to electrodynamics) are still 
quite convincing, even if they have only qualitative 
character (see, for example, the article by Lan- 
dau! ). 

In this connection it appears to be of interest 
to try to investigate the photon Green’s function 
for very large energies, using only the most gen- 
eral features of the theory: positive definiteness 
of probabilities, renormalizability, gauge invari- 
ance, etc. This can be accomplished partially. 

As will be seen below, the qualitative concepts 

used in the investigation can be made self-consist- 
ent, which leads us to conclude, for example, that 

it is not possible to prove rigorously the existence 
of a zero-charge using only renormalizability and 
the Lehmann expansion. At the same time, although 
these two conditions do not, of course, determine 
the propagation function completely, they do allow 
us to say more than one should have expected about 
its qualitative properties. 

In the first section of this paper we investigate 
the behavior of the photon Green’s function in the 
region of energies much larger than the critical 
energy (corresponding to the unphysical pole ap- 
pearing in the Green’s function in the usual calcu- 
lations ). Up to a numerical constant it is possible 
to establish the dependence of the D function on 
the charge, and it turns out that the D function 


either does not depend on the charge at all or is 
exponentially small. The last case corresponds 
to the non-logarithmic character of the divergence 
of the renormalized constant in the exact solution 
of the equations of quantum electrodynamics and 
seems to be entirely possible. 

In the second section we shall consider a model 
of quantum electrodynamics for very large values 
of the renormalized coupling constant. It is pos- 
sible to find the explicit dependence of the Green’s 
function on the energy in a wide region. It should 
be noted that these results can be obtained only by 
making the very critical assumption that the role 
of the mass term in the Lagrangian does not be- 
come too important as the coupling constant in- 
creases. 

In conclusion we shall discuss the problem of 
the zero charge in connection with the preceding 
considerations. It will be noted that our results 
do not in any way refute the arguments of Landau 
and Pomeranchuk, who considered the Hamiltonian 
directly, although our discussion starts from the 
very beginning with the assumption that there is 
no zero charge (i.e., that it is possible to use the 
basic general principles of the theory consistently 
with a nonvanishing value of the renormalized 
charge ). 


1. THE PHOTON GREEN’S FUNCTION FOR 
VERY LARGE ENERGIES 


The renormalized photon propagation function 
De = dc /k’ is a function of two variables: the di- 
mensionless ratio k?/m? (k is the energy-momen- 
tum vector of the particle, and m is the mass of 
the electron) and the square of the renormalized 
charge e*. Gell-Mann and Low showed from the 
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renormalizability requirement of the theory that 
the function de (k?/m?, e?) can be expressed in 


terms of a function of a single variable in the asym- 


ptotic region k?/m? > 1:” 
e?d, (k?/m?, e?) = F (ko (q (e”))/m?, (1) 


where F and ¢ are inverse functions, and q (e”) 
nearly coincides with e? for small values of the 
charge: 


q (e”) = e? [1 — (5/9r) e? +... ]. (2) 
Introducing the functions 
h(x) = F (e*), 
p(x) =h(— x"), 
we rewrite (1) in the form 
ede = ALE + g (q (e))] = bIx (9) l — 79 @)) 8) 71, 
§ = In (k?/m?), (4) 


Ing (x), 
— 1/g (x), (3) 


g(x) = 


x(x) = 


where h and g, and y% and yx are inverse func- 
tions. 

As is known, perturbation theory gives the fol- 
lowing expressions for the functions x(x) and 
~(x) for small positive x: 


%(x) = x/3r, p(x) = 3rx, 0<x<l, (5) 
which leads to the known expression for e’d,:? 
ep, [i (67/38) Elyse 26 ST, eed. = 1, a(6) 


This means that the functions g and h are deter- 
mined by perturbation theory for the following val- 
ues of the argument: 


7 (¢)- = —34/x for 0< x <€ 1, 


h (x) = — 3n/x. for x <0, |x|Ss1. (7) 


The Green’s function d, can be written in the 
form of an expansion in terms of the masses:2+4 
d. (R4/m®, e*) = 1 + k*\ dus (x?, €%)/(k® + x2) (8) 
0 
and is therefore an increasing function of k? (or 
£ = In(k*/m?), if we consider space-like k? > 0): 
OS NN a )/(R? + x 


oe eS 0 ao) 


Since, for values of which go upto + and 
for small values of e? which start from zero, the 
argument of the function h(x), which is equal to 
&+g(e”) » -3n/e”, varies from —~ to +, 
the function h(x) is an increasing function of its 
argument everywhere (see Fig. 1). Two cases are 
possible: 
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1) AlE+ g(q(e))] > 00 for Ecc (curve /), 
2) AlE+ g(q(e))] 8 for oo (curve 2), 


where £ is a numerical constant which is inde- 
pendent of the value of the renormalized charge. 


FIG. 1 


The behavior of g(x) [the inverse function of 
h(x)]is shown in Fig. 2. In case 2 the argument 
of g(x) changes only from zero to B, so that 
q(e*) is limited from above by the value q ( e?) 
= 6. There exists, therefore, a maximal value of 
the renormalized charge for which quantum elec- 
trodynamice is valid: e? < ef, q(e?) =8. We note 
that then e{ <8, since e? is the value of the func- 
tion efdc (k?/m?, e?) for k?=0 and 8B is the 
value of the function efdg (k?/m?, e?) for k?— ~, 
and de must increase as k* increases. This re- 
sult was obtained by Gell-Mann and Low.? 


y(2) 


FIG. 2 


The behavior of the functions ~(x) and X (x) 
is shown in Figs. 3 and 4. For & =1/y(e*) (which 
corresponds to (e2/3r) é =1 for small values of 
the charge) the argument of the function ¢ (x) 
jumps from + to —~. If the first approximation 
~(x) = 37x is used, this discontinuity represents 
an unphysical pole in the Green’s function (“zero 
charge” ). If we consider the function w(x) as 
shown in Fig. 3, we see that ~(x) remains con- 
tinuous for x=+ [it is equal to a, the root of 
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Xiah | 
i | 


BIG. 3 


FIG. 4 


the function g(x)]. These curves, of course, do 

_ not prove in any sense the absence of the zero 
charge. To decide this question, we must first 
find out how adequately the figures represent these 
functions, if the latter are derived directly from a 
study of the Hamiltonian itself. This problem will 
be discussed below. 

Let us now attempt to obtain some information 
on the behavior of the Green’s function for very 
large energies & > é), £)=—g(e’) © 3n/e’. If 
h(x) were a function in the argument of which 
small terms could be neglected in comparison with 
large terms, even if the small terms are not small 
as compared with unity, we could conclude imme- 
diately that for & > 3m/e”, e’dg does not depend 
on the charge: e"d, =h(&). However, h(x) may 
have exponential character, and then, of course, 
the dependence on the charge remains in force 
for arbitrarily large values of &. 

Let us now try to calculate the value of the ratio 
h(x+y)/h(x), when x>y (x) and y21. 
For this purpose we consider R(y): 


R(y)=hint+ gle*)VALE+ g (e’)] 
= [1 -++ p?\ dx?o (x?, e’?)/(p® + x2) | 


i 

x1 + al dx?a (x, e%)/(k? + 2 le 

é 

when n-—é&=y remains a finite quantity and 
and &— ©; e’* is arbitrary. (R(y) is independ- 
ent of e’2.) Under these conditions p?/k? = eY =A 
is a finite quantity, while p?— © and k?— o. 
Each of the integrals in the numerator and the de- 
nominator of (10) goes to ~ if dg—o, i.e., we 
have case 1 (cf. the figures). In case 2 we have 
R—£/B=1. This value of R(y) is included as 
a special case in the subsequent discussion, and 
we shall, therefore, assume that the integrals in 
(10) do not diverge. The R is written in the form 


(10) 


F()= \ dr2s (x2, 6”2)/(hR? + x2). (11) 


0 


R =)F (0)/F (1), 
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F(A) and F(1) goto zero for k?—-«. There- 
fore 


F(A 0 é : 
ray =e FO) / se =r (SP), a2) 
or 
(OF /OX)nas/F (1) —(OF/AN/F ()) =0. (18) 


Integrating the last equation, we find* 
R/k = F (d)/F (1) =», 
or 


R(y) =e”, 


k = (AF /O¥)aa/F (1), 
3 (x?, e!*) dx? 


/\ 
: (14) 


We have therefore proved the following property 
of the function h: 


A(x + y)/h(x)—>e, 


foe) 
2) pees o( 9 (x?, e’*) dx? 
fmberecbascrcret 


x—> Oo, (15) 
where the numerical parameter v is given by (14). 
R(y), and hence v, do not depend on e’*, which 
was included in (10) in an arbitrary way. Neverthe- 
less, v cannot be calculated by perturbation the- 
ory because its applicability requires not only e’? 
<« 1 but also e’? In(k?/m?) « 1. The function 
v(k?), which becomes v in the limit k* — «, 
is zero for e’* «1, e’* In(k*/m*) «1 (pertur- 
bation theory), depends on k? in a complicated 
manner for e’? In(k?/m?) ~ 1, and becomes equal 
to the above-mentioned number v for k?— o. 
From (14) we find the following limitations on 


0< <i, (16) 


If we set 
Ailey eserrP (x), (17) 


we see that the function P(x) has the following 
property: 
P(x+y)/P(x)>1, (18) 


Going back to formula (4), we have now 


> CO. 


e*d, (k?/m?, e°) = exp {vg (q (e*))} (R*/m*)’ P (In (k*/m?)), 


In (k?/m?) => g (9 (e’)). (19) 
The function g[q(e”)] has for small e? the form® 
g (4 (e)) = — 3n/q (e*) — + Ing (e2) + Cag (e?) 
BECCA Ye atari (20) 


*It can be easily shown that the value of F(A)/F’ (1), at 
which, in fact, the cancellation in the derivation of (13) was 
carried out, is finite. 
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We see from (19) that we must take the first two 
terms of this expansion. Then we have, finally, 


e°d, (k2/m?, e) = exp {— 3nv/e?} (e?)-9¥/4 (k?/m?)” P (In (k?/m?)), 
Gea, (e?/3x) In (k?/m?) S> 1. 


If we considered the next approximation for the 
function q (e2), we would find, according to (2), 
that this only introduces an unessential constant 
factor on the right hand side of (20). The energy 
dependence given by formula (20) is almost triv- 
ial and could have been predicted without calcula- 
tions. The result given above is useful only in 
that it leads to a connection between the value of 
the parameter v with the characteristic integrals 
(14). Indeed, if fxro (x2) dk? converges and 
fo (x2) dx? diverges (case 1), the dependence of 
a on powers of xk? can only have the form (x?)?7! 
for 0 <v <1, which gives at once an energy de- 
pendence of the type (20). The case v=0 corre- 
sponds to a logarithmic divergence of the renor- 
malized coupling constant, 


ZAais \ 3 (x2) dx? 


and does indeed occur in the perturbation theory, 
as was mentioned above. For a finite renormali- 
zation (case 2), as in the case of a logarithmic 
divergence, edo does not depend on the charge 

in the region of large energies. As is seen from 
(20), the quantity e’dg, as a function of the charge, 
is exponentially small for v>0, and can therefore 
not be expanded in a perturbation series. Here the 
circumstance that the derivation of (20) was based 
on the property (1), which was obtained in refer- 
ence 2 precisely with the help of perturbation the- 
ory, is probably not essential for the validity of 
(20), since the renormalizability property reflects 
only the most general aspects of the theory. If v 
#0, Z3! diverges like A” (A is the cut-off mo- 
mentum ). 

It should be emphasized that, although the case 
v=0 is intuitively regarded as the most probable, 
there do not seem to exist any special reasons for 
excluding values of v = 0. 

In the following section we shall discuss quantum 
electrodynamics for large values of the renormal- 
ized coupling constant, where the cases v=0 and 
v #0 both seem to be perfectly acceptable, even 
if they lead to D functions of completely different 
qualitative behavior. 


2. THE PHOTON GREEN’S FUNCTION FOR 
LARGE VALUES OF THE RENORMALIZED 
COUPLING CONSTANT 


Since we are not able to construct a quantitative 
theory of strong coupling, it is of interest to inves- 
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tigate the general properties of such a theory, even 
if only on the example of electrodynamics. We 
shall again start from the renormalizability prop- 
erty (4), which we rewrite in the form 


q (e7)-= hig (e7d-) — $I. 


If the magnitude of the charge e? becomes much 
larger than a, the root of the function g(x) (see 
Fig. 2), and goes to infinity in case 1 or to ef 
[a(e?)=8, g(B) =] in case 2, the quantities 
g(e’d,) and g[q(e”)] in formulas (21) and (4) 
increase beyond limit. If at the same time the 
energy does not become too large, so that the in- 
equalities g (e"da) > &é or gl[q(e”)] > — are 
fulfilled, we can use the property (15) of the func- 
tion h(x) and write 


de (k2/m®, €2) = e°%q (c*)(R2/m®)’ = d, (1, €%) (R2/m2). 


(21) 


(22) 


The quantity q(e2)/e? equals dg(1, e”), i-e., 
the value of the asymptotic Green’s function for 
k? = m2. It follows from the derivation that we 
have neglected those terms in (22) which are small 
in comparison with dg(1, e?), although they may 
be greater than, or of the order of, unity, if only 
de(1, e*) is large. 

In the discussion above we have made one very 
critical assumption. The criterion for the applic- 
ability of (22) is given by the inequalities é 
« g(e’d,) or — K g[q(e”)], which limit the 
quantity k?/m? from above. On the other hand, 
formulas (4) and (20) have asymptotic character, 
i.e., terms which vanish as k?/m? increases are 
omitted in these expressions. It is clear that, if 
these terms grow very fast with increasing e? 
(roughly speaking, faster than ~exp[g(e?)]), it 
is impossible to find a region of values of k?/m? 
which are large enough that these terms can be 
neglected, but still sufficiently small to satisfy 
the above-mentioned inequalities. We shall as- 
sume that this difficulty does not occur, basing 
our supposition on the rather natural hypothesis 
that the mass term in the Lagrangian cannot have 
too much importance for very large values of the 
renormalized charge. 

Formula (22) determines the dependence of de 
on energy in a rather wide region. The exact ex- 
pression (not the asymptotic one) for de should 
have branch points at the threshold values of k? 
which are multiples of the square of the mass. In 
the asymptotic theory m*— 0, and all branch 
points converge to the point k? = 0. In this case 
the character of the branching is (k?)’. This 
throws, perhaps, some light on the meaning of 
the parameter vp. 

It is easy to find the spectral function o (k?, e) 
corresponding to expression (22). Since . 
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xo (x, €?) = m1 Imd,(— x? /m?, e), (23) 
we find, after substitution of (22), 
OCC ceny=—n d,(1, 6?) (2 /m*)’ sin xv. (24) 


Equation (24) is valid with an accuracy up to 
terms which are small in comparison with d.(1, e?) 
if x*/m? > 1, but 


In (x® /m*) < g (ede), g(q(e)). 


In the case v=0,1, de(k?/m?, e*) = de(1, e”) 
with the same accuracy, and o/d,¢(1, e?) +0 
with increasing e*. If, in this case, the renormal- 
ization is finite, dg(1, e?) — B/e? and a(x’, e?) 
itself goes to zero. 

Let us consider the case v=0 in more detail. 
Since the basic term in o which is proportional 
to de(1, e*) vanishes, it is desirable to determine 
the next term of the expansion. It follows from for- 
mula (23) and the renormalizability condition (4) 
that the dependence of o on x* and e? inthe 
asymptotic region has the form 


x2 (x, €?) = ef (In (x? / m?) + g (q(e’))], 


where f[x] is some function which, in the case 
v=0, satisfies condition (18). The asymptotic 
expression for deck'/im*, e?) for v=0 consists 
of a term independent of k?/m?, dg(1, e”), and 
a term which is an increasing function of it. The 
latter is small in the region under consideration, 
since for v=0 


(25) 


Gtk pinrne*). /de(1,.e7)—- 1: (26) 


We can easily obtain the increasing part of de, 
starting from (25). We have 


d, (= 4 e*) ee ( dx? ef [In (x? / m?) 


+ 2 (9 (e?))1 Kx? (4? + R?). 


Since the integral converges, the important values 
of «x? are x’ </|k’, i.e., 
In («2 | m?) < In(k?/m?) < g(q). 

Inasmuch as f satisfies property (18), we obtain 
at once 

d, (k? /m®, e?) ~e*f [g (q (e”))] In (R? / m®*) (27) 
or, adding the constant term to de, 
d,(k® / m?, e%) = d,(1, e?) + ef [g (q (e?))] In(k?/ m?). (28) 
Using condition (26), we rewrite (28) in the form 
(29) 


(30) 


d,(k2 [m®, e2) = de (1, €2) [1 + A (c2) In (A? / m?)], 
A (e?) = f fg (q(e”))1 /e?de (1, e*) +9. 
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Now the o(xk?, e?) corresponding to (29) is 


xo (x?, 6%) = d,(1, 6) A (e%). (31) 


Equation (30) is, of course, equivalent to the 
above-mentioned condition o/de(1, e2) — 0 for 
increasing e?. If the renormalization is finite, 
q(e?) 6 and do(1, e*) — B/e? for e? —e?. 
Here o(k’, e?) goes to zero like A(e?), which 
in its own right must vanish faster than [g(q)]7!, 
as can be seen from the definition (30) and the 
convergence of the integral 


co co 


\ 3 (x2) de? = ay f (x) dx. 


If the renormalization is infinite, it is easily 
shown from (30) that A (e2) ~ [g(q)] “1. In order 
to see this, we write (30) in the form 

A (e?) = flg (9 (e?))]/9 (e”) = f(g (x) /x =F (y) /A(y), 
x=q(e’), y=gl(x), 


and compute f(y)/h(y) for large values of y: 


a g’) p* 

f= In(p? }.m?*). (32) 

Since we are concerned with the case of infinite 

renormalization, the values Kew p? are important 

in the integral of formula (30), so that we may pull 

out of the integral the slowly varying function f at 
the point In (p?/m?) +g’. Then 


fore) i? 


\ dy2f (In = ae g') x2 (p? + 2), 


~m? 


iG)... p? 
Fgy aA (in Se 


A(e) =f) /hW = aay = NY = 1/e 42"). 
The function o (k?, e?) may in this case go to 
zero for increasing e*, if de(1, e2) A (e?) — 0, 
or it may stay finite and even increase. To re- 
solve this question, we must understand the be- 
havior of de(1, e”) for large values of the charge, 
which cannot be done in the framework of our tech- 
niques. It may turn out that, if dg(1, e”) A (e”) 
— 0, that part of o(k’, e?) becomes important 
which corresponds to the terms neglected in (4), 
as these vanish for m?/k* — 0. Nothing is known 
about the dependence of these terms on the charge. 
It should be noted, however, that by virtue of for- 
mula (9) the imaginary part of these terms for 
k? < 0, which is also the imaginary part of the 
total o, is a negative quantity and can, therefore, 
never be greater (in terms of absolute values ) 
than the calculated part of o. In general, the case 
for which o(x’, e2) —0 is physically very im- 
probable. Indeed, the function Gae. e”) isa 
sum of the squares of the moduli of the electro- 
magnetic-field-operator matrix-elements which 
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connect such states as, for example, the vacuum 
and an electron-positron pair. The condition 

o (x2, e2) +0 will imply, in particular, that as 
the charge increases, the cross section for the 
scattering of an electron by another electron with 
arbitrary momentum transfer much larger than m 
decreases. If, on the other hand, the momentum 
transfer goes to zero, the quantum effects should 
disappear and the cross section should be of the 
Rutherford type, i.e., it should increase rapidlyas 
a function of the charge! But this means that the 
cross section must change very rapidly in a rela- 
tively small interval of momentum transfers near 
k? ~ m?. 

All this seems, of course, very strange; how- 
ever, one could argue that it is not unnatural to 
assume that electrodynamics has limited applic- 
ability for large charges. In any case, the idea 
that the theory becomes gradually worse as the 
charge increases seems rather phantastic. 

There are thus two possibilities left, and the 
choice between these two is apparently very diffi- 
cult. In the case vy >0 we have for de the func- 
tions (22) and for o(x*, e*) formula (24), and in 
the case v=0 formulas (29) and (31), respec- 
tively. These formulas have the character of ex- 
pansions in terms of quantities which are small 
for strong coupling. 


2 


3. CONCLUSION 


Our whole analysis of the behavior of the D 
function hinges on the possibility of making the 
renormalizability of the theory consistent with 
Lehmann’s spectral representation (i.e., with the 
analyticity properties of the theory). By them- 
selves these two suppositions are indeed not con- 
tradictory; however, this does not mean that the 
theory is internally consistent if it is examined 
fully, i.e., if we consider the Hamiltonian. For a 
better understanding of this circumstance we 
briefly outline the arguments of Landau and Pom- 
eranchuk! concerning the “zero charge” in the 
light of our previous discussion. 

As is known,’ the connection between the renor- 
malized and the bare charges e*? and e}, respec- 
tively, is (in our notation) 


es = hlg (q (e?)) + LI, (34) 


where L=In(A?/m?) and A is the cut-off mo- 
mentum. In going over to a local theory A — ~, 
and e?% increases from small values until it 
reaches the value @=h(0) [the root of the func- 


tion g(x), see Figs. 1 and 2] for L=- g[q(e?)]. 
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In the neighborhood of this point the unrenormalized 
Green’s function is equal to 


ed, (A? /k?, e) = h{— (L—§) + g (@)] = Al—(L—9)I 
(35) 
and is, therefore, independent of eR, 

It is important that even if h has exponential 
character (v ~ 0), this assertion remains true, 
since g (e2) is small in comparison with unity 
for e?~ a. On the other hand, ejdy is the vac- 
uum expectation value of the T product of two op- 
erators U=e,A (A is the electromagnetic poten- 
tial), and the fact that e%d) is independent of ej 
seems to be due to the neglect of the free term in 
the Lagrangian. (The latter is proportional to 
e)2U*U, whereas the interaction is of the order 
of U*U.) Furthermore, in order to avoid a “zero 
charge”, the function g (e2) should have the be- 
havior shown in Fig. 2, which implies that ejd, 
will again start to depend on e3. This seems sur- 
prising, not so far as the Lehmann expansion or 
the renormalizability property is concerned, but 
looking at it within the framework of the Lagrang- 
ian formalism; for the neglect of a term ~ e)*U*U 
in comparison with a term ~U*U can hardly be- 
come less justifiable as e? increases. There is 
thus good reason to assume that the functions g 
and h do not have the behavior shown in Figs. 1 
and 2, if they are determined with the help of the 
Hamiltonian. Nevertheless, regardless of whether 
the zero charge does or does not exist in reality, 
it seems useful to study the general features of the 
theory. We summarize the results obtained: 

1) In the real electrodynamics with e? = ¥,,, 
at energies much larger than the critical value 
[(e?/3) In(k?/m?) > 1] the function dg is either 
independent of the charge or exponentially small 
[formula (20)]. The last case corresponds to a 
non-logarithmic divergence of the exact expres- 
sions. 

2) In an electrodynamics with a very large 
coupling constant it is possible (with an accu- 
racy within a numerical constant) to determine 
the dependence of the function dg on the energy 
in a fairly wide region. It has either the form (22) 
[the corresponding function o is given by (24)] or 
the form (29) [the function o is given by (31)]. 

In conclusion I should like to thank V. N. Gribov, 
K. A. Ter-Martirosyan, I. T. Dyatlov, and V. M. 
Shekhter for numerous useful comments. 
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An expression is derived for the moment of inertia of odd nuclei, with the effect of pair cor- 
relation taken into account. The theory is compared with the experiments. 


Ir is well known that in the mass number regions 
150 < A< 190 and A > 225 the atomic nuclei are 
deformed and have rotational levels in addition to 
single-particle levels. Experiments show that the 
moments of inertia of odd nuclei are larger than 
those of neighboring even nuclei on the average by 
10 — 20% in units of the moment of inertia for a 
solid, and in some cases by as much as 30 and 
even 60% (the ground state of Dy'®), 

In a number of papers! the formula for the mo- 
ments of inertia of even and odd nuclei was derived 
and the difference between them was calculated on 
the basis of the single-particle model,’ but without 
taking consistently into account effects due to pair 
correlations. The inclusion of pair correlations 
substantially reduces the moment of inertia of the 
nucleus in comparison to the moment of a solid.3*4 

In this work use is made of the Green’s function 
technique for a finite system with an odd number 
of particles.’ For the calculation of the moment 
of inertia we make use of the method developed 
by Migdal’ for even-even nuclei. 

The moment of inertia J is determined by the 
expression 


eG SD (1) 


where 
<M*> = >) Mix Py 
Ar’ 


is the average value of the projection of the angular 
momentum of the system on the x axis, which is 
perpendicular to the symmetry axis z of the nu- 
cleus; py,’ is the density matrix, and Q is the 
angular velocity whose direction coincides with 

the x axis. In a previous paper by the authors® 

the density matrix p,,- (Eq. 25) for an odd sys- 
tem was calculated for a statistical perturbation. 
In the case of a rotation of the system the pertur- 
bation of the Hamiltonian, as was shown by Migdal,? 
is of the form 


V = —V'=MQM/ Meg, 


where M is the nucleon mass, Meg is the effec- 


tive mass of the quasiparticle and for A’ it is 
convenient to introduce the notation A’ = if (r) 2M/ 
Meff- eae 

If we use the density matrix p),, obtained in 
reference 5 to evaluate the expression (1) we ob- 
tain 


i=5) 


An’ 


(Ex E-— €, 6), A?) (Ma P = AM een 
2EQEy (Eee) 


M eff 


sy 2 (EX + 2,8), + A2)| MHI? + A(Myy, faa + Maga Paa,) 
Ey, (eX — &},) 


A 


? 


(2) 


where E, =v «2 + A?, € is the single-particle 
energy measured from the chemical potential € , 
and A, is the state occupied by the odd particle. 
The prime in the single summation over ) indi- 
cates that the state with energy ¢€, = EX) should be 
omitted. For a nucleus with N nucleons, A is 
determined from the expression 


A (N) == |2E,(N) — E,(N + 1)—E,(N—1)], (3) 
where E)(N) denotes the energy of the ground 
state of the system. The integral equation for f 
takes the form 
s o (en) hay + 2AMY, 

4 Ya Tx 9B (Ey E) 
an > 2, Ex? (1%), faa, — Pay Pr Fuad 
A(E,=E,) 
i > r Pr, (2Ey, — & + a ste ®.)° faa, + 24M] 
x Ey, (&x, — &) (®,, — &) 
ta y 9, x (2E,, aan + &,) [(e,, = 8y)F Faga ae 2AM% | 0) 


; Es) qa) a 
The first term in this expression corresponds to 
the equation for f for an even-even nucleus, and 
the first term in (2) corresponds to the moment 

of inertia of such a nucleus. 

We write f as f= f+ f’, where f denotes 
the solution of the integral equation for an even- 
even nucleus. Insofar as Eq. (4) differs from the 
integral equation for f for an even-even nucleus 
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by the addition of a single summation over 2 the 
modification of its solution will be quasiclassically 
small in comparison with f® (see Appendix). 
Therefore in the single summation over } we may 
replace f by f°. Then expression (2) becomes 

2 AM fx 
pee OD pa 2E, Ey (Ey + Ey) M ese 


1S 


1 2(ES, + 8 €, + A®)| ME, 2 + A (ME, FS 


Ey, (— 2.) 


Rae MX, Ce) 


x 
M 
x ’ 
M ose 
(E, Ey, — 2, €,,— A*) | M3, |? — AM Bea 
os a a eee eee 
ESO mr SEE ETE) (6) 


Ar’ 


Here k = Bw)/2A, the parameter on which the mo- 
ment of inertia of an even-even nucleus depends,? 
is evaluated for values of A and £6 corresponding 
to the odd nucleus. From the integral equation (4) 
we obtain the following equation for f’: 


OM LG 
p 9, (t) 95, (r) St, bate 


Ds * * 
=i F2 ») (?), Ne he ite ae SP Pe») 
a 


Xo 
(€,=€),) 
19 9, (2E, — &, + &,) [Ex — 2,7 Ry, + 24MH, | 


E,, (e5, — €3) (€, —€)) 


+ 


1 Pr, 9p (2Eg, — &, + &) En, — €n)* an + 2AMK al 


> > es 
x E,, (e5, a €}) (€), my €) (7) 
} , nett BAIN 
J=Je+7" >) 2 Ets FA MnP i es 
eff T E,, ( ace 


In this manner it is seen that J is independent of 
f’ and there is no need for solving Eq. (7). 

A solution of the integral equation (8) for fe 
can be expressed in an analytic form only for an 
oscillator potential. In what follows we evaluate 
terms containing f° for such a potential. Accord- 
ing to Migdal,’? f° has the form 


P(r) = — (21 + Be) M* (r) /2A (211 a5 20¥), 
Hee 
Zv)= a » £1 = 2 (1), G2 = & (rr), 
(o, ae, @,) (®, at oF ) 
era A? ed) 


where Wz, Wx = Wy are the corresponding fre- 

quencies. By substituting (12) into (11) and setting 

Xe 0 we reduce (11) to the form 

bay 1 gate 
4A> | 2 


2 M 
; (13) 
gv; = | M eff 


isa a. 


rn, Man +H, »M%,) + (Ex 


937 
and the following equation for f?: 
D9 (r) (Fr) (24M, 
ar’ 
+ (¢,—2,)"/2,1/28,6,,(E, + B,) =0. (8) 


Multiplying Eq. (7) by f° and Eq. (8) by f? and 
integrating over r we obtain respectively 


a) 
My, eee Mx ff r») 


ai 3) (€,, — &,) 


(&, — ey)? Fyfe, 
DE EB +E, yas x @ 


x E,, (<5, 2d e? ) 
/ | F%a, 2 (a, — &) 


HP 


+e) 


San 


>; [2A Mi fara 


Ar 


+ (8, — 8n)® fav fara) / 2En Ex (Ex + Ey) = 0. (10) 


It follows from Eq. (8) that the matrix fy x7 has 
the same By mM erey. Deore es as the matrix My". 
Therefore My, Opa = MX rt rrg = = 0. Eliminating 
f’ from the expression for the “moment of inertia 
by making use of Eqs. (9) and (10) we find: 


S55 jf 0 2 
yal | (11) 


where Vv) = €,/2A. 

In the quasiclassical approximation the nonvan- 
ishing matrix elements of MX are equal in the rep- 
resentation (nx, ny; nz). In the representation 
(N, nz, A, 2), where N is the principal quantum 
number, and A and {& are the projections of the 
orbital and total angular momenta on the z axis, 
the quasiclassical equality of matrix elements will 
also hold provided that the degeneracy of energy 
levels in this representation is taken into account 
and the effective expressions | Mia, [fare used, 
corresponding to the two possible transitions to the 
degenerate level. Then Eq. (13) becomes 
d a 1 2 (gi +g) 
We v5 (g1 vi + gevs) 


(N—n)n, 
Jo.= Je(%o) + aS vt 


(14) 


ees) egal 


(givy L gov5 Ne 


esto 
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Insofar as M differs little from Mefg we set in 
what follows M/Megf * 1. 

For deformed nuclei ¥4~ 1, gy ~ 0.6, v2 ~ 10, 
and g, ~ 0.03. It follows from Eq. (14) that terms 
connected with f° can be as large as 25% of the 
first term. However the dependence of these terms 
on vy; is much weaker than that of the first term. 
In addition, it follows from Eq. (14) that the sum- 
mation over A is important only within the one 
shell which contains the state Ay, because the 
principal contribution to Jg comes from 
terms corresponding to the minimal energy ¢). 

Let us consider the difference between the mo- 
ments of inertia of an odd nucleus and the neigh- 
boring even-even nucleus: 


8J = Jo — Je = Je(%o) — Je (%e) 


(15) 


41 Moa, Pp 4 ise ee Ie 
a 2 43 ie = give + | 

The last term in Eq. (15) is always positive. 
For an oscillator potential x = fiw)6/2A. Since 
Ae > Ao, and 8 does not vary much between 
neighboring nuclei, we have in a majority of cases 
Ko >Ke and 6J>0, in agreement with experiment. 
Let us estimate the dependence of the main term 
in 6J on the number of particles in the system, A. 
Since 


DY | Min, P~ A, x ~ A ~ eA, 
A 


it follows that 6J ~ A/3/e). The moment of iner- 
tia of a solid goes as Jg ~ A’/3/e, and therefore 


OM fel ORO aa (16) 


The experimentally observed sharp jumps in 
6J correspond to those cases when the odd particle 
occupies states which in the limit of small defor- 
mations go over into states with a large orbital an- 
gular momentum 1. The dependence on 1 is par- 
ticularly clear in the example of a rectangular po- 
tential well, when 


, te, = ef + 8 (m? jl? —1/,)e8, 


where oN is measured from the bottom of the 
well. In that case the main term in Eq. (15) has 
the form 


8J = [Al4 / 2 (Bed )%] [12 / m® — 1}, 


This formula illustrates the strong dependence of 
the moment of inertia on the state occupied by the 
odd particle. 

We discuss next the limiting value of J. In the 
limitas A—0 (v—~-), according to Migdal,? 
Je(K)—Jdg, and the second term in Eq. (14) tends 
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to zero. This is understandable since in the case 
of a solid 6J/Jg ~ 1/A and terms of this order 
in A are not included in our formula. 

Let us discuss the limitations on the permissi- 
ble values of the parameters B and A imposed 
by the criterion of applicability of perturbation 
theory Pan! <1. We assume that A< te 
~ wp , which is always valid for a nucleus. Since 
the perturbation V goes as A/3/J (where J 
~ A*/3/¢,), it follows from the condition p),, 
<< 1 that 


Bie A>* > Anse eA Bb? (17) 


For deformed nuclei these conditions are always 
satisfied (@ ~ A~/3, A ~ €,A~¥3) and, therefore, 
perturbation theory is applicable. 

_ The calculation of the difference of the moments 
of inertia of even and odd nuclei was carried out 
using the formula 


4A | Mx ,\* 
8] = >) | Aor! 


2 
x r 
eae veces 


The main term in expression (18) is the first term. 
It gives the principal dependence of 6J on the state 
of the odd nucleon Ay. In deriving it no specific 
form was used for the nuclear potential. It was 
therefore calculated using the wave functions for 
the Nilsson potential,’ which gives a good descrip- 
tion of the state of the odd particle in a deformed 
nucleus. The second term in Eq. (18) was obtained 
by utilizing the oscillator potential. It contributes 
to 6J less than the first term (~ 25%) and, fur- 
thermore, depends rather smoothly on the state Xp. 
Therefore the evaluation of the second term util- 
izing asymptotic wave functions of a deformed os- 
cillator in the representation (N, nz, A, Q) intro- 
duces no significant errors. 

Migdal’ obtained an expression for Je(x), 
where k = hw 8/2A and fw, = 41 A~!/3 Mev. In 
order to calculate the difference Je(ko) — Je(Ke) 
it is necessary to know Ay, Ag, Bo, and Be for 
neighboring nuclei. The quantity A may be ob- 
tained from data on nuclear masses and binding 
energies with an accuracy not better than 10 or 
15%.’ In many cases, particularly for odd proton 
nuclei, the necessary data for A do not exist. 
Therefore in those cases A was found by interpo- 
lation. In those cases when one of the neighboring 
Ae and Ao could not be determined directly we 
made use of the relation 

EVs SNe oes 
where py is the density of single-particle levels ° 


2 (g1 + ge) v3g2 
A (vigi + vege)? 


[raw ny 4 


(18). 


MOMENTS OF INERTIA OF ODD ATOMIC NUCLEI 


near the Fermi surface for particles of the given 
type. The values of 8 were taken from references 
2, 8, and 9. Values of B corresponding to the 
neighboring nuclei were used in those cases when 
B was not known. The results of a comparison 
of theory and experiment are shown in Tables I 
and II. It is seen that the theory gives a satisfac- 
tory description of the dependence of the moments 
of inertia of odd nuclei on the state occupied by the 
odd particle. In several cases such a comparison 
may be useful for a classification of the state oc- 
cupied by the odd nucleon in the Nilsson scheme. 
The tables also make it possible to estimate the 
quantity A in those cases when it is not known 
from other data. 

The authors express their gratitude to S. T. 
Belyaev and A. B. Migdal for useful discussions. 


TABLE I. Relative change 
nuclei with an odd 
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APPENDIX 


Let us find the solution of Eq. (7) for f’(r), 
under the assumption that the nonvanishing matrix 
elements fx’, similarly to f\,, are quasi-clas- 
sically equal for a given A. Then utilizing the 

uasi-classical independence of PrPH’> Mn’, 
fy’, and fy” on A’ fora fixed > and employ- 
ing the well known method? for evaluating the sums 
we reduce Eq. (7) to the form 


5 (tes + 9290) f(r) 9 (eo) F) 


ee! tN P(r) le, 2 
= asa hoa) Ml 
1 2 
where p(€ 9, r) is the density of particles with en- 
ergy €9. Introducing into Eq. (A.1) the expression 


of the moments of inertia for 
number of neutrons 


Classifica- SII, % 
tion of the (n) 
Nucleus Ried By tae wo Bo Be Ag) AS l 
odd particle Mev Mev Experi- Theory 
(YN, 1 A, Q) ment 
e4Gd15 5213/9 0.31 0.3 4 gals 26 22 
otGd}57 5213/2 0,34 0.41 0.8 1 47 16 
gs yi! 6425/5 ORS 0) : 30 0,9 44 62 47 
gD y18! 5213/5 0.3 0.35 0.9 Apes 15 14 
66 Dy} 5235 / 0.3 0.35 0.9 al 13 4 
66 LDy18 523°/> 0.3 0.36 0.7 0.9 44 14 
Pe Bien 6337/2 0.29 0.33 Ont 0.9 27 De 
wo Y b178 5125/9 0.28 0.31 0.6 0.8 7 9 
Hf177 5147/9 Pau 0.29 0.6 0.75 if 9 
ob lf179 624° /» 0,26 0,34 0.6 0.75 16 12 
907 h229 633° /¢ 0.22 OR22 0.65 0,85 23 21 
90 1 282 633° /> 0.23 0.23 0.67 0,87 24 20 
go)288 6335 / 0.24 0.24 0.43 0.67 17 16 
92U 238 6313/5 0.24 0.24 0.43 0.67 17 15 
92285 7437/9 0.24 0.24 0,62 0.84 22, De 
oaPu289 743? | 0:26 0,26 0.44 0.74 28 20 
oaPu4t 6225 /» 0.27 0.27 Ooo) 0.44 7 5 
g¢6m24® 6247/5 0.26 0.26 0:5 0.7 8 5 
0,20 0.20 0.5 me i. 
sm?e® 7349 0,26 0.26 0.5 : 
abe 2 0.20 OF20 So 0.7 19 20 


TABLE II. Relative change of the moments of inertia for 
nuclei with an odd number of protons 


bI/Je % 
() () 
Nucleus N, a A, Q Bo Be AS AS 
Mev Mev Experi- UhSCry. 
ment 

165 5237 0.32 | 0.39 | 0,8 0.9 8 15 
Tye ere O25) 166 84) | 0.781 1 019 13 24 
psRels? 5149/5 Oot 10/33 180.75 Ah fogs 3 4 
Reis? 4025 | ig) Waa0242 1 a0ems | 0.85 2 3 
P2338 642 |» (on Mio. 0.5 0.6 412 35 
osNp23? 642° |» 0:95. | 0:25.) 00.5 0.6 29 27 
N29 6429/5 0:26 | 0.26 | 0.5 0.65 33 29 
ssNp2? 523° /» G25 | 0,25 | 0.5 0.6. 14 it 
vaN p29 523 9 6.26 | 0:26 | 0:5 0.65 10 2 
sAm?%41 523° /> 6-271 0127 | 0.45. | 0.55 10 
oA m248 5238/5 Gor ue o.ar. | 0145 «|..0.55 14 9 
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for f(r) from Eq. (12) we obtain 


jae M*(t) 1%, [2 (¥3 — 3) (giv — B24) 
2A% (€or) vive (gyy + £2%5) 


Since p(€),r) depends on r only weakly we have 
p(€9,r)V =p), where pp is the level density at 
the Fermi surface, and V is the volume of the 
system. Since | Pr, |? is a rapidly oscillating 
function it may be replaced by 1/2V. Thus the ma- 
trix f\,’ has the properties assumed in the deri- 
vation of f’(r). Estimating f’ for »py~ 1, vy, ~ 10 
we find that 


f/f ~1/2p_)A ~ A’. 


Consequently the function f’ is quasiclassically 
small in comparison with f°. 
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The conductivity of an electron gas in perpendicular electric and magnetic fields is investi- 
gated for wrt > 1 (tT is the electron relaxation time, w is the cyclotron frequency). Elas- 
tic scattering of electrons on fixed short-range force centers is considered. Interaction 
between the electrons and the scatterers is treated without the aid of perturbation theory. 

In the final result the conductivity is expressed as a function of the magnetic field and the 
exact amplitude for scattering of a zero energy electron on a single center in the absence 


of a magnetic field. 


lig the recent work of Adams and Holstein,! gal- 
vanomagnetic phenomena were studied in a strong 
magnetic field. Here, the interaction of the elec- 
trons with different scatterers was considered by 
the authors as a perturbation, which required the 
assumption of a finite width of the electron levels 
for the elimination of divergences that appear in 
the Born approximation. 

In the present work, the conductivity of an elec- 
tron gas is computed for a strong magnetic field 
in the case wt >1, where 7 is the relaxation 
time of the electrons, w =eH/m (the system of 
units is used for which h=c=1). Only elastic 
scattering of the electrons on randomly-arranged 
immovable centers is considered; the radius of 
action of these centers is assumed to be small in 
comparison with the wavelength of the electrons 
and with the mean distance between scatterers. 
The interaction of the electrons with the scatter- 
ers is considered without the aid of perturbation 
theory, inasmuch as the Born approximation, 
strictly speaking, is not suitable at low energies. 
Limiting ourselves to the case in which the direc- 
tions of the electric and magnetic fields are per- 
pendicular, we begin our calculations with the gen- 
eral expression for the conductivity tensor obtained 
by Kubo:? 


BD 


~\ e-etdt \ ai Sp {pv, (— ih) dz (£)}, 


0 


p = exp (— 8H) /Sp exp (— 3H), 


Siy oa 


ais 
ot 38 


(1) 


3¢ is the total Hamiltonian of the system in the ab- 
sence of an electric field; vy (t) is the Heisenberg 
operator of the yp component of the velocity of the 


electron; € > 0; B=1/kT; Q is the normalized 
volume; yu, vy =x, y, z. The diagonal elements of 
the tensor oy,y can be written in the much simpler 
form 
Be? ‘ 
Sun = “ Re {Sp pu (0) Xu}, (2) 
xe \ e-*tdtel Ht v, (0) eH". 
0 
For calculation of oy,p, it is convenient to put the 
operator X, in the form 


Loo 
4 


X= = | 


The identity of Eqs. (3) and (4) can easily be seen 
by taking their matrix elements in the representa- 
tion of the Hamiltonian 3 and carrying out inte- 
gration over t in (3) and integration over E in 
(4). 

We shall now consider separately the cases of 
Boltzmann statistics and Fermi statistics. 


(3) 


4 1 
OE poe VE agee ge 


1. NONDEGENERATE ELECTRON GAS 


In this case, it can be assumed that # is the 
Hamiltonian of a single electron in the field of the 
scattering centers, i.e., 1 =%)+ V, where 


V= Vi. 


Here A is the vector potential of the magnetic 
field H, Vj is the Hamiltonian of interaction of 
the electron with the i-th scattering center, lo- 
cated at the point rj. 

We write the vector A inthe form A, =A, 
=0; Ay = Hx. The eigenfunctions and the eigen- 


Ho= (p— eA)? / 2m, 
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values of the operator 3) have the form 


Pink yky (t) = exp Li(k y + Bez)] Gn (x /! —lhy), 
Ena, = 0(n +5) + hE / 2m, 


where 9}, is the Hermite function of n-th order 
and 1 = (eH)~'/2, The matrix elements of the op- 
erators vx(0) and vy(0) are determined by the 
formula 
(n'k) ke, | Ux (0) ++ ivy (0) | nkykz) 

ae i (2 i; Ee, SE 
(n’'kik, | vx (0)—iv (0) | nkykz) 

= i (20 /m)'* (n + 1)"8nynp18," 

y 

In what follows, we shall denote the sets of 
quantum numbers nkykz by the Greek letters a, 
B, etc. 

Following Luttinger and Kohn,’ we introduce 
the “scattering operator” T‘*)(E), which is de- 
termined by the relation 


(5) 


On ans 
ky kekz 


(E—# tie) = GY) + GET) (E) G®), 
Git) = (E — #, + ie)". (6) 


The operator T‘+)(E) can be written in the form 
of a series 


T(*) (E) = >) T(#) (E) + D>) T(E) GET) (E)+..., (1) 
u 


itk 
where the “operator of scattering on the j-th cen- 
ter” T(*)(E) satisfies the integral equation 


T(*)(E) = Vj) +VjG@T') (BE). 


The matrix element (8|T{?(E)|a@) for E=Eg 
is the amplitude of the transition from the state a 
to the state 6 in the scattering of the electron on 
the j-th center. In reference 4, the author calcu- 
lated the amplitude of scattering of an electron of 
low energy on the short-range potential V ina 
strong magnetic field [it was assumed that the 
radius of action of the scattering potential ry 
« (2mE)~'/2]. According to the results of ref- 
erence 4, 

(BIT (Es)|)=F5 (1) Fal age 8) 


where 


K(Ey=1* >) (2m (E —n0 0) 2)", 
n=0 
f is the exact scattering amplitude of a zero en- 
ergy free electron on the potential V; N in the 
expression for K is so defined that the last term 
in the sum over n would be purely imaginary. 
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By a method completely analogous to that used 

in reference 4 for the derivation of (8), it can be 
shown that the matrix elements T{*)(E) are de- 
termined by an expression similar to (8), i.e., 
that (8) maintains its force if we replace E by 
Eq inthe argument of T{ andin K. The ma- 
trix elements of the operator T{?(E) are con- 
nected in simple fashion with the matrix elements 
of T(E ): 


(a | Ti (E)|B) = ITY? (E)|a)*. 


Expressing X, and p in terms of the operator 
T(E), determined by Eq. (7), one can compute the 
elements of the tensor oyp for w,v=x,y. Itis 
shown that in the approximation wt >1 and Bir 
> 1, it is sufficient to consider a single scattering 
center and multiply the expression obtained in this 
case for the number of collisions of the electron 
per unit time by the number of such centers. There- 
fore, in what follows, in order to make the calcula- 
tions clearer, we shall understand by T (E) the 
scattering operator on a single center. 

Substituting (4) in (3), we have 


Xy = rer Zo » oy + veen 
Here a does not depend on the operator 
T(E); X{) is proportional to the first power of 


T(E), and XP) is proportional to the second. 
(B| Xp” |) = 2 (8 | 0, (0) |) / Ope. (9) 


(B|X@ |a) = i>) (Blo (0)! S— GIT (Es) | a) 


4 
ba + te 


— sya GITOED INE (ro O)1o), 0) 


«8 
where Wag = Eg -—Eg. In obtaining (10), we took 
it into account that To ( E) has a pole only in the 
lower half of the complex plane E, while T(E) 
has a pole only in the upper half-plane. The oper- 
ator X, has a simple physical meaning. X's 
the operator of the u-th coordinate of the elec- 
tron relative to its center of rotation in the ab- 
sence of collisions, while X,, — xX describes the 
mean change of X,, under the action of the scatter- 
ing of the electron on the potential V. We note that 
x makes no contribution to Cups inasmuch as 
the term corresponding to it is purely imaginary. 
One can generally omit xi?) in the calculation of 


Cup in the approximation under consideration, 
since 


YT (E)|o) -— ee (a 0p (0) | 


! 
a9 ASME (a’ | TH (B) 
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disappears on summation over the x coordinate 
of the center of rotation of the electron (Pky ), be- 
cause of the orthogonality of Hermite futretiohs of 
different order. We recall that only wv qg(R) and 
wa (R), which enter into the matrix Bletente of 
the operators T(E) and T(E), depend on 
ky; here R is the radius vector of the scattering 
center. 

Let us consider the operator p(X). We can 
represent the quantity exp (— 3) in it in the 
form 


exp (— B9t) = S (iB) exp(— BH), 


where S(if8) is determined by the equation 
— 5,8 (i) = S(i8) V (i8) 


and the boundary condition S(0)=1. By direct 
substitution it can easily be shown that the solution 
of (11) (with accuracy up to terms of higher order 
in the operator T’) is given by the formula 


(11) 


(78) | 7) = Say — (12) 


(%| 7" (Ex)! 7); 


1 — exp (Bo,,) 
(aj S ioe oem 
= 


where T’ is determined by the integral equation 
, ; fied 
(47! (Ea)|1) = (#|V |1) + B(@|7"(Ea)|2) (55), lV [Ds 


(here the index P means that the integral over E 
is taken in the sense of the principal value). The 
solution of this equation differs from the matrix 
elements (a|T(*+)(Eq)|y) only in the fact that it 
does not contain Re K (Eq). 

Substituting the expressions (9), (10), and (12) 
obtained for Xy and exp (-— £3) in (1) and (2), 
we obtain, after tedious but elementary transfor- 
mations, 


Sax = Pree? Di po( Ex) | («|X| y) |? 2x 


x 2h] (11 T(Ed) |) 8 (Ea — Ea), (13) 
; Sy, = — nee? / mw, (14) 
where 
Po (E) = Z exp (— BE), Z =Spexp(—#H,), 


Ne is the electron concentration. In the deriva- 
tion of (13), we made use of the “optical theorem” 
for the operator T(E): 


— 2Im(a| TH (E)| a) = 2x D)| (a | T (Ep) |B) |? 8 (Es — £) 
and also of the fact that 


Re (8 | T(Ea)| «) («| 7’ (Ex) !8) =|(8| 7 (Ea) | #) PP. 


The validity of these expressions follows from the 
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explicit form of the matrix elements of T“ and 
Se 

Thus oxx and Oyy are proportional to the 
mean square of the Larmor radius of the electron 
and to the frequency of collisions with the scatter- 
ers. Equation (14) shows that Y") makes no con- 
tribution to Oyx in the given approximation, i.e., 
the average change of the y coordinate of the 
electron under action of the collisions is equal to 
zero if the electric field is directed along the x 
axis. 

We shall compute ox x in two different limiting 


cases. Substituting (8) and (9) in (13), we have 
Ke rf 
Sxx = BT 9} Po (Ea) (Me + */2) v(Ea), (15) 
fe) anf? K' (E) 
v(E) — Np (1 ae fK")2 at (FK’)? mn (16) 


We use here K = K’ —iK”; np is the number of 
scatterers per unit volume. The quantity v(E) 

is the total number of collisions of the electron 
with energy E per unit time. In the eee case 
Bw «<1, we have substantially ng (Bw)! 

(14), and the well-known classical formula 


Oxy = Nee? | mw?t (17) 
is obtained for oxx, where 


lies Droy(Be)y(E.). 
In the other limiting case Bw> 1, if all the elec- 
trons are in states with ng~=090, Oxx has the form 


nol® Car) Ei (Gs) 


Tee 
Sxx = B— 


(18) 


Here, 


that is, in the limiting quantum case, dxx is almost 
independent of the value of the magnetic field. 


2, DEGENERATE ELECTRON GAS 


In the case of Fermi statistics, it is appropriate 
to calculate in the second-quantization representa- 
tion. We introduce the operators ag of creation 
of an electron in the state q@ and the operators ag 
of annihilation of an electron in the state B. The 
properties of these operators are defined by well- 
known commutation relations 


+ + + + + + 
Agdg + Apda = AaAg + Aga, = 0, Aa Ag + Aga = Sap. 


The operators K and X, are single particle op- 
erators and have the form 
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V = D atag(a|V 18), 


atB 


Xu = Dj azag(a| Xp] 8). (19) 
a 


Here ¢ is the chemical potential and fg = agaq 
is the operator of the number of electrons in the 
state a. 

The operator exp(-—£3C) can, as in the non- 
degenerate case, be written in the form 


exp (— BH) = S (iB) exp (— BH), 


where, under the given approximation (wT > 1), 


S (i) =14+ Data, — PP) (| T'(E.)| 1). 20) 


ya 


We now substitute (19) and (20) in (1) and (2), and 
make use of the relations 
Z Sp [e-"’Hone] =f (Ex); 


Z Sp [e-°Honatty] = f (Ex) f(Ey) (a= 1) 


etc. where f(E) is the Fermi function. 
Carrying out transformations similar to those 
used in the derivation of (13), and making use of 
the identity 
f (Ex) — f (Ey) = [1 — exp (Boay)] f (Ea) [1 — Ff (Ey)], 


Bf (E) {1 —f(E)] = df (E)/de, 
we get 


7 = l? (na + */2)v(Ea), yx = — nee? / mo, 


ke Onpy = = 2 F 
(21) 


where v(E) is given by Eq. (16). 
In the limiting quantum case 1 « B(£-—w/2) 
< Bw, all the electrons are found in states with 
n=0, and we get 
4 Npe*fro 


xt = Fat — oe 


(22) 
from Eq. (21) with the aid of (16). 

In order to obtain the final expression for the 
conductivity, it is still necessary to take into ac- 
count the dependence of the chemical potential ¢ 
on the magnitude of the magnetic field. This de- 
pendence can easily be found from the condition 


ne(C) =n? (&). 


Here n and ¢) are the electron concentration 
and the chemical potential in the absence of the 
magnetic field, respectively. In the case under 
study, 


€ —w/2 = 46 / 9w? 


and the final expression for oxy has the form 
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(23) 


xe = Inpe?f?w? / 16nC8. 


In the case w « £, (21) can be reduced to the 


form 


ae oops) ( aE a) 1 (E)¥(E), (24) 


where 
n+1> i 
(E/o—n— 1/5\'/2 


I(E) => 

fn 

The summation is carried out over all n for which 
the radicand is non-negative. 

For computation of K’ and I, we introduce the 
notation E=w(N+e+4%), where N is an integer, 
0 <e<1, and make use of the summation formula 
of Poisson, which is written in the form 


++oo +00 
>} exp (i2nkx) = >> 3 (x—n). 


k=—0oo 


(25) 


Multiplying (25) by the function g(x), and inte- 
grating over x from 0 to N+€, we get 
oo N+e 


N 
Del)=s9O+ ¥ 


k=—oco 0 


dx (x) exp (i2tkx). 


By means of this formula, it is not difficult to ob- 
tain an expression for I and K’ in the case 
IN SS> 1L¢ 


\eil2 


(E)~E(N+e + 5)"[1+ 3 (w+e+$) 


foe) 
cos (2ke — 7/4) 
x Tt Att Serna Ne 
ea 


K’ (E) = (2mo)(N +e+5)"[1+(N+e+5) ” 


N x cos (2mke — x / 4) | (26) 
k=1 


(2k)'/2 


As e€ tends to zero, the behavior of the series 
appearing in Eq. (26) is accurately described by 
the function }¢~/2, This function serves as an 
integrating factor; therefore in integration over E 
in (24), we can neglect the departure of the denomi- 
nator of (16) from unity, for all terms except the 
term corresponding to the product of the series en- 
tering into (26). As a result, the product I(E) v (E) 
can be written in the form 


+E s 


with accuracy to within a common factor. 

Expanding the last component in the brackets 
in a Fourier series and integrating over E in 
(24) for the case 1 < Bw «K Bt, we obtain 


cos (2rke — r/4 


) 30 4 
Que | E tt P/E Z| 
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al. y (— 1)f | A: cos (== a z) + Bz cos (“=)} - (2%) 


0) 


; 277k Dd (@ \t/2 
ae ( ) 


~~ Susinh(27ek / Bw) 2 \E 


= 2n2k 30 A. (kf? 
o: Susinh(2ne (Bo) 22 ( Pp ) 


The asymptotic expression of the cosine inte- 
gral has the form 


Cig ny 


(2<1), 


for small values of the argument; therefore the 
term in the conductivity proportional to Bk can 
play an important role, especially if w/g is not 
too small. 


eee tte ince 
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In conclusion, I express my thanks to L. E. 
Gurevich for suggesting the topic and for constant 
interest in the work, and to S. V. Maleev for use- 
ful discussions. 
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It is shown that if the moments of inertia of a non-axially symmetric nucleus depart from 
their hydrodynamic values, then there is but little change in the dependence of the ratios of 
the energies of rotational levels on the ratio of the energies of two rotational states with 


spin 2. 


le Davydov and Filippov! and Davydov and Rostov- 
skii? have developed a theory of the rotational 
states of nuclei which do not have axial symmetry. 
It was shown that the ratios of the energies of the 
rotational states to the energy of the first excited 
state with spin 2 were uniquely determined, pro- 
vided that the same ratio was known for the second 
level with spin 2. It was also demonstrated that 
the relative probabilities of electric quadrupole 
transitions between the rotational levels are also 
uniquely determined by the same energy ratio. 
These results follow from two simplifying as- 
sumptions: a) the internal state of the nucleus does 
not change when it rotates (the adiabatic approxi- 
mation) and b) the principal moments of inertia of 
the nucleus can be expressed in terms of only two 
parameters, A and y, through the equations 


I, = Asin? (y — 2zi / 3) (i= 1, 2, 3). (1) 


Such a relation between the moments of inertia and 
y holds in the hydrodynamic model of the nucleus, 
and we shall refer to this approximation as the 
hydrodynamic approximation. 

It is natural to wonder how much the results ob- 
tained in references 1 and 2 depend on the simpli- 
fying assumptions. MacDonald®* has used the re- 
lation 


Fresno) pls (2) 


where it are the moments of inertia of the solid 


body, IH are the moments of inertia that coincide 
with (1) when A = 4B”, and where p is a new pa- 
rameter, taken to be 0.1 or 0.2. The relation (2) 
has the property that I; = it as p—0; for p #0 
and y—0, the moment I, —0; for p #0 and 
p= Orealee li. 0, 


*The authors would like to thank N. MacDonald for sending 
a preprint of his paper prior to publication. 


Formula (2) can be considered an empirical 
one, taking into account the departure of the mo- 
ments of inertia from their hydrodynamic values. 
MacDonald considered only levels with spin 2. It 
will be shown below that in this case it is impos- 
sible to say which is the more important, the non- 
adiabaticity or the deviations of the moments of 
inertia from their hydrodynamic values. 

In this paper we consider, in the adiabatic ap- 
proximation, the rotational states of non-axial nu- 
clei having arbitrary moments of inertia. We shall 
show that in the general case the ratios of the rota- 
tional energy levels can be expressed through two 
parameters: € — the ratio of the energies of two 
spin-2 levels, and n — a parameter that depends 
on the nature of the collective motions which de- 
fine the rotation of the nucleus. A comparison of 
our results with experiment shows that the hydro- 
dynamic approximation is good enough for comput- 
ing the ratios of rotational energy levels. Dis- 
crepancies between theory and experiment are 
due to an interaction between the rotation and 
the internal state of the nucleus. 

2. In the adiabatic approximation, the rotational 
energy operator for a non-axial even-even nucleus 


is ; 
1 2 
= ey »: A; J; 5 
1 


where aj =fi*/]j; the Jj are the projections of 
the angular momentum on the principal direction 
in the nucleus, while the ]; are its Sonate ipat mo- 
ments of inertia. 

As was pointed out in reference 1, the rotation 
states of an even-even nucleus are related to the 
totally-symmetric representation of the D, group; 
only such states will be considered here. It is 
easy to show that the energy of a rotational state 
of spin 2 is determined by the equation 


E* — 2 (a, + a2 4-3) E + 3(a,as + a,a3 + 3) = 0. 
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If E,(2) and E,(2) are the roots of this equation, 
then it follows that 


ha; / Ey (2) = = (0 +§), (aya, + ayag + a0) | E,(2) = . f 


(3) 


where 
ee sa iW at VA SS4 


The energies of all rotational states will be 
written in terms of the dimensionless quantity ¢ 
es ie/ E,(2). Then the energies of rotational states 
with spin 3 and 5 can be expressed in terms of the 
experimentally-measureable ratio é through the 
formulas 


e(3)=1+8, 


The energies of rotational states with other values 
of the spin depend not only on the parameter £ but 
also on another parameter 7, 


e(5)=4+6 (5) =1+4 46. 


(4) 


For example, the energies of levels with spin 4 and 
6 are given by 


e® —5(1 +&)e?4+ 4[6+ 25+ lje 
— 40 [£&(1+&) +7] =0, 
pa (ie tye? 749 [1 45 eye? 
— [36 (E + 1) + 578E(1 + &) + 3888 yJ¢ 
+ [252€(1 + &) + 889& + 13608 (1 + &) J =0. 


If the moments of inertia are determined by for- 
mula (1), then 


aS G,A203 | Ej (2). 


1 Neds 8 1 Leh 8), 


and the energies of all rotational states depend only 
on é, which in this case is greater than or equal 
to 2. In general, however, there is a second pa- 
rameter 7, whose values lie in a certain interval 
determined by é. 

To find the limits of the variation of n with &, 
we note that according to (3) and (4) the quantities 
aj/E,(2) (i=1,2,3) are the roots of the cubic 
equation 


—2(1+8) + 5ox—y=0. 


The condition that the roots of this equation be 
real and positive implies that 7 must lite in the 
following intervals, whose end points depend on é: 


(55538), 
(§ > 3). 


£2(3 —E)<54n< 3-1 


0<54y<3§—1 (5) 


Figure 1 shows the ratios ¢«,(4) and €,(4) as 
functions of & for various values of 7 satisfying 


E, (4) 
Is 


12 


FIG. 1. Possible 
values of the ratios 9 
€, (4) and €, (4) for 
various values of the 
parameters & and 7. 


the inequalities (5). The cross hatched area is 
bounded by two curves, Nhydr. (corresponding 
to the hydrodynamic approximation) and nyp 
(corresponding to moments of inertia determined 
by (2) with B=p=0.2). Figure 2 shows ¢€,(6) 
as afunction of é and n, for the range defined 
by (5). 

&,(6) 


6 
FIG. 2. Possible 
values for the ratio 
€, (6) for various 
values of the pa- 
rameters € and 7. 


0 4 8 12 E 


It should be noted, naturally, that the values of 
n in (5) correspond to ail possible ratios of the 
principal moments of inertia, including some that 
are utterly unrealistic. For example, in Figs. 1 
and 2, the point marked with a cross corresponds 
to the rotation of the nucleus as a rigid sphere ( 
=1,=I3;; €=1); in such cases 7 is zero or 
close to it. 

At present it is considered that the moments 
of inertia in the nucleus are intermediate between 
their hydrodynamic values and those obtaining for 
a rigid body. Hence the actual ratios of the mo- 
ments of inertia correspond apparently to values 
of » for which the energy ratios ¢j(J) are dis- 
placed from their hydrodynamic values toward 
the cross hatched area. Taking this into account, 
we conclude that the energy ratios ¢j(J) depend 
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Experimental results for the ratios € 
oe eee 


Nucleus £,(2) (kev) E e (3) é, (A) | €2 (4) £; (6) 
Os90[4:6} 186,7 2.99 4.04 2.94 5,12 5.64 
Mg*4[*] 1368 3.09 3.82 3.01 4.61 as 
Fe®s[7] 845 3.49 4.54 2.47 4,85 S 
Os188/5 155 4.09 5.40 3,08 6,47 = 
Os186/5 137.2 5,60 6,63 3.16 7,73 6.33 
Sm152{5] 422:3 8.92 10,14 3.04 11.68 = 
Er266/8] 80,7 9,76 10.67 3,29 11.87 6.76 
Ert68/8 79.9 40,29 414,22 3.31 42.47 6:86 
Dy160[9] 87.0 11.16 42.14 3127 13,35 6.70 
Gdi56/ 45) 89.0 13,04 14.0 3.24 15.34 6.56 
W282[5 | 100.9 42.44 43.20 3,26 14.68 go 


only weakly on 7, at least for values of n which 
actually occur in nuclei. This is especially true 
for & =>4. Almost all of the experimental values 
for €,(4) and €,(6) now known to us (see the 
table) lie below the cross hatched area in Figs. 1 
and 2, which represents the theoretically allowed 
region in the adiabatic approximation. The experi- 
mental values €,(4) are less than the theoretic- 
ally predicted ones for all values of n satisfying 
the inequalities (5). This shows that the agreement 
between theory and experiment cannot be improved 
by modifying the moments of inertia so that they 
lie somewhere between the hydrodynamic ones 

and those corresponding to a rigid body. Further- 
more, it follows from Fig. 1 that if we formally 
pick those ratios between the three principal mo- 
ments of inertia which minimize the disagreement 
between theory and experiment for the ratios €,(4), 


then we shall have automatically worsened the agree- 


much less sensitive to departures of the parameter 
n from its hydrodynamic value than they are to 
deviations from the adiabatic condition. 


14. §. Davydov and G. F. Filippov, JETP 35, 
440 (1958), Soviet Phys. JETP 8, 303 (1959); Nucl. 
Phys. 8, 237 (1958). 

2A, §. Davydov and V. S. Rostovskii, JETP 36, 
1788 (1959), Soviet Phys. JETP 9, 1275 (1959); 
Nucl. Phys. 12, 58 (1959). 

3N. MacDonald, Nucl. Phys. 14, 70 (1959). 

4B. S. Dzhelepov and L. K. Peker, Cxemp pacnaga - 
pagnoakTuBHbIx agep (Decay Schemes for Radioactive 
Nuclei), U.S.S.R. Acad. Sci., 1958. 

°B. S. Dzhelepov and L. K. Peker, Bo36yxjeHHBIe 
COCTOAHMA paqMoaKTMBHbIX agep (Excited States of 
Radioactive Nuclei), preprint RP-218, Joint Inst. 
Nuc. Res. 

6 Nielsen, Poulsen, Sheline, and Jensen, Nucl. 


ment for €.(4). We thus conclude that the difference Phys. 10, 475 (1959). 


between theory and experiment is due to the use of 
the adiabatic approximation in the calculations. 

Our results lead us to hope that corrections for 
the interaction between the rotation and the internal 
state of a nucleus can be made using the hydrody- 
namic-model dependence of the moments of inertia 
on the parameter y, which describes the departure 
of the nucleus from axial symmetry. The values of 
the relative energies €,(4), €,(4) and €,(6) are 


™S. Cook, Nucl. Phys. 7, 480 (1958). 

8 Jacob, Mihelich, Harmatz, and Handley, Bull. 
Am. Phys. Soc. 3, 358 (1958). 

Ate eh, Grigor’ev and M. P. Avotina, Izv. Akad. 
Nauk SSSR, Ser. Fiz. 24, 324 (1960), Columbia Tech. 
Transl., in press. 
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The equilibrium shape of atomic nuclei has been found for the case when the deformations 
are small and the external nucleons do not interact among themselves. 


Ly the initial phases of the development of the 
collective model of A. Bohr and Mottelson! it was 
assumed that the equilibrium shape of deformed 
atomic nuclei has an axis of symmetry. With this 
assumption it was possible to explain the proper- 
ties of the experimentally observed rotational ex- 
citations.” A number of calculations®»4 also con- 
firmed this hypothesis. However, as new experi- 
mental data accumulated, there appeared in the 
rotational spectra of some nuclei certain anoma- 
lies, which could not be accounted for by introduc- 
ing simple corrections to the rotational states 
corresponding to an axially symmetric equilibrium 
shape. These anomalies become understandable 

if their appearance is related to deviations of the 
equilibrium shape from axial symmetry.**® In this 
connection it becomes necessary to reconsider the 
theoretical evidence for the existence of a symme- 
try axis in deformed nuclei which has up to now 
appeared in the literature. 

The problem of the equilibrium shape of a nu- 
cleus with a single external nucleon has been in- 
vestigated by A. Bohr.’ The operator for the en- 
ergy of the interaction of the external nucleon with 
the deformations of the core was chosen in the form 


Hint = (RB / i (i + 1)) (cos 7 (372 — 7?) + V 3 sin y i — in). 
(1) 


where k is some constant of the order of magni- 
tude of the kinetic energy of the outer nucleon; j 
is the total angular momentum of the outer nucleon; 
ig i, and j, are its projections on the axes fixed 
in the core; 8 and y are collective coordinates 
which characterize the deviation of the shape of the 
nuclear core from spherical symmetry. Expression 
(1) is valid for the case in which the spin-orbit in- 
teraction of the external nucleon is large in com- 
parison with Hjpt, so that the angular momentum 
j is an approximate integral of the motion. 
Averaging the operator Hjnt over the coordi- 
nates of the external nucleon, we can find the in- 


teraction energy ¢€ as a function of the coordinates 
of the core 8 and y and then determine the values 
of 8 and y for which €(£, y) summed with the 
potential energy of the free oscillations of the core, 
V (8) =4CB?, has a minimum. These values of 8 
and y determine the equilibrium shape of the core 
completely. 

To simplify the problem further, A. Bohr as- 
sumed that the equilibrium shape of the core is 
axially symmetric. Then not only j, but also j Fa 
(the symmetry axis coincides with the ¢ axis) 
becomes an approximate integral of the motion, 
and Hint is to be averaged over the state of the 
external nucleon with a definite angular momentum 
j and definite projection jz onthe ¢ axis of the 
core. 

Let jg = and &(j, 2) be the wave function 
of the outer nucleon; then 


200 (8, 7) = (D (j, Q)| Hine | BZ, 2)) = (7, Q| Hint |j, Q) 
= (kB /j(j + 1)) cos 7 (83Q* — j(j + 1)). 


It is easily seen that the interaction energy 
Ego(8, y) has a minimum for y=0, if 302 
-—j(j+1) <0, andfor y=r7, if 302=4 (j+1) 
S10); 

This result, therefore, would seem to justify 
the initial assumption about the axial symmetry 
of the equilibrium shape. This, however, is not 
actually the case: the energy of the interaction of 
the external nucleon with the deformations of the 
core has been computed only in first order of per- 
turbation theory, and we must know the contribu- 
tion from higher-order terms. 

In second-order perturbation theory the correc- 
tion to the interaction energy due to the nondiagonal 
(with respect to j) terms of the operator Hint is 
different from zero. This correction [€ (8, y)] 
is always negative, since we are interested in the 
equilibrium shape of the ground state of the nucleus: 
moreover, it is proportional to B sin?y, so that 
we can write it in the form 


(2) 
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fQ1 (B, 7) a — 68 sin? % 


where b > 0. 
Similarly we write 


exo (8, 1) = 48 cos 7, 


where we set a> 0 for definiteness. Then 


(3) 


At the point y=7 the interaction energy will have 
a minimum even if €Q;(8, y) is included, so long 
as 4a—b> 0. If the opposite inequality holds, we 
obtain a maximum instead of a minimum. The 
quantity 4a—b depends on j and . Therefore, 
a special investigation is required for each nucleon 
state in order to find the value of $a—b. 

Bohr’s proof of the existence of an axis of sym- 
metry for a nucleus with a single external nucleon 


(8, y) = e00(8, 7) + &ai (8, 7) = a8 cos y — OB sin y. 


can therefore not be considered completely correct. 


There is still less justification for taking this proof 
over for the case of nuclei with a large number of 
nucleons. 

Birbrair, Peker, and Sliv’ showed under very 
general assumptions that d€/8y=0 for y=0, 7. 

However, from this it is also impossible to draw 
any conclusions about the axial symmetry of the 
equilibrium shape of the nucleus, since we must 
still find the sign of the second derivative. 

For a more exact solution of the problem of the 
equilibrium shape of a nucleus with a single exter- 
nal nucleon, we do not make Bohr’s assumption 
about the axial symmetry of the equilibrium shape, 
but keep all other restrictions. We seek the wave 
function of the external nucleon in the form of a 
superposition of states with different values of j 
and require that it be an eigenfunction of the oper- 
ator Hjy+- As a result, we obtain the secular 
equation 


{80aa°— (jf, Q| Hine! j, Q’)| =0, (4) 


the roots of which are the average values of the 
interaction energy in the 4(2j+1) different states 
of motion of the outer nucleon. 

The diagonal matrix elements of the operator 
Hint were introduced above [Eq. (2)]. Among the 
nondiagonal elements, the following are different 
from zero: 


(j,Q| Hint | j, Q + 2) =(j, Q+ 2| Hine | j, Q) 
= (kB /2j(j + 1)) sin y [3 (j—Q) (j —Q — 1) 
x (FFQ4 NY G+Q+ 2)". (5) 


The secular equations for different values of j are 
easily found: 


GLUE. AB ie Poy 


x=0 (j=), (6a) 
x2.—9i== 0 - (f= *),), (6b) 
x8 — 84x — 160 cos3y =0 (j = */2), (6c) 
x4 — 378x? — 1728 xcos 3y + 8505 =0 (j="/2), (6d) 
x® — 1188x3 — 9504 cos 3yx? 4- 171072x 
4. 1119744 cos 37 =0 (j = %/), (6e) 
x® — 3003x4 — 36608 x*cos 37 
+ 1550835x? +22214400 xcos 37 
— 63149625 + 39424000 cos?3y=0 (j="/.).  (6f) 


The ¢€ and x belonging to a given j are con- 
nected by the relation ¢€ = k$x/j(j+1). 

The solutions of equations (6c) to (6e) are shown 
in Figs. 1 to 3 as functions of y. It is easily seen 
that a single external nucleon in the states under 
consideration leads to an axially-symmetric de- 
formation. The exact solution, therefore, gives 
the same result as the approximate treatment of 
A. Bohr. 


ate Bo a EE Ears | 
/ 1 ! 
a5 | as a5 
0 0 0 
-05 Sl err! - a5 
= ‘i =f 

0 JU 60° 0 30° 60° 0 do? 60° 
Te 1 y 
FIG. 1 FIG, 2 FIG. 3 


Let us now turn our attention to many-particle 
configurations. If only one of the shells is filled, 
the equilibrium shape of the nucleus will remain 
axially symmetric as before. The only exception 
to this is the configuration with three nucleons in 
the j= dé shell, which has an energy minimum at 
y= 1/6. It is noteworthy, however, that if the shell 
is less than half-filled the interaction energy has 
a minimum at y=7/3 (oblate ellipsoid of revolu- 
tion) and a maximum at y=0 (prolate ellipsoid 
of revolution). Once the shell is more than half- 
filled, the maximum and minimum change places. 
Special consideration must therefore be given to 
those nuclei in which the external nucleons fill up 
less than half of one shell and more than half of 
another. 


By direct calculation, using the curves of Figs.. 
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1 to 3, we convince ourselves that the configura- 
tions 


FP CY* CY, (a) CY, 

Ci)? Chay Cay Clay es C/a)' (ay 
etc. correspond to an equilibrium shape without 
axial symmetry. As an example we show in Fig. 4 
the interaction energy €, corresponding to four 
nucleons in the j = % shell, the energy € corre- 
sponding to two nucleons in the j = Y, shell, and 


the total energy € = €,+ €,, which has a minimum 
at the point y ~ %r. 
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We have shown, therefore, that the many-par- 
ticle configurations lead in many cases to a non- 
axially symmetric equilibrium shape. To realize 
these configurations it is necessary that the neu- 
trons and protons fill different shells, as is indeed 
the case in heavy and intermediate nuclei. 

In the case of strongly deformed nuclei Hint 
cannot be regarded as a small quantity, so that our 
calculations cannot be directly applied. However, 
the qualitative result illustrated by Figs. 1 to 3 
should be preserved in the case of strong deforma- 
tions: the energy of one part of the states of the ex- 


ternal nucleon is a minimum for an axially symmet- 


ric oblate shape of the core and a maximum for a 
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prolate shape, while the energy of another part of 
the states of the external nucleon has the opposite 
behavior — it has a maximum for an axially sym- 
metric oblate shape and a minimum for a prolate 
shape. Even for strongly deformed nuclei there 
exist, therefore, configurations in which the com- 
petition between the external nucleons leads to a 
non-axially symmetric shape. This is confirmed 
by the calculations of Gursky,’ Geilikman,® and 
Zaikin,® who considered the equilibrium deforma- 
tion of the core using explicit forms of the single 
particle potential but neglecting the spin-orbit in- 
teraction. 

In many-particle configurations the motions of 
the external nucleons may turn out to be strongly 
correlated, which leads to an additional interac- 
tion of the nucleons with the deformations of the 
core. The equilibrium shape for one of the pos- 
sible types of correlations was investigated 
earlier.!0 

In conclusion the author thanks A. S. Davydov 
for valuable comments. 
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Spin-wave theory is used to calculate the imaginary part of the transverse magnetic suscep- 


tibility of a ferromagnetic dielectric. 


Wz have previously studied the nonresonance ab- 
sorption of alternating magnetic field energy by a 
ferromagnetic dielectric, with the field in the direc- 
tion of easy magnetization.! The present paper dis- 
cusses the analogous problem for a field perpendicu- 
lar to the direction of easy magnetization. Unlike 
the case of the “longitudinal” field (in the direction 
of easy magnetization), the energy of the “trans- 
verse” field can be absorbed even when dissipative 
processes are absent if the field frequency coin- 
cides with that of ferromagnetic resonance. We 
shall not consider ferromagnetic resonance and 

the associated questions such as the shape of the 
absorption line. Our results therefore pertain 
basically to frequencies far from resonance. 

The dissipative processes associated with en- 
ergy absorption result from the interaction be- 
tween the magnetic field and spin waves. As pre- 
viously,’ we shall assume saturation magnetization 
of the ferromagnetic dielectric at a given tempera- 
ture (T « @,). The sample is thus a single do- 
main and is also assumed to be of sufficient purity 
for the disregard of impurities. 

1. The Hamiltonian of the ferromagnet in an 
alternating magnetic field h is 


We Hy EW inks (1) 


where ) is the part of the Hamiltonian which does 
not contain the alternating magnetic field. 

Let the field h be monochromatic and polarized 
circularly in a plane perpendicular to the easy mag- 
netization axis, which is the direction of the static 
field H)(0, 0, Ho): 

hy, = ho cos (wt — kr), 
hy = hy sin (wt — kr), 


Kin = — \ Mh dv, 


R=30)/ 6: (2) 


Introducing the operators a and a* through 
the formulas»? 
Mt = M, + iM, = (2uM,) "a" (1 — pata / 2M,)", 


Mr = M,—iM, = (2.Mo)"*(1 —ya'a/2MQ)"a (8) 


and expanding the radicals in powers of a*a, we 
obtain, up to third-order terms, 


Hint = — = (24Mo)"*\ (@A- + ah*) do 


+ gi (2uMo)"*|\ (a'a'ah + aaah) do, (4) 


where 
h* =h, tihy. 


The first integral in the interaction Hamiltonian 

(4) describes resonance absorption of the magnetic 
field since it represents the excitation of a spin 
wave with crystal quaasimomentum hk and energy 
hw. As already mentioned, this process will not be 
considered here. We confine our attention to the 
second integral in (4). 

When the temperature T is higher than the 
characteristic temperature of magnetic interaction 
2muM,) ~ 1°K we can neglect the magnetic interac- 
tion energy in the unperturbed part oe of the Ham- 
iltonian compared with the exchange energy.?3 We 
know that in this case 


1 ‘k 
Ola b> ante Ng 
V le 
a 


where ax and a, are the creation and annihilation 
operators of the spin wave with quasimomentum 


* * —tkyr 
a ? 


1 

Meee he 

"es Vile ae 
A 


(5) 


hk). 
Substituting (5) in (4), we obtain 
“ why (2Mo\/2 4 
H int= ae i *) eft S) anaua’ + c.c. (kx + ky = ky +k). 


Awy 


(6) 
It thus appears that the nonresonance absorption of 
magnetic field energy is associated with the pro- 
duction of two spin waves through the “collision” 
of a photon with a spin wave. Photon absorption 

is also possible in the following perturbation ap- 
proximations through processes in which a larger 
number of spin waves participate. The most im- 
portant of these processes is of the fifth order in 
the operators a, and aX, and occurs in the sec- 
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ond perturbation approximation because of exchange- 


interaction terms in Rs which are of the fourth 
order in a, and a} and because of the resonance 
term in (4). Although the photon absorption proba- 
bility due to this process contains as a factor the 
large constant of the exchange interaction, its im- 
portance is reduced by the high power of the tem- 
perature (the number of spin waves being propor- 
tional to T?/ 2). Therefore the process under con- 
sideration plays the principal part at some not too 
low temperature. In accordance with (6) the prob- 
ability for this process is 


9 


ost ahriganae Qn i r 
Wn srintiny 10 = 5 | (Hint), ) 6 (Ex — E) 
fs whe . . 
yaw, (2 1) (tu + 1) 8 (x + 8, — 8) — ho) 


x A (ky ste k, —k, —k), (7) 


where n) is a spin-wave occupation number and 


m= 


€, is the energy of the spin wave with the wave 
vector k,. For ® ¢ > T > 2muMy) we have 


for k=; 
toe se Op 


, = 0, (ak,)? + pe, He = Hy + BM, (8) 


B being the anisotropy constant. (8) is also valid 
for He > 21M) at all low temperatures. 
The magnetic energy absorption coefficient is 
hi 
Ps © a 
where Q is the amount of energy absorbed per 
second in the entire volume: 


V, 


APMyNyley — TON Ay ny Va 
Q= my fea tie, ta 10. mW aged My —1 Nyt lef: (9) 


Apy 
From (7) and (9) we obtain 
Te 8m 
bean EeS (ray, 
iv 


5 (e, + 6, — & — 
ae 1) 8 (8-1 By ho) 
x A(k,y + k, — k, —k). 


yn, — Nyfy 


(10) 


When the frequency of the field h is large com- 
pared with the reciprocal of the spin-wave relaxa- 
tion time the n) in (10) may reasonably be re- 
garded as equilibrium Bose functions: 


ie (en — et (11) 


The frequency limitation does not apply to the case 
under consideration since the field h, which is 
perpendicular to the equilibrium magnetic moment 
of the ferromagnet, appears quadratically in the 
expression for the spin-wave energy.* Therefore 
the distribution function of n, (ny ~€) is not 
affected in the approximation which is linear in h. 


*For wT <1, where 7 is the relaxation time, we can con- 
: 1 
sider quasi-static energy levels of the spin waves. 
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(10) and (11) thus determine the absorption coeffi- 
cient I at all frequencies. 

Our study is subject to a high-frequency condi- 
tion (hw «< @c), since we are using the dispersion 
law (8), which is valid only at low energies (€, 
< @c), and it follows from energy conservation 
that hw = €) + €,—€,. 

The wave vector k of the magnetic field is 
practically always small compared with the 
wave vector of the spin wave, and can be neg- 
lected. When the summation in (10) is changed 
to integration over all angles we obtain 


ae alee ei —fwo/T 
3972 »M,02 ® (1 é ) sf (1, v), (12) 
where 
i= th") 22, paid IR ve OD; 
and I(n, v) is defined by 
e**¥ dx dy 
= 5 13 
iG) \\ (e* — 4) (e =1)(e*F4-* = 4) a 


with the region of integration given by the inequali- 
ties 
y >a. (14) 


(v— 4)? <4 (x — 4) (y— 9), x7, 


Performing a single integration in (13) in accord- 
ance with (14), we can represent I(n, v) by 


a fn exp OS a ae 


I(4, vy) = ‘ 
cae \e= i) (fA) exp OS ay = pie 
(13’) 

2. We now compute (13) (or (13’)) in the differ- 
ent limiting cases. 

Low frequencies (v K 1,7). In (13’) v can 
now be set equal to zero. Introducing the new 
variable z=y/n, we obtain 

e. c er exp {yw [1+ 14(z—1)]J} ce ™ 
Manas ni (e"? — 1)? exp (4 [4+ 1/4 (z—1)])—1 (15) 


(15) will now be integrated for large and small 
values of He (n<1, n> 1). 

a) 1 <1. Expanding all exponentials in powers 
of 7, we obtain after integration 


H(q, N= — = {in(2+V3)— Fein a=——. (16) 


4 V3 { 2 nVioer 

b) 7 > 1. The argument of the logarithm is now 
expanded about unity, from which it differs very 
little, yielding the following approximate expres- 
sion for (15): 


t ee) 
I (%, (Mae \ exp {— nly ot. all dy. 
0 = A 
The method of steepest descents easily leads to 


the result 
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I (, 0) = V wy /2e-%". (17) 
Resonance frequency (v=7). At hw =wHe the 
absorption is mainly of resonance character. Cal- 


culations are shown here only for the purpose of 
estimating the contribution of nonresonance ab- 
sorption near resonance. 

At v=7n we easily obtain from (13’): 


©o 
ef (tem 


dy. 
I (y, 4) = TY Wren 


a) n=1. When, as previously, we make the 
substitution y= 7z and expand the exponentials 
in powers of 7, we obtain 


zdz Te 


==. (18) 


A oa 

AOS Nose es 

b) 7» >1. After expansion of the logarithm about 
unity we obtain 


Papaya e— = (19) 


High frequencies. High frequencies are under- 
stood to be those which are high compared with at 
least one of the frequencies T/h or pHe/h, but 
small compared with @¢ /h. 

a) 1>v>7. We may substitute 7 =0 in (13’). 
Substituting the new variable z= y/v and expand- 
ing the exponentials in powers of v, we obtain 


oe d 99 
10,9) ~2 \ In|2z—1|dz _ 3x 


z(z—1) 20yv ~ (20) 


0 
b) vy >1> 7. It is now more convenient to use 
(13) for I(n, v). Substituting n= 0, we find that 
for v > 1 most of the integral comes from the 
region of integration about the point with the coor- 
dinates x=y=v/2. We can therefore neglect 
unity compared with e* and eY. We thus have 


1(0,y~\f 


dx dy 


4 Vo ee 0, 9 > 0). 


(4xy > 


After integrating once we have 


Jf inft — exp |— —— jax. 
i) 


Taking v > 1 into account, we obtain 


1 (0, v= = 


z/2 dz 


aVm | 2H cay 
0 


c) n> v>>1. The asymptotic value (13’) now 
does not differ from its value for 7 > 1 at low 
frequencies [see Eq. (17)]. 

d) vy >> 1. We again use (13) for I(n, v). 
Since 7 >1 while x, y>7, we have 


ees \ dx dy 


(21) 


fa AO WSS AC aiae): 
eh, YY > 7. 


Bie 
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After a single integration and expansion of the 
logarithm about unity, the method of steepest de- 
scents yields 
1 (4,9) =V 0/2. (22) 
3. Using the asymptotic values of I(n, v), we 
derive the following values of the absorption coef- 


ficient. For wHe « T: 
0.530 w2T2 hw 
a h H.<&T), 
8V 3 72 uMe2 vA, (hw << ple <T) 
o wT = 
U~ 12 M68 (hw = pHe KT), 
30 w?T 
P30 Mae? (T Sho > uH.), 
im & Cia) : wT? V2 (hw SST > pH). 
32V 27 M0} 
For wHe > T: 
w uv? hw vHT { 
Ds yn pM 62 / @? exp 
wT? hw 
T= 325 M08 exp { - (hw = = ue. > Se BD. 
(0) w2T2 ie ae 
bi 32 Vent: uM,03 l) exp|— — (uH. > ho ST), 
2 w wT? +e 
ae V2 x pMe? Vir (ho SS pH. >T). 


With the absorption coefficient I’ known, the dis- 

persion equation for a circularly polarized electro- 
magnetic wave can be used to determine the imagi- 
nary part of the transverse magnetic susceptibility 


ve =p T/o, 


where yu is the real part of the magnetic suscep- 
tibility. At low frequencies (w< gBe) we have 
u'| = Be/He, where Be = He + 47My; at high fre- 
quencies (w > gBe) the result is pw) =1. 

An estimate of wi near resonance shows that 
nonresonance absorption is entirely negligible in 
this region, while it evidently plays an important 
part far from resonance. 

The authors wish to express their sincere ap- 
preciation to A. I. Akhiezer and V. G. Bar’yakhtar 
for valuable discussions. 
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On the basis of Dzyaloshinskii’s ideas on the nature of weak ferromagnetism, resonance 
frequencies are calculated for rhombohedral weak ferromagnetic crystals of the a-Fe,0, 
and MnCO; type. Account is taken of the effect on the resonance of anisotropy in the basal 
plane, and the dependence of the resonance frequencies on the magnitude and direction of 
the magnetizing field is obtained. The theoretical formulas are compared with experimen- 


tal data on a~-Fe,03. 


is Magnetic resonance is the most direct method 
of studying the energy spectrum of magnetic crys- 
tals. The peculiarities of the energy spectrum of 
weak ferromagnetics, which result from the pecu- 
liar nature of weak ferromagnetism as a property 
of antiferromagnetic crystals conditional on a defi- 
nite symmetry, are most evident in the conditions 
of magnetic resonance, and especially in the form 
of the dependence of the resonance frequencies on 
the magnitude and direction of the magnetizing 
field. Therefore it is of interest to study the con- 
ditions of magnetic resonance in weak ferromag- 
netics by means of the Hamiltonian proposed by 
Dzyaloshinskii! on the basis of symmetry consid- 
derations, and to compare the resuits obtained 
with the existing experimental data. 

Since the only weak ferromagnetic for which 
there are experimental data on magnetic reso- 
nance, a@-Fe,03, belongs to the rhombohedral 
syngony, all our calculations will relate to crys- 
tals of this symmetry. Moreover the other best 
studied weak ferromagnetic, MnCO,,!»” has a 
crystal lattice isomorphic with the a-Fe,O; 
lattice. 

The most complete experimental study of mag- 
netic resonance in hematite was made by Kumagai 
et al.2 In their work the dependence of resonance 


frequency on the magnitude and direction of the ex- 


ternal field H was studied. In particular, it was 
shown that the usual Kittel resonance formula for 
a uniaxial ferromagnetic, with no account taken of 
anisotropy in the basal plane, agrees poorly with 
experimental data on the dependence of resonance 
frequency on the magnitude of a field H lying in 
the basal plane. Furthermore the experiment gave 
a very simple dependence of the magnitude of the 
resonance field Hg at a given frequency on the 


angle 6 between the direction of this field and the: 
trigonal axis [111] of the crystal: 


Ho =H, /sin®, (1) 


where H, is the resonance field for 6 = 7/2. 

There has been only one attempt at a theoret- 
ical explanation of the experimental laws for reso- 
nance in hematite. This attempt, by Shimizu,‘ is 
based on old ideas about weak ferromagnetism, 
such as the explanation based on the presence in 
an a-Fe,O; crystal of fine ferromagnetic impuri- 
ties. For this impurity ferromagnetism, Shimizu 
included in the anisotropy energy terms through 
the sixth order; in consequence, by choice of the 
numerical values of the three anisotropy constants 
that appeared in the theory, he succeeded in giving 
a satisfactory explanation of the experimental data 
of Kumagai et al.® in the range of fields in which 
there is saturation. However, description of the 
resonance phenomenon in hematite on the basis 
indicated came into contradiction with static meas- 
urements of the magnetic properties of a-Fe,O3. 
In particular, it was found that the magnetic sus- 
ceptibility in the direction of the trigonal axis 
should be appreciably larger than the susceptibil- 
ity in the basal plane,* which was contrary to ex- 
periment.° 

In the present work it will be shown that on the 
basis of the ideas developed by Dzyaloshinskii on 
the nature of weak ferromagnetism, it is possible 
to give a more natural explanation of the observed 
resonance properties of hematite; furthermore, 


*The susceptibility in the direction of the [111] axis 
should, according to Shimizu, be the resultant of the trans- 
verse antiferromagnetic susceptibility and of a susceptibility 
connected with rotation of the spontaneous magnetic moment 
of the ferromagnetic impurities. 
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this explanation is in good agreement with the 
static measurements of magnetization and sus- 
ceptibility of these crystals. 

2. We shall start with the following Hamiltonian, 
proposed by Dzyaloshinskii! on the basis of symme- 
try considerations for rhombohedral crystals of the 
a-Fe,O; or MnCO; type: 

H = + Bm* + © bm: + &alz + q (Lamy — lymz) 


easel —U) ee ot — lbh oye Ge 


Here the z axis is the trigonal axis, andthe x 
axis is directed along one of the twofold axes in 

the (111) plane; m = (M,+M,)/2My, 2 = (M,—M),)/ 
2M), where M, and M, are the sublattice mag- 
netizations, for which, in accordance with the basic 
assumptions of spin-wave theory, the relations M} 
= M3 = M? hold; or 


Im = 0. 


(3) 


The parameters that appear in (2) have the follow- 
ing meanings: the exchange interaction parameter 
B> 0 leads to an antiferromagnetic arrangement 
of the sublattice magnetizations; the parameter 
q>0 causes a disturbance of the strict antiparal- 
lelism of the vectors M,;, and Mg, so that a weak 
spontaneous moment mill appears; a and b 
are fourth- and sixth-order anisotropy constants, 
which for hematite satisfy the conditions *! 


a>0, e+d?/4a>0. 


Bem — 1, 


The last term in (2) represents the energy of the 
magnet in the external field H=h/2M). In the 
Hamiltonian (2) two fourth-order terms, not im- 
portant for present purposes, have been omitted. 

3. The spectrum of characteristic oscillations 
of the vectors m and 17 for rhombohedral weak 
ferromagnetics, with neglect of anisotropy in the 
basal plane (i.e., for d=e=0), was calculated 
by Borovik-Romanov? and one of the authors®? 
for the case in which the field H lies in the basal 
plane. We shall first generalize the results of 
these works to the case of arbitrary direction of 
H. 

Let H make an angle @ with the [111] axis. 
Then, upon neglect of the c and d terms in (2) 
and upon supposing (without loss of generality ) 
that H lies inthe xz plane, it is easy to find, 
from the condition of minimum % with attention 
to (3), the following equilibrium values of m and 
i (for h<«B): 


~ *Under these conditions, in the equilibrium state (at 
H = 0) m is directed along one of the twofold axes in the 
basal plane, and | is in the vertical plane perpendicular 
to it and makes a small angle with the basal plane. 
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Me = (q + Asin 9) /B, My =0, May =hcos§/(B-+ 9), 
PG cont = 210), ly =b=Vi-—ma!. (4) 


By considering, furthermore, small uniform os- 
cillations of m and 1 about the values my and 
I), we find in the usual way*»? the characteristic 
frequencies of these oscillations: 


o, = (y/2Mo) Vasin 9 (q + Asin 9), 
2 = (7 /2Mo) V Ba + 9 (q + Asin ®) + h? cos*6, 


(5) 
(6) 


where y = ge/2mc is the magnetomechanical ratio 
(w = angular frequency ). 

Oscillations of frequency w, can be excited by 
radio waves of the centimeter range, and in fact 
they were observed in resonance experiments of 
Kumagai et al.* The second branch of the oscilla- 
tions is related to much higher frequencies, of or- 
der 10!2 to 10!8 eps. Observation of it requires 
larger fields, H ~ 104 to 10° oe, and electromag- 
netic radiation of wavelength A ~ 105) to 10e-enmt 

Solution of the resonance formula (5) for the 
external field H gives the experimentally estab- 
lished relation (1), with 


Hy =V (Ap / 2) (oi) 4? —Hp? 2; 
Hp=¢/ IMs. 


(7) 


Thus even without allowance for anisotropy in 
the basal plane, the theory explains well the ob- 
served dependence of the magnitude of the reso- 
nance field H on its direction in a plane passing 
through the trigonal axis. However, the theoret- 
ical relation (7) between the resonance field H i 
in the basal plane and the frequency a, is poorly 
satisfied experimentally. Therefore, as has al- 
ready been pointed out by Vonsovskil and Turov, 
here it is necessary to take account of anisotropy 
in the basal plane, described by the d and e 
terms in the Hamiltonian (2). This will be done 
below. 

4. Let the field H lie in the (i11) plane and 
make an angle g with the x axis. Then from the 
minimum condition for the complete Hamiltonian 
(2) in the range of fields h* <h «<B, we find 


T 


mo||H, mM =(G+h)/B, l,=ViI—m~1, (8) 


l) lies in the plane perpendicular to H and makes 
with the (111) plane an angle 


8 = (d/a)cos 3¢. (9) 


The field h* represents an effective anisotropy 
field in the basal plane; for h>h* saturation oc- 
curs, in the sense that my || H. Approximately, 


h’, = 36B (e + d?/ 4a) /q. (10) 


MAGNETIC RESONANCE IN RHOMBOHEDRAL WEAK FERROMAGNETICS 


For hematite in particular, as will be clear from 
the estimates made below, H* = h*/2My ~ 10? oe. 
Knowing the equilibrium vectors my and lj, 
we can calculate anew the spectrum of oscillations 
of the system about this equilibrium state. A very 
laborious calculation on the basis of the complete 
Hamiltonian (2), with attention to the relations (8) 
and (9), leads to the following two characteristic 

frequencies of oscillation for this case: 


1 = (x / 2M.) VA (A= q) + 36B (e + d?/4a) cos6¢. (11) 


@, = (¥/2M,) V Ba+ q(q -- A) + 9Bd + 6Be cos 6y , (12) 


As is clear from (12), the fourth- and sixth-order 
anisotropy is practically without effect on the sec- 


ond resonance frequency, since the d and e terms 
that occur in it are always small in comparison with 


the term Ba. On the contrary, for the first reso- 
nance frequency w, the role of anisotropy in the 
basal plane can be appreciable if the field H is 
not very large. The range of fields in which there 
is an effect of anisotropy of higher than second 
order is, as a rule, appreciably larger for the 
weakly ferromagnetic crystals under consideration 


than for ordinary ferromagnetics of the same sym- 
metry, since in the present case the role of “aniso- 


tropy constants” is played not by the parameters d 
and e themselves, but by quantities proportional 
to the geometric mean of e+d*/4a and of the ex- 
change parameter B. Consequently, in this re- 
spect weak ferromagnetics are similar to ordinary 
antiferromagnetics. 


5. We now show under what conditions the oscil- 
lations of frequencies w, and w», are excited. For 


this purpose we find the susceptibility of a weak 
ferromagnetic with respect to a high-frequency 
magnetic field h,); we start with the equation of 
motion for the magnetic moments M, and M, of 
the sublattices: 


dM, /dt =7(MXH), j= 1,2. (13) 


a 


Here the effective fields Hj acting on the sublat- 
tices are found from the Hamiltonian (2) and the 
relation Hj = — age/ oMj. We shall consider that 
the external field consists of a constant field H 


= Hx, directed along the: x axis in the basal plane, 
and of a high-frequency alternating field hw, whose 
amplitude is small in comparison with Hx. A stand- 


ard calculation gives the following expression for 
the high-frequency tensor susceptibility: 


Peas One | ue ALANS.» 
Yee Oe OX ety) |S Lxx = Yo / (2 — w*), 
|0 Xzy Xzz 


Yyy = (My / Hz)oy /(w; — 0°), Yze = Yo / (Oi — ©), 
Yyz= — ev = ixo(w /yH) 0} / (oi oy, 
ted) ho 4045/8. 


957 


From the formulas presented it is evident that the 
oscillations of frequency w, are excited when the 
high-frequency field is perpendicular to the con- 
stant field, and the oscillations of frequency wy, 
when it is parallel to it. The presence of nondiag- 
onal elements of the tensor xq B shows that there 
is gyrotropy in the medium. 

It is possible to allow for a damping term in 
equation (13), for example in the form proposed 
by Landau and Lifshitz;!° this was done for ordi- 
nary antiferromagnetics by Kaganov and Tsuker- 
nik!! and also by Seidov.!? If the width Aw of 
the resonance line is then determined from the 
expressions obtained for yqg= Xag — ixag, it 
turns out that in weak ferromagnetics, just as in 
antiferromagnetics,'!! Aw is connected with the 
dimensionless damping parameter a of the 
Landau-Lifshitz equation of motion by the follow- 
ing relation: Aw = awpr (Wp = yB/2My is the 
so-called exchange frequency ). 

We remark that the analogous relation for or- 
dinary ferromagnetics has the form Aw *® yw, 
where w, is the resonance frequency.!3 Conse- 
quently, if the parameter a in antiferromagnetics 
(and in weak ferromagnetics ) had the same nature 
and the same order of magnitude as in ferromag- 
netics, then Aw would be about three orders of 
magnitude larger in the former than in the latter. 
However, no great differences are observed be- 
tween the line widths for antiferromagnetics and 
for ferromagnetics. Apparently the question of 
the formal description of relaxation terms in the 
equations of motion for antiferromagnetics and 
weak ferromagnetics, and also of the nature of 
the line widths in them, needs to be subjected to 
a special and more detailed study.* 

6. We apply the theoretical results obtained 
to the discussion of the resonance properties of 
hematite. It has already been indicated that the 
theory explains well the experimentally estab- 
lished formula (1) for the dependence of the mag- 
nitude of the resonance field on its direction in a 
plane passing through the [111] axis. Kumagai 
et al.* also investigated the relation between the 
frequency w, anda resonance field H lying in 
the basal plane. We rewrite formula (11), which 
should describe this relation, in the following 
form: 

Oi ea ee Hp) + Hi, cos 69, 
H> = 36B (e+ d?/ 4a) | 4MG- (14) 


Thus in the resonance formula (14) there occur 
two unknown parameterst Ha and Hp. The first 


*Cf. also the work of Dayhoff.** 


tIf we do not include the g factor; this we set equal to 2. 
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of these can be estimated from the angular depend- 
ence of the resonance field (i.e., the dependence 
of H on @ for given frequency w,), observed by 
Anderson et al.!® and less precisely by Kumagai et 
al.’ This estimate gives approximately Ha, = 1450 
oe. A value of the parameter Hp was selected by 
the criterion of best fit between theory and experi- 
ment for the dependence of w, on H. The figure 
shows the theoretical curve for the relation between 
1/A = w,/2mc and a resonance field H directed 
along the “easy axis” x [this corresponds to 

cos 6g = 1 in formula (14)], for Hp = 22,800 oe. 
The experimental data? are plotted as points. As 
is evident from the figure, there is completely 
satisfactory agreement between theory and experi- 
ment except in the low-field range. This was like- 
wise the case in the work of Shimizu. Presumably, 
because of various crystal defects, the saturation 
of the magnetization assumed by us is not present 
at fields X 2000 oe. In fact, from magnetization 
curves of hematite taken by other authors!® it is 
clear that saturation in the basal plane is not at- 
tained at field strengths below 1000 to 2000 oe, 
whereas according to (10) saturation should occur 
for an ideal crystal at fields 


H ~ H* = Hx / Hx ~ 100 oe. 


The important superiority of our theory is that, 
in contrast to the theory of Shimizu, it leads to 
good agreement of the resonance experiments with 
the results of static measurements of the sponta- 
neous magnetization Mg, and of the transverse 
antiferromagnetic susceptibility y of hematite. 
The fact is that from the statistics of the measure- 
ments it is possible to determine in an independ- 
ent way the field Hp responsible for the weak fer- 
romagnetism,'** since Hp = Mg/y. According to 
data of Néel and Pauthenet,® at room temperature 
Mg ~ 0.4 cgs emu and xy =2x 10°; consequently 
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Hp ~ 2 x 104 oe, which is very close to the value 
Hp = 22,800 oe found above from resonance 
measurements. * 

For more detailed comparison of theory with 
experiment and for resolution of the still remain- 
ing difficulties in the low-field range, it is neces- 
sary to carry out experimental studies of both the 
magnetic and the resonance properties of hematite 
(or MnCO,) on the same monocrystalline speci- 
mens. 

The authors express their deep gratitude to 
S. V. Vonsovskii for discussions of the results 
and for valuable advice. 
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Oya Gata little work has been devoted 
to the study of physical properties of adsorbed gas. 
Indeed, only isothermal adsorption and heat capac- 
ity of thin films of gas have been studied in any de- 
gree of detail.'~“* Therefore, it is of definite inter- 
est to carry out investigations of nuclear magnetic 
resonance (n.m.r.) in thin films of a substance, 
since from the form of the resonance curves it is 
possible to evaluate the interaction between the 
molecules of the adsorbed gas and to study the 
effect of the substratum. 

In order to study the problems indicated above, 
n.m.r. investigations were undertaken in thin films 
of hydrogen, water, and methane adsorbed by acti- 
vated charcoal. The investigations were carried 
out by means of the spin-echo method,° which en- 
ables us to measure in a comparatively simple 
way the longitudinal and the transverse relaxation 
times (T; and T,), and also to evaluate the self- 
diffusion coefficients. 


FIG. 1 


The block diagram of the apparatus is shown in 
Fig. 1. The rectangular pulse generator 1 enabled 
us to obtain: a) two or three pulses with independ- 
ent control of their length, repetition frequency 
and the time interval between them; b) a single 
pulse, followed by a series of equidistant pulses 
with independent control of the pulse length and 
the time interval between them. The pulse gener- 
ator modulates the radiofrequency oscillator 2 
stabilized by a quartz crystal and operating at a 
frequency of 14 Mcs. In order to avoid overload- 
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ing the radiofrequency amplifier the latter is sep- 
arated from the oscillator by the r-f bridge 3 one 
of whose arms contains the coil with the sample 4; 
the r-f amplifier 5 has a gain of ~10°. The sig- 
nal from the detector was applied to the input 6 

of an IO-4 oscillograph. 

A magnetic field of 3300 oe was produced by a 
permanent magnet with pole pieces 110 mm in di- 
ameter and with a 40 mm gap. The magnet was 
provided with coils which made it possible for the 
magnetic field to be varied by +50 oe. 

This apparatus enabled us to measure the lon- 
gitudinal and transverse relaxation times (T, and 
T,) in the range 107-*—10 sec. 

For the determination of T;, three pulses were 
applied to the sample and the relaxation time was 
determined by analyzing the intensity of the stimu- 
lated echo signal as a function of the time between 
the first and the third pulses.° A study of the in- 
tensity of the spin echo signal as a function of the 
time between two pulses enabled us to calculate 
the relaxation time T, and the self-diffusion coef- 
ficient. Moreover, the dependence of the intensity 
of the spin echo on the time elapsed from the appli- 
cation of a single orienting pulse and a series of 
equidistant pulses enabled us to determine T, di- 
rectly.® 


FIG. 2 


As an illustration Fig. 2 shows a spin echo os- 
cillogram from which the relaxation time T, was 
determined for hydrogen adsorbed on charcoal at 
a temperature of 77°K. 

The table summarizes data on the measurement 
of the relaxation times T, and T, for hydrogen, 
methane, and water adsorbed on charcoal, and also 
an evaluation of the self-diffusion coefficient (D), 
and of the activation energy (Q) obtained by the 
n.m.r. method at different temperatures. 

From the table it may be seen that at a temper- 
ature of 77°K the width of the n.m.r. line in hydro- 
gen adsorbed on charcoal is 0.2 oe, while according 
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to Bloom’s data® hydrogen has an absorption line of 
0.1 oe width only near its freezing point (liquid hy- 
drogen gives a line width of 107% oe). It shauld be 
pointed out that at a temperature in the neighbor- 
hood of 25°K the n.m.r. line width in hydrogen ad- 
sorbed on charcoal increases to 2 oe. It is of defi- 
nite interest to make an estimate of the coefficient 
of internal friction for water. According to n.m.r. 
data the viscosity of water in the adsorbed state 
increases by more than an order of magnitude. 
Thus, an analysis of the results of this investi- 
gation shows that physical properties of adsorbed 
gases can be successfully studied by the n.m.r. 
method which significantly extends the range of 
possibilities in the study of molecular physics. 
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Ty recent years there have been published a num- 
ber of researches related to spontaneous coherent 
radiation of electron spin systems in the micro- 
wave range. In the majority of cases,!~3 generation 
is accomplished by use of paramagnetics that pos- 


sess, at liquid-helium temperatures, very long spin- 
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utes). Such a choice is not fortuitous, for the dura- 
tion of the relaxation processes determines the 
time scale of the experiment. With long relaxation 
times, it is easy to excite the spin system by the 
method of adiabatic rapid passage or with the aid 

of 180° pulses. A similar method (a 45° pulse) 

has been successfully applied also to the excitation 
of organic free radicals‘ possessing relaxation 
times from 0.03 to 0.1 usec. 

For the overwhelming majority of ferrites, the 
relaxation times +, estimated from the width of 
the ferromagnetic resonance line, are much smaller 
than the figures mentioned. This circumstance sub- 
stantially complicates the technical application of 
the indicated method for excitation of ferrites. 
Furthermore there is a difficulty in principle, in 
that 7 is of the order of magnitude of, or less 
than, the time constant of the apparatus. There- 
fore we used a somewhat different principle, con- 


lattice relaxation times (from milliseconds to min- sisting of this: that the resonance excitation of the 
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ferrite is carried out ata frequency v, different 
from the frequency v, of spontaneous radiation. * 
The acts of excitation and radiation are separated 
by a time interval t,—t,, during which the exter- 
nal magnetic field is changed from the value Hy 

= 2mvy/y to H, = 2nv,/y, where y is the gyro- 
magnetic ratio for the electron. In order that the 
precession of the magnetic moment of the ferrite 
may not become practically extinguished during 
the time t,—t,, this interval must not greatly 
exceed T. 


ae 
: 
| eee 


FIG. 1. Block diagram of the experimental arrangement: 
1, ferrite; 2 and 3, resonators; 4, pulse coil; 5, generator; 
6 and 7, attenuators; 8, detector; 9, broadband amplifier; 
10, resonator-filter; 11, waveguide switches; 12, synchro- 
nizer; 13, thyratron current-pulse generator. 


A block diagram of the experimental arrange- 
ment is shown in Fig. 1. The ferrite 1 is fastened 
in an opening in the common wall of the rectangular 
resonators 2 and 3. The dimensions of the reso- 
nators correspond to the TE ;. mode; the fastening 
point of the ferrite coincides with an antinode of the 
magnetic field of each. The resonator block is 
placed between the poles of an electromagnet. Res- 
onator 2, designed to excite precession in the fer- 
rite, is connected by means of a waveguide with 
generator 5 and tuned to its frequency v;. The 
resonator Q is approximately 300; the excitation 
power is of the order of a few watts. By means of 
the two-winding coil 4, located inside resonator 2, 
there is produced a pulsed magnetic field parallel 
to the constant field Hy of the electromagnet. The 
change of the total field with time is shown in 
Fig. 2. For |H-—H,|< AH, where AH is the 
half width of the resonance line of the ferrite, the 
ferrite interacts with the high-frequency field in 
2, and there is excited a precession of the mag- 
netic moment, with precession angle 9. In the 
succeeding interval of time, the precession fre- 
quency does not coincide with the characteristic 
frequencies of the resonators (¥4< Vv < v2), and 
the angle 9 decreases under the influence of re- 
laxation processes alone: 


§ = 0, exp {— (¢ — ft) /*}. (1) 
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FIG. 2. Change of magnetic field with time. 


to frequency v,), the ferrite radiates a short pulse. 
This pulse is further detected, amplified by the 
broadband amplifier 9, and observed with the aid 

of a fast oscillograph. 

In the experiment, the excitation frequency used 
was Vv; = 8900 Mcs. The electromagnet field H 
was kept equal to 3050 oe, with the value of the 
pulsed field 700 oe. The frequency could be varied 
over the range 9000 to 9800 Mcs by adjustment of 
the resonator 3. In order that the antinode of the 
field might not move with respect to the ferrite in 
this process, the adjustment was made by simul- 
taneous and symmetrical movement of two pistons. 
The slope of the pulse front, dH/dt = 3 x 10!" oe/ 
sec, insured over the range of adjustment men- 
tioned a value t,—t, = (3 to 15) x 107° sec. 

The process of coherent radiation of a spin 
system placed in a resonator has been described 
by Fain.® He considered, in particular, the case 
of a resonator tuned to the characteristic frequency 
of the system, when the radiation field is absent at 
the initial instant. In our case the precession fre- 
quency changes continuously, and radiation occurs 
when |v—-v,| Xv2./2. However, it is possible 
to estimate the radiated energy and power by using 
Fain’s results, if one replaces the actual process 
of frequency change by a step change and assumes 
the frequency to be constant during the radiation 
process. The duration of the act of radiation, At, 
is easily determined from knowledge of dH/dt and 
Av. The time of complete transfer of the energy 
of the ferrite into radiation, estimated by formula 
(56) of Fain’s paper for the specimens used, was 
of order 107° sec, whereas At, ~ 10-*sec. Conse- 
quently, in our experiment the ferrite is able to 
radiate only a part of its energy. For this case, 
the formula mentioned can be simplified, and we 


When, finally, H passes through the values | H—H,| get for the power in the pulse the simple expres- 


<2nAv,/2y (Av, = tuning band of the resonator 3 
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From formula (2) the possibility is evident of di- 
rectly determining the relaxation time 7 within 
the framework of the experiment described. Ac- 
tually, a change of vy by adjustment of resonator 
3 is equivalent to a change of t,. If meanwhile 
At, is constant [H(t) a linear function and Av, 
a constant ], then 


In(P’ /P*) =2(#—#1)/t, t= 2(t5—4)/In(P’/P”). (8) 
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All the quantities in the right member of (3) are 
found from the experiment. 
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FIG. 3. Signals due to radiation and to ferromagnetic 
resonance on the oscillograph screen. 


Figure 3 shows a photograph of the picture on 
the oscillograph screen. The large pulse is caused 
by the radiation at H =H), and the two small ones 
by ferromagnetic resonance at H=H,. The cor- 
rectness of this interpertation was confirmed by 
special checks. In the first place, it was estab- 
lished that the carrier frequency of the large 
pulse coincided with v, and of the smaller with 
vy. For this purpose, there was connected in the 
line, in front of the detector, the adjustable reso- 
nator-filter 10. In the second place, it was shown 
that the radiation pulse was absent in all cases in 
which the magnetic field did not reach the value 
H,. In the third place, the dependence of the size 
of the radiated pulse on At, was verified qualita- 
tively. The fact is that the slope of the pulse front 
of the magnetic field was slightly oscillatory, as 
is shown by the dashed curve in Fig. 2. Conse- 
quently the interval At, should also oscillate with 
change of t,, and the dependence P(t) expressed 
by formula (2) ceases to be purely exponential. On 
the experimentally obtained graphs of P(t), the 
corresponding fluctuations are clearly indicated; 
this, unfortunately, greatly complicates the deter- 
mination of the relaxation time. 

The specimens used in this research were of 
yttrium iron garnet, of diameter from 0.5 to 1.0 
mm, with polished surface of spherical form. 


THE EDITOR 


In closing, we wish to express our deep grati- 
tude to A. G. Gurevich, G. A. Smolenskii, and 
K. P. Belov, who kindly provided the ferrite speci- 
mens; to A. M. Leonov, who took an active part in 
the construction of the apparatus; and to V. M. 
Fain for valuable advice. 
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Tue model of Lindenbaum and Sternheimer® of- 
fers only a qualitative explanation for the observed 
momentum distribution of mesons from the re- 
action 7+ N-—~27+N at kinetic energies 1.0 and 
1.4 Bev (in the laboratory frame of reference). 
According to this model, the meson arises from 

the formation of an isobaric state (T= %, J=%, 
l= 1) with finite width. On the other hand, Fermi’s 
statistical theory does not explain these distribu- 
tions, while within the framework of this theory a 
calculation of the isobars, as particles of mass M 

= 1.32 nucleon masses, also leads to only qualita- 
tive agreement with experiment. Rus’kin® has at- 
tempted to improve the agreement by taking into 
account a resonance mz interaction, a new par- 
ticle Il being introduced, with mass M = 0.47 
nucleon masses, which decays into two ma mesons. 
We have made analogous calculations, which do in- ° 


DE TTERS*T OTHE EDITOR 


40 


QW R20 AKG 040 


050 p,Bev/o 


FIG. 1. Momentum distribution of all 7 mesons (7*, 77, 7°) 
from the reactions 7 + p> 7 +7*+n, 7 + 7° +p at anen- 
ergy of 1 Bev (number of mesons N as a function of momentum 
p in the center-of-mass system). The solid histogram is drawn 
through the experimental points of reference 1, while the dot- 
dash one was calculated from the statistical theory, taking 
into account the isobar with M = 1.32 and a I] particle 
(M = 0.47). The dashed histogram was calculated taking into 
account the finite width of the isobaric state (3/2, 3/2, 1). 


deed improve agreement with experiment but not 
to the extent quoted in reference 5. We wish to 
point out that it is possible to describe the experi- 
mental data just as well without taking into account 
the meson-meson interaction, but including instead 


in the statistical theory the effect of the finite width 


of the isobar which decays to give m mesons. 

To do this we take into account the interaction 
in the final state;* in our case the final state is 
a ++ N and we consider only the interaction 
between the meson and the nucleon. We then have 
for the part of the cross section which corresponds 


to the formation of a a meson through the isobaric 


state 


3 3 
dz, = (p™®sin Bay)” dp; dp» dp, (S) BE; — Pet S| pi). 


f=1 


where the phase 63, describes the resonance scat- 


tering of mesons by nucleons and p is the modu- 
lus of the relative meson-nucleon momentum. In- 
tegration of this formula leads to the result of Lin- 
denbaum and Sternheimer. The total cross section 
for the reaction 7+ N—227+N has the form 


ds = C, ds, + Cy ds, 


where do, is the cross section for the formation 
of three particles without interaction, while C, 
and C, are determined by the statistical weights 
for the formation of a 7 meson plus the isobar 
(M = 1.32) and two 7 mesons plus a nucleon. 
do, and do, are normalized to the same number 
of mesons. 
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FIG. 2. Same as Fig. 1, but at 1.4 Bev. The experimental 
points were taken from reference 2. 


Figures 1 and 2 show the results of integrating 
this formula over all variables (except the mo- 
mentum of one particle), namely the momentum 
distribution of the mesons in the center-of-mass 
system for incident-meson energies 1.0 and 1.4 
Bev. It is clear that the calculated histograms 
agree with the experimental data just as well as 
the results of statistical-theory calculations with 
account of ma interaction. Thus the experimental 
data can be described without invoking the particle 
II (M = 0.47), particularly since the existence of 
such a particle implies a peak in the momentum 
distribution of the recoil nucleons, a peak which 
is not observed in the new, more comprehensive 
data at 1 Bev.! 

If we take into account the second resonance 
state (T=%, J=%,1=2) in the aN system’ 
as a second isobar with mass M=1.52, then 
agreement between theory and experiment becomes 
worse. (Such a second resonance state would cor- 
respond to a m meson with kinetic energy ~ 600 
Mev in the laboratory frame of reference.) This 
is because both the 7 meson from the decay of 
this isobar and the recoil meson contribute to the 
momentum spectrum just where the observed spec- 
trum has a plateau or even a dip. 

In conclusion, the authors would like to express 
their gratitude to I. A. Egorova for doing the labor- 
ious numerical computations. 
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GAMMA RADIATION PRODUCED IN THE 
INTERACTION BETWEEN ACCELERATED 
Cc}? IONS AND TIN NUCLEI 


Vv. A. KARNAUKHOV and Yu. Ts. OGANESYAN 
Submitted to JETP editor January 14, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1339-1340 
(April, 1960) 


Compounp nuclei with large excitation energy 
and angular momentum are produced in nuclear 
reactions caused by accelerated heavy ions. Stru- 
tinskii! assumes that during the decay of such a 
compound nucleus the main part of the angular mo- 
mentum is carried off by gamma radiation, i.e., 
the emission of nucleons is accompanied by a 
gamma-ray cascade. 

The present paper is devoted to the study of 
the gamma-ray energy spectrum appearing during 
the irradiation of Sn with Cc!” ions, accelerated 
to about 78 Mev. According to estimates, the maxi- 
mum excitation energy of the compound nucieus 
in this case amounts to ~ 66 Mev, and the maxi- 
mum angular momentum amounts to ~45 fi. The 
experiments were carried out with the extracted 
beam of the 150-cm cyclotron of the Atomic Energy 
Institute of the U.S.S.R. Academy of Sciences. The 
intensity of the beam was ~ 5 x 10° particles/sec. 
The 24 mg/cm’? tin target was set at 45° to the in- 
cident beam. The gamma rays in the 0.4- to 4- 
Mev energy range were registered with a scintil- 
lation gamma spectrometer, consisting of a CsI 
crystal (3 cm diameter, 3 cm height), an S-993 
photomultiplier and an ELA-2 multichannel ana- 
lyzer.? The channel width was 0.075 Mev. The 
energy resolution of the Cs!3 photopeak (0.661 
Mev) was ~11%. A miniature proportional counter, 
mounted on the entrance diaphragm, was used to 
monitor the beam. To absorb the soft x rays ap- 
pearing when the carbon ions pass through the tar- 
get, a lead foil ~ 150 thick was placed in front of 
the crystal. The distance between the target and 


DETTERSTTOM HE EDITOR 


NErel, units 


E,Mev 


BIGs 


the spectrometer crystal could be varied from 0.2 
to 5 cm. In the experiments for determining the 
background, the ion energy was decreased below 
the Coulomb barrier of tin nuclei for C!? ions by 
inserting a 60u aluminum foil at a distance of 

15 cm from the crystal. In processing the spectra, 
the spectral sensitivity of the instrument and the 
line shape, obtained during the registration of 
monochromatic gamma rays,° were taken into 
account. 

Figure 1 (curve 1) shows the corrected gamma 
spectrum in the form NE=f(E) [N is the number 
of gamma quanta in the channel with an energy E]. 
The distance R between the crystal and the target 
was 5cm. The spectrum has the form of a continu- 
ous distribution with a maximum at E = 0.8 Mev. 
Figure 1 (curve 2) also shows the gamma-ray 
spectrum from the reaction Sm!°? (n, y) with ther- 
mal neutrons (unresolved portion‘), which is typ- 
ical of the case of a compound nucleus with an an- 
gular momentum practically the same as in the 
ground state. This spectrum has a peak energy 
of about 2 Mev. 

Comparison of these two spectra indicates that 
in our case the transition of the nucleus to the 
ground state takes place overwhelmingly with 
emission of softer gamma quanta than emitted in 
radiative neutron capture. 

An attempt was also made to estimate experi- 
mentally the mean number of gamma quanta 
emitted during the disintegration of the compound 
nucieus. For this purpose the distance between the 
crystal and the target was decreased to its mini- 
mum; this increased the probability of simultane- 
ous registration of successively emitted gamma 
quanta. 

Figure 2 shows corrected gamma-ray spectra 
obtained for R=5 cm (a) and R=0.2em (b) 
normalized to make the areas under the respective © 
curves, plotted in NE and E coordinates, equal. 


LETTERS TO THE EDITOR 


NM rel. units 


i] ] 2 3 4 
EMev 


FIG. 2 


This normalization takes account of the change in 
the registration efficiency of the radiation with a 
change in the distance between the target and the 
crystal. From a comparison of the spectra it can 
be seen that with the decreasing target-to-crystal 
distance the relative number of pulses correspond- 
ing to 1.5- to 4-Mev gamma quanta increases. It 
must be assumed that this is caused by the pres- 
ence of cascades consisting of relatively soft 
gamma rays which, being simultaneously regis- 
tered, simulate gamma quanta of higher energy. 
The mean number of simultaneously registered 
gamma quanta for R=0.2 cm, found from the 
ratio of the areas under curves (a) and (b) (Fig. 2), 
is ~1.8. 

To determine the mean number of gamma quanta 
in a cascade, it is essential to know not only the 
counting efficiency of the spectrometer, but also 
the angular distribution of the gamma quanta. At 
present, there are no data on the angular distri- 
bution of gamma quanta emitted by a compound 
nucleus with a large angular momentum, and 
therefore a sufficiently precise determination of 
this quantity is difficult. According to our rough 
estimates this number is apparently not less than 
10, 

The authors are grateful to Professor G. N. 
Flerov for valuable advice, and to A. B. Malinin 
for help in carrying out the experiment. 
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ee B transition in P®* appears to be an allowed 
1*— 0* transition. Therefore the B spectrum of 
Pp? must have a Fermi shape and a polarization 
equal to v/c. However experimental results!~? 
have indicated a small deviation from the Fermi 
shape for the spectrum and from the designated 
polarization value. The aim of the present paper 
is to offer a possible explanation of these experi- 
mental results. 

Since log ft= 7.9 for P**, while for Gamow- 
Teller transitions log ft ~ 4, this means that the 
matrix element |o in this case must be about 
30 — 40 times smaller than its normal value. There- 
fore we must examine second-forbidden terms. The 
transition in question may have contributions from 
terms of the form for’, f(or)r, flor] and 
af y5sr. The first two matrix elements are small in 
comparison to the last two. The matrix element 
ai [@r]| introduces into the spectrum a term which 
is proportional to the 6 -electron energy, but since 
there is no such term experimentally observed in 
the P*® spectrum, we set this matrix element 
equal to zero. Therefore we shall consider fur- 
ther only the matrix element dh 50. 

Let us introduce the relation x = iF y5r/ ii o. In 
B transitions having a normal value of log ft we 
have x ~ (v/¢)nucl Pnucl/*Compton ~ 9-002. (We 
use a system of units in which fi = c = me = 1.) 
Because of the smallness of Jos the value of x 
for P®? must be about 30 —40 times larger, i.e., 

x ~ 0.06 —0.08. For these values of x it is nec- 
essary to take into account not only the terms pro- 
portional to x, but also terms of the order of x’. 
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Assuming the correctness of the theory of weak 
interactions,‘»® we obtain the following equations 
for the correction constant C and for the polariza- 
tion: <a> * 

C= (2 gy +4 gty?)Lo + (y— gy*)No + ¥(Mot2L1), 
{3) = — D/C, (1) 

whereupon D is obtained from C by substituting 
fe, = (4 — P2)sin(d_,—°8,), 
Mo—> My = (Mg — Q6) sin (8-1 — 61), 
No No= + [(Lo + Po)? (Mo + Qo)” 

+ (Lo — Po) (Mo — Qo)*] sin (6_1— 41), 
La L, = (23 — Pi) sin (65 — 63). 


For determination of the functions Ly, Mo, No, 
etc. see references 6 and 7; 6;, 6_4, 5), 6-2 are 
Coulomb phases; q is the neutron momentum. If 
we use the relation Ze? «1, and the explicit ex- 
pressions for the functions Ly, Mo, ...,°% we 
obtain the following simple equations for the B 
spectrum and for the longitudinal polarization of 
the £ electrons in P*: 


C=) =-a/é, <s> = —v(1 —aje), (2) 


where a= 7x id — (Ze*/2p + de Ey eal aes €y is the 
spectral end-point energy. In deriving Eq. (2) we 
neglected terms in x? if they were multipled by 
small quantities, i.e., a necessary condition for 
the validity of these equations is 


2 a). 

Equations (1) and (2) convert into Morita’s equa- 
tion’ if we drop the quadratic terms in x*. For a 
value of x= 0.08 we obtain a=0.18 which agrees 
with experimental data.'~3 The deviation of the 
spectrum from a Fermi shape and of the polariza- 
tion from v/c also occurs for In!!4 (1*— 0* tran- 
sition).”*> The formally required value a ~ 0.3 
is obtained for a value of x = 0.057. Although such 
a large value of x seems improbable because the 
quantity log ft equals 4.4 for In!) it cannot be 
strictly ruled out. 

In conclusion I wish to express my thanks to 
Academician A. I. Alikhanov, Professor V. A. 
Berestetsko, B. L. Ioffe, and V. A. Lyubimov for 
their interest in and discussion of the work. 
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ON THE DECAY OF & HYPERONS 
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Tue experimental data on the probabilities and 
asymmetry coefficients of the decays of Z hyper- 
ons by various channels evidently satisfy the rule 
|AI|= 3. Ifthe |AI|=4% rule receives final ex- 
perimental confirmation, it will be necessary to 
renounce the theory of the universal weak interac- 
tion between charged currents.’ At present it is 
desirable to have more data to test this rule. 

Let us denote the amplitudes for the processes 
Zt—-p+n, ot—+nina, and > =n+7 by A,, 
Ay, and A_, respectively, where A =a + ib (ok); 
k is the unit vector in the direction of motion of 
the nucleon. The absence of asymmetry in the de- 
cays 2*—n+a* means that for these processes 

Re(ab*)=0. (1) 
There are three ways to satisfy the condition (1): 
1) a=0, 2) b=0, 3) the phases of a and b 
differ by 90°. Since the interaction of pion and 
nucleon in the final state is small, the third possi- 
bility violates the conservation of time parity. 
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Many authors*»? have shown that the rule | AI| 
= 3 holds only for ay=b_=0 or a_=b)=0. 
To choose from among the three cases the one 
that exists in nature, one could use measurements 
of the polarization of the nucleons from the decay 
of polarized 2* particles produced in reactions 
mt + p—D++ Kt. 

Denoting the polarization vectors of nucleons 
and x hyperons by P and Ps, we get 


 2Re(ab*) , |a@P?—| oP Ze 
P= TaP+ [ORS + [aP= [RPS + jap yop (Pak) k 
21 b* 
+ Tape rep MePsl: iy 


In particular P=2(Pyk)k—- Ps for a=0; Py 
=P for b=0; and for the third case P hasa 
component along the direction of k x Ps. 

It is obvious that a measurement of the direc- 
tion of the polarization vector of the nucleons will 
not only give information to test the rule | AI| = 3, 
but can also help to choose one solution from the 
two that are possible (ay =b_=0 or a_=b,)=0) 
if this rule holds. 
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Se far only two decays A—p+e + v have been 
found,’ although according to the universal V-A in- 
teraction theory (without, however, taking into ac- 
count the renormalization of the decay coupling con- 
stants) approximately 20 times as many events 
should have been seen. The rarity of hyperon lep- 
tonic decays makes the study of them very difficult. 
For this reason it becomes of interest to study the 
inverse process | 


(1) 


which is due to the same interaction as the B decay 
of the A hyperon, but whose statistics may, in prin- 
ciple, be made rather large. 


os ait Dis A ate y, 
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If there is no transverse polarization of the 
neutrons from Z~ decay, this means that the ini- 
tial 2” particle is unpolarized. In this case the 
absence of asymmetry in the =~ decay does not 
lead to Eq. (1). The quantity Re(ab*) can be 
determined from a measurement of the longitudinal 
polarization of the neutrons. 


1. C. G. Sudarshan and R. E. Marshak, Phys. 
Rev. 109, 1860 (1958). R. P. Feynman and M. Gell- 
Mann, Phys. Rev. 109, 193 (1958). 

DRS, Crawford, Jr. et al., Phys. Rev. 108, 

1102 (1957). F. Eisler et al., Phys. Rev. 108, 1353 
(1957). 

3R. E. Sawyer, Phys. Rev. 112, 2135 (1958). 

G. Takeda and M. Kato, Progr. Theoret. Phys. 21, 
441 (1959). B. d’Espagnat and J. Prentki, Phys. 
Rev. 114, 1366 (1959). B. T. Feld, Preprint. R. H. 
Dalitz, Revs. Modern Phys. 31, 823 (1959). M. Gell- 
Mann, Revs. Modern Phys. 31, 834 (1959). 


Translated by W. H. Furry 
256 


The threshold for reaction (1) in the laboratory 
system is (m4, —my )/2mMp = 194 Mev, and, up to 
the threshold for A photoproduction (e+ p—~e™ 
+ A + K*), which is equal to [(m, + my )? ~ m5 ]/ 
2Mp = 912 Mev, reaction (1) is the only source of 
A hyperons (together with e~+ p—2Z°+ vp, z° 
—> N+). 

The matrix element for process (1) (in the no- 
tation introduced in reference 3) has the form 
(where we ignore the electron mass ) 

M =(Up {a (Cy— Cays)— Sas (Pa — Pp)a(By + Bars)}up) 

x (Uv'ta(1 + Ys) Ue); (2) 
with the form factors Cy, Ca, By, Ba functions 
of the square of the momentum transfer 

— Q? = (Pp — pa)? = 2mpW~ (ma — mp)”, (3) 
where W is the kinetic energy of the A hyperon 
in the laboratory system. If E is the energy of 
the incident electron and ¢€ = 2mpjE + my is the 
total energy in the center-of-mass system then 


Leen “oy (1 aN 
~ (A) 


0O<— Q? = 2m,E ceees 
The cross section for process (1) for a given E 
and Q’ is given by* 


2 HOLY (C2 + C4) (8m2 EB? — (4mpE + Q?) (ma — mp- 


Vane: 
Gas, my 


ds 


Mp 


Q?)|— (Ch — Cy) 2mymp@ — (Ba — By) 2mamp_? 


Q?)| — 2Cy By Q? (ima +- Mp) [(NA — Mp)? — Q?] 


|. (BY ++ BY) [— 8m? E2 + (4m,E — mk + mp) (1m 


+ 2C,BaQ? (ms — mp) (m+ Mp)? — Q?] — 2 [CyCa + CaBy (M14 + Mp) — CyBa (ma — m,) 


— ByBa(mx— m5)] Q[— 4m,E + Hi tg Oh 
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For a “pure” V-A interaction (Cy = —Ca = F/ 

V2, By=Ba=0) formula (5) simplifies into 
AN ee G2 / 2 2 

ds = : ci, (s° = = (1 3 #5 (6) 

The second of these formulas is valid to the ex- 
tent that the Q? dependence of F may be ignored. 
This dependence will become important, presum- 
ably, at —Q? ~ m*%.® In any case the magnitude of 
the form factors should fall off rapidly for —Q? 
> mr. Therefore, at high energies the effective 
range of variation of —Q? is smaller than is given 
by Eq. (4). One may suppose that in effect 0 < —Q? 
=), Q5 ~ my. If at the same time E >ma,, and 
consequently MpE >> — Q’, then only the first term 
in Eq. (5) is important so that 


Mi oe 


ee (Cie Cs) (7) 
For Ci, + C = F* = const (0 < —Q’ < Q}) 
o~ FG ~ FL mk ~ 4 -2-10 cm? (8) 


where G=1.41 x 10-*? erg cm? is the Feynman-— 
Gell-Mann constant.? If F*/G? ~ by then o ~ 107? 


em”. In a similar fashion we find 


o =~ (F/G)?-7-10- em? ~ 0.35- 10° cm?, (9) 


for E = 400 Mev, when the upper limit on the 
range of variation of =iG)" in Eq. (4) is of order 
mk and we may use for estimate purposes the 
second of the formulas (6). 

With a cross section of the order of 1074 cm 
the probability for the process (1) is equal to 107!" 
for a 10 cm path length of an electron in liquid hy- 
drogen of density ~ 102 atoms/cm. Consequently, 
approximately 10!* —10!® electrons are needed to 
observe the reaction. With accelerator intensities 
of 10'* electrons per second this figure is not so 
fantastic. If instead of hydrogen heavier elements 
are used then for the same number of atoms in 1 
cm? the necessary number of electrons is decreased 
by a factor Z. Theoretically, however, the analy- 
sis of the experimental results becomes in this 
case much more complicated since the proton is 
initially bound. We only remark that in the case 
of a nucleus some of the reactions e°-+p—A+v 
will result in the formation of A hyperfragments. 

The experimental study of the process (1) pre- 
sents, naturally, a number of difficulties, connected 
in part with the necessity of observing a A hyperon 
in the presence of considerable background. Never- 
theless such a study is of interest particularly since 
by varying the energy E it is possible in this way 
to directly investigate the Q* dependence of the 
form factors. 


2 
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Along with the reaction (1) it is possible to study 


the reactions e+ p—po+ py and 6) Fn 925 tay: 


In view of the absence of intense py -meson beams 


the corresponding processes involving » mesons 


in place of e” are hardly possible experimentally. 
The author is grateful to I. M. Shmushkevich for 


pointing out the feasibility of studying process (1) 


and for discussions. 


*If one neglects the mass difference between the A hyperon 


and the proton (in which case, according to Eq. (3), -Q’ = 2m,W) 
as well as the ‘“‘magnetic’’ form factors of the type By and Ba, 
then the expression for the cross section with all covariants of 
the 4-fermion interaction taken into account is the same as the 
expression describing the cross section for electron-neutrino 
scattering.* (In formula (1) of reference 4 g% should stand next 
to W? + 2WE and not W? + WE, and (2gygat+Es8r+Qper) next 
to W? - 2WE, not W? - WE). 

For Ba =0, my ~ mp, expression (5) coincides with the 
result obtained by Berestetskii and Pomeranchuk’® for the cross 
section for the process e~+p>n+v. 
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Joint Institute for Nuclear Research 

Submitted to JETP editor January 27, 1960 
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ly an emulsion stack exposed to the proton syn- 
chrotron of the High-Energy Laboratory of the 
Joint Institute for Nuclear Research, 243 cases 
of inelastic interactions (140 pp and 103 pn) of 
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9-Bev protons with free and bound nucleons of the 
emulsion were recorded by scanning along the 
tracks. The selection of the events was made ac- 
cording to the criteria enumerated in reference 1 
and described earlier in greater detail.2 

To obtain the energy and angular characteristics 
of the secondary particles, measurements of mul- 
tiple Coulomb scattering and ionization were car- 
ried out on all tracks inclined at an angle no greater 
than 5° to the plane of the emulsion. There were 
144 such tracks of pp events and 108 of pn events. 
The method of measurement and analysis of the re- 
sults was described in reference 3. The mean value 
of spurious scattering in pellicles in which momen- 
tum measurements were made was 0.3u for a 
1000p cell and 0.7 for a 2000u cell, which corre- 
sponds to the Coulomb scattering of a singly charged 
particle with pf =5 Bev/c. All secondary tracks 
with pf < 1.6 Bev/c were identified; in the region 
of higher pf values the ionization vs p8 curves 
for m mesons and protons overlap. After allowance 
for the geometric correction? it was found that par- 
ticles with p@ < 1.6 Bev/c constituted 78% of the 
total number of particles. 

All secondary particles whose angle of emission 
with reference to the direction of the primary pro- 
ton in the laboratory system was greater than 20° 
were identified. This means that all m mesons 
_ emitted in the center-of-mass system (c.m.s.) of 
the colliding nucleons in the backward hemisphere 
were identified. The proportion of unidentified pro- 
tons emitted in the backward hemisphere in the 
c.m.s. can be estimated by making use of the sym- 
metry of the angular distribution of secondary par- 
ticles from pp interactions with respect to the 90° 
direction in the c.m.s. The corresponding value 
did not exceed 6% of the number of identified pro- 
tons in the backward hemisphere in the c.m.s. 
Hence, practically only identified particles fall in 
the backward hemisphere in the c.m.s. 

For the pp interactions, the angular distribu- 
tions of the charged ma mesons and protons emitted 
in the c.m.s. in the backward hemisphere are shown 
in Fig. 1 (N is the number of particles in relative 
units). The median angle of emission in the c.m.s. 
was (16+6)° for protons and (38+10)° for 7 
mesons. Thus the angular distributions of the pro- 
tons and a mesons are anisotropic, as has also 
been observed! at 6.2 Bev. This is in contradiction 
to the statistical theory assumption of isotropy of 
the secondary particle distribution in the c.m.s., 
at least in its variant in which the influence of the 
conservation of angular momentum is not taken 
into account. 
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FIG. 1. C.m.s. angular 
distribution of protons and 
charged 7 mesons from pp 
interactions. Solid line — 
protons (43 tracks); broken 
line —7 mesons (20 tracks). 


OQ -Q2 -04 6 -08 -I 
cos 8 


The mean numbers np and ny of protons and 
charged a mesons for one act of inelastic pp in- 
teraction found from the number of protons and 7 
mesons in the backward hemisphere in the c.m.s. 
are Np = 1.3 40.3 and nz=1.9+40.3. The cor- 
responding values calculated from statistical the- 
ory are Np = 1.2 and nq = 2.3. The number of 
negative m mesons in each pp event, if the pro- 
duction of antiprotons and strange particles is 
neglected, is determined from the law of charge 
conservation. Thus, knowing the total number of 
charged m mesons, one can estimate the number 
of a* and m mesons for one act of interaction. 
The values found are nz+ =1.3+0.3 and n,- 
= 0.61 + 0.06. 
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FIG. 2. C.m.s. momentum spectra of protons and charged 
m mesons from pp interactions. Histograms — experimental data; 
smooth curves — according to statistical theory.° The areas 
under all four curves are the same. Solid lines — protons (43 
tracks); broken lines — 7 mesons (20 tracks). 

The momentum spectra for protons and charged 
jt mesons emitted in the c.m.s. in the backward 
hemisphere is shown for pp interactions in Fig. 2. 
It is seen from the figure that the m-meson and 
proton spectra are displaced, with respect to the 
theoretical spectrum, towards the lower and higher 
momenta, respectively. The same is also observed* 
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FIG. 3. C.m.s. angular distributions of secondary particles 
from pp interactions (solid line) and pn interactions (broken 
line). 
at 6.2 Bev. The mean momenta in the c.m.s. for 
protons and charged t mesons are PH = (1.2 + 0.1) 
Bev/c and Pf = (0.4 + 0.1) Bev/c, and according 
to statistical theory,® PS = 0.79 Bev/e and Px 
= 0.51 Bev/c. 

The energy lost by the primary proton in the 
production of 7 mesons (charged and neutral ) 
in pp collisions in the laboratory system is 
(36 + 2)%, and the coefficient of inelasticity, i.e., 
the ratio of the energy expended on the production 
of ma mesons in the c.m.s. to the total kinetic en- 
ergy in thec.m.s. is 0.52 + 0.03. Calculations. based 
on statistical theory® give for the energy loss in the 
laboratory system a much greater value (58%). Even 
if the contribution from peripheral collisions is 
taken to be 20%, the theoretical energy loss in the 
laboratory system will not drop below 50%. 

For pp and pn interactions the angular dis- 
tributions in the c.m.s. were constructed for sec- 
ondary charged particles on whose tracks scatter- 
ing and ionization measurements were made (Fig. 3). 
A geometric correction here was introduced in ac- 
cordance with reference 3. It was assumed that the 
velocity of the unidentified particles in the c.m.s. 
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was equal to the velocity of the center of mass. 
The angular distributions of the secondary par- 
ticles in the c.m.s. for pp interactions are sym- 
metric. In contrast to the pp interactions, the 
angular distributions of the secondary particles 
from pn interactions are asymmetric. The re- 
spective coefficients of asymmetry are App = 0.08 
+ 0.36 and Apn = 1.05 + 0.32, which confirms the 
results obtained earlier.2 Here A= (Np-Np yW/Cs 
where Np and Ng are the numbers of particles 
emitted forward and backward in the c.m.s. and 

C is the number of interactions. The existence 

of an asymmetry in the c.m.s. angular distribu- 
tions of secondary charged particles from pn in- 
teractions cannot, in general, be explained from 
the point of view of statistical theory. 

Hence the experimental results obtained in the 
present work and earlier’’? indicate that the nu- 
cleon-nucleon interaction at energies of 6 —9 Bev 
are not described by the statistical theory of mul- 
tiple production. The data of the present article 
on the momentum and angular distributions of sec- 
ondary protons and mesons do not contradict the 
conclusion as regards the important role of colli- 
sions with a small momentum transfer (peripheral 
collisions ).! 
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Ae is known, the only evaluations of the cross 
section for elastic scattering of photons by the 
nuclear Coulomb field have been made either at 
zero angle of incidence! or at very small angles 
(of the order of a degree) and at high energies 
(of the order of tens and hundreds of Mev).? On 
the other hand, experiments carried out to detect 
this effect (see reference 3), are concerned with 
angles greater than 15 — 20° and with energies of 
the order of a Mev. Thus, in order to compare 
theory and experiment, it is necessary to find an 
approximation which is valid within the experimen- 
tal region. In what follows we shall describe two 
approximations whose region of validity is signifi- 
cantly better suited to this situation than are those 
of previously used methods. 

As is known (see reference 2), the main diffi- 
culty in calculating the given effect consists of cal- 
culating expressions of the type 


T = <7 \d*p Sp (6 (ip + 1) 46 (ip — ik + 1) yo (ip — ik’ 


— ig +1)? yo(ip — ik + 143, (1) 
where k = (k, w) and k’ = (k’, w) indicate the 
initial and final photon 4-momenta e and e’ are 
its initial and final polarization; q = (q, 0) is the 


“recoil” momentum with respect to whichthe integra- 


tion is carried out (h =c =Me=1). The expres- 
sion (1) leads in the usual manner to the equation 
1 ¥y 
eA! | du\ dz \ dip Diet he Be Gi & ¥ 2) 
T = ,\dx\ dy\ de \ dtp (p= Lt ste, (2) 
0 0 
where S represents in principle the result of the 


calculation following (1), and 
L=1—ie+ q?x(1—x) 
Oe Ea ndsnk, Ys. 2) =o Q?. (3) 


In order to reduce the number of different inte- 
grations and thus permit carrying the calculations 
to a conclusion, it is expedient to introduce into 
equation (1) the expansion 
(ip —ik + 1) = (ip — ik’ + 1) 


+ (ip — ik! + 1)2iA (ip—ik'+ 1y*+:.., (4) 
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which leads to an expression for T in the form of 
an expansion in the terms of the parameter A 
=| k =k]: 

We calculated the matrix element of the inves- 
tigated process in this manner, retaining the first 
two terms of the expansion (4) (the results are 
given in reference 4). The integration with respect 
to q must then be carried out numerically. 

Another possibility, which makes it easy to find 
an analytical expression for the cross section, 
comes out of the form of the expression (2). After 
integrating with respect to p in this expression, 
L appears in terms of 1/L, 1/L”, and InL. If 
we expand these functions in powers ?/y?, we 
can easily complete the integration with respect 
to x, y, z, and q. Such an expansion is permis- 
sible, provided 


Oe Ne eae (5) 


After normalizing and summing over the polariza- 
tions, we obtain the final expression 


ds zy 10 #8 @ Ue" 8 ual at 6 
Fo = (o a5 Safer — ce sin > +egsin =| (1 + cos ) 


o eons AU Oren eB 
+ [s a es Sin Z| sin? > cos x} A (6) 
where cj,...,Cs are numerical coefficients.> Co- 


efficients for terms of the order of w?/m?, wA/m? 
and A?/m? are calculated in reference 5. It is 
found that the coefficients of terms independent of 
w and of those linear in w become zero as a re- 
sult of gauge invariance. Equation (6) shows 
that the cross section decreases with increasing 
scattering angle 9, and that this decrease is more 
rapid at higher energies. This fact agrees with ex- 
perimental data. It is evident that do/dQ (w, 180°) 
= 0, as was to have been expected. 

The authors wish to thank Prof. V. Novak for 
his constant interest in the work and his valuable 
suggestions. 
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DETERMINATION OF THE FIRST IONIZA- 
TION POTENTIALS OF NEODYMIUM AND 

PRASEODYMIUM BY THE SURFACE IONI- 
ZATION METHOD 


N. I. IONOV and M. A. MITTSEV 


Leningrad Physico-Technical Institute, Academy 
of Sciences, U.S.S.R. 


Submitted to JETP editor February 2, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1350-1351 
(April, 1960) 


Tae ionization potentials V of the majority of 
rare earth elements have not yet been determined 
spectroscopically. This is primarily due to the 
extreme complexity of the optical spectra of these 
elements. An attempt made to determine these val- 
ues from the electrical conductivity of flames! did 
not produce the anticipated results. A surface- 
ionization method described earlier* has been used 
in the present work to determine the ionization po- 
tentials of neodymium and praseodymium atoms. 

As is shown in the theory of surface ionization 
of atoms on composite surfaces,”*? if V significantly 
exceeds the maximum value of the localized work 
function of the surface, then the logarithm of the 
ion current from the surface must be a linear func- 
tion of the surface inverse temperature 1/T. Fur- 
thermore if atoms of two different elements are 
simultaneously ionized on the surface (occurring 
in numbers n,; and ny, per second), the relation 
of their ion currents J,/J_ with the surface is 
determined by the equation: 

log (J;/J2) =log(2,A,/nzA,) +5040 (V,—V.2)/T. 
(A = Q,/Q) is the ratio of the statistical sum of 
the states of the positive ion Q, and of the atom 
Qo). 

Therefore the slopes of the plots of the log J; / 
J, ={£(1/T) can be used to find the ionization po- 
tential difference (V,—V,) for atoms of the two 
elements being compared. 

For our comparison element we selected in- 
dium, whose value V = 5.79 ev has been deter- 
mined reliably by spectroscopic means. In order 
to obtain and measure the currents J, and Jy, 
atomic fluxes produced by vaporizing metallic In, 
Nd and Pr in a special evaporator were directed 
onto a heated tungsten filament 0.005 cm in diam- 
eter. The filament temperature was measured 
with an optical pyrometer. The steadiness of the 
atomic flux density arriving at the filament (i.e., 
the values n, and n)) was monitored by observing 
the stability of the ion current during the course of 
the measurements with the filament at Ty = 2700°K. 
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Figure 1 shows plots of log(J/JT,) versus 1/T 
for surface ionization of atoms of In and Pr, from 
which it can be seen that within the temperature 
interval 2300 to 2700°K this relation can be satis- 
factorily approximated by straight lines. Analo- 
gous results were obtained for the ionization of 
Neodymium atoms. 
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Figure 2 shows plots of log (J,/J,) versus 
1/T for the ratio of Nd and Pr ion currents to 
the indium ion current in the tungsten filament 
temperature interval 2300 to 2700°K. The aver- 
age values of V,;—V», found from eight independ- 
ent determinations of the slope for the pair Pr-In 
and from ten determinations for the pair Nd-In, 
turned out to be respectively (0.22 + 0.01) and 
(0.19 + 0.02) ev. It is necessary to introduce a 
correction into the differences V,;—V, determined 
by slope of the plots in Fig. 2, because of the tem- 
perature dependence of the ratio of the statistical 
sums A of the ionized elements. This correction 
amounts to 0.09 ev for indium in the filament tem- 
perature interval from 2300 to 2700°K. Unfortu- 
nately it is not presently possible to evaluate the 
magnitude of the correction for the case of Nd and 
Pr, since the energy level diagrams of the atoms _ 
and positive ions of these elements are not known. 
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The corrections may amount to several hundredths 
ev. In the case of lanthanum, for example, where 
the atomic and ionic energy level diagrams are 
known, the correction for the above temperature 
interval amounts to 0.04 ev. Thus our values of 
the ionization potentials for atoms of neodymium 
and praseodymium, not taking into account the pos- 
sibility of excited atomic and ionic states near the 
ground state, turned out to be: 


Vpr = 5.79 — 0.69 — 0.22 = (5.48 + 0.01) ev, 
Vxa = 5.79 — 0.09 — 0.19 = (5.51 + 0.02) ev. 


We would like to remark in conclusion that our 
results might be viewed as experimental confirma- 
tion of the validity of the theoretical equations? for 
the surface ionization of indium, neodymium and 
praseodymium atoms on incandescent tungsten. 


1T,, Rolla and G. Piccardi, Phil. Mag. 7, 286 
(1929). 

21. N. Bakulina and N. I. Ionov, JETP 36, 1001 
(1959), Soviet Phys. JETP 9, 709 (1959). 

a ve. Zandberg and N. I. Ionov, Usp. Fiz. 
Nauk 67, 581 (1959), Soviet Phys.-Uspekhi 2, 255 
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THE LINE SHAPE OF THE NUCLEAR 
ACOUSTIC RESONANCE 


N. G. KOLOSKOVA and U. Kh. KOPVILLEM 
Kazan’ State University 
Submitted to JETP editor February 8, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 13851-1353 
(April, 1960) 


InncENTLy there appeared in the literature a 
number of articles on nuclear acoustic resonance 
in which the line shape A(w) of the nuclear 
acoustic resonance absorption and the relaxation 
process in acoustically-excited spin systems is 
interpreted on the basis of the existing theory of 
nuclear magnetic resonance (cf. references 1 and 


2). : 
Our investigation of the character of the inter- 


action of the ultrasonic field with the nuclear spin 
system in cubic crystals, based oH the quantum 
theory of irreversible processes,° shows that the 
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above-mentioned method of interpretation of acous- 
tic magnetic resonance data is unfounded and leads 
to erroneous conclusions. While the line shape of 
ordinary paramagnetic resonance is determined by 
the Fourier transform of the auto-correlation func- 
tion Gyy(t) of the magnetic moment M of the 
spin system,? the line shape of the acoustic nuclear 
resonance is analogously determined by means of 
the auto-correlation function Gx(t) of the nuclear 
quadrupole moment Ky of the spin system. Since 
M and Ky are described by a linear and bilinear 
function of the spin variables, respectively, the 
character of the time variation of M and Ky, dif- 
fers for dipole-dipole (%gq), exchange (Hex), and 
other inner interactions, and the functions Gp(t) 
and GxK(t) do not coincide. 

In particular, in the case when the longitudinal 
sound wave propagates along the [110] axis and 
a strong static magnetic field H parallel to the 
z axis forms an angle @ with the [110] axis, 
we obtained 


K g Ne 
Ato) = Bor ee? (1— 3 SE) nator 
ee . em ey 
4 A2. 2 
x exp tes Te ne Os, ) | : (1) 
Owes + #. 


where the coefficients for the transition a=é, in 
the course of which the magnetic quantum number 
m of nuclei with spin I changes by +2, are cal- 
culated according to the formula 
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At, = af (ively eee ee ‘: pity + spit), 
k(#i) 
H gt Hex= >, >) PET. 
j>ka,B 


at = 270 +1) 3 PR LPR. 
R(+/) 
A =e l+l) Dd (Pa — Pi)? + 4P a). 
k (FI) 
Here €; is the mean value of the time-depend- 


ent component of the deformation tensor €; Sy 
are the components of the fourth-rank tensor re- 
lating ¢€ with the tensor of the electric field gra- 
dient on the oe [see (1), (2), and (14) in ref- 
erence 4]; Ae 9 is the get Bagong moment 
of the resonance line, A‘ and A? , are the non- 
adiabatic second moments for transitions with m 
changing by +1 and +2, respectively (cf. refer- 
ence 5), and w, and w, are the corresponding 
transition frequencies; V is the volume of the 

k the Boltzmann constant, and T the 
The form of the components of the 


crystal, 
temperature. 
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tensor pik is indicated in reference 6. 

According to (1), the absorption curve A (w) 
consists of a series of (a= &,....) Gaussian 
lines, shifted by a distance .2yAyy/wy from 
the resonance frequencies wg. The width of 
these lines (at half the intensity) is calculated 
from the expression Avy, = 2.35 Ago. The coeffi- 
cient AL, differs from the corresponding result 
<(Av)*> of Van Vleck® in that A2 oq for the Xg 
interaction is twice <(Av)*>gq, and A) de- 
pends on the value of the isotropic exchange inter- 
actions. Therefore, the acoustic magnetic reso- 
nance is a much-promising method of investiga- 
tion of exchange interactions in crystals. 

Furthermore, it follows from our calculations 
that if Avy. in a crystal is determined by dislo- 
cation-type defects, then for I= We andaii— YE 
the ratio 6 of the ultrasonic resonance width and 
the magnetic resonance width are respectively 
0(%) =v, , and 6 (CAS V1%, . The experimen- 
tal values are 6 (%) = 1.7 (reference 1) and 6 (/) 
>6 (%) (reference 2). 

We note that in the event of the excitation of 
free nuclear precession about the direction of H 


BETA AND GAMMA SPECTRA OF THE 
Sb*?3 AND Sb*> ISOTOPES 


V. L. CHUKHLADZE, D. E. KHULELIDZE, and 
I. P. SELINOV 


Submitted to JETP editor February 1, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1353 
(April, 1960) 


Recentiy Selinov and his co-workers! dis- 
covered the new antimony isotopes Sb!!3 and Sb!!5, 
The isotopes were obtained by the method of ab- 
sorption of the approximate values of their end- 
point beta spectra. 

The beta and gamma spectra of these isotopes 
were investigated with a double-lens beta spec- 
trometer. The positron spectrum of Sb!!3 was 
found to consist of two components with end-point 
energies of 1.85 + 0.02 and 2.42 + 0.02 Mev. The 
values of log ft are 4.4 and 4.7. The end-point 
energy of the positron spectrum of Sb!!® is 1.51 
+ 0.02 Mev, and log ft = 4.25. The shape of the 
spectra is resolved. In the conversion-electron 
spectrum of Sb'!> a gamma line with an energy of 
0.499 + 0.002 Mev was found. The conversion co- 
efficient ax is 0.00625. The ratio of the conver- 
sion coefficients of the K and L shells is about 6. 
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by an ultrasonic moment, the form of the decrease 
in the nuclear induction signal G with time will 
be described by the function Gx(t) obtained from 
A(w) by a Fourier transform [cf. reference 3, 
(3.17)]. Since GK(t) = Gy(t), it follows that 
ultrasonic moment methods can yield new results 
compared with the usual spin-echo method. 

The authors express their deep gratitude to 
S. A. Al’tshuler for a discussion of the results. 


1w.G. Proctor and W. A. Robinson, Phys. Rev. 
104, 1344 (1956). 

2D. I. Bolef and M. Menes, Phys. Rev. 114, 1441 
(1959). 

3R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 
888 (1954). 

4. F. Taylor and N. Bloembergen, Phys. Rev. 
113, 431 (1959). 

5 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 

SU) Rit Kopvillem, JETP 34, 1040 (1958), Soviet 
Phys. JETP 7, 719 (1958). 


Translated by Z. Barnea 
261 


According to preliminary data, eight gamma lines 
were observed in the Sb!!3 gamma spectrum, 
which was investigated with a scintillation spec- 
trometer. The data on the Sb!!3 gamma spectrum 
are being published in the transactions of the 10th 
Conference on Nuclear Spectroscopy. 


1 Selinov, Grits, Khulelidze, Bliodze, Demin, 
and Kushakevich, Atomuas 9Heprus (Atomic Energy ) 
5, 660 (1958). 
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A ROTATORY MAGNETO-MECHANICAL 
EFFECT IN A LOW PRESS URE PLASMA 
V. L. GRANOVSKII and E. I. URAZAKOV 
Moscow State University 
Submitted to JETP editor March 1, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1354-1355 
(April, 1960) 


i has been pointed out in the literature! that in 
a low pressure positive column the gas should ro-. 
tate around the axis of the column if a longitudinal 


Piet Ve RS LOT Et EDITOR 


uniform constant magnetic field is applied. One 
can attempt to detect this effect using a thin solid 
plate put into the gas which should be dragged by 
the rotation of the gas. We have performed such 
experiments. 

The positive column was produced in a vertical 
cylindrical tube which contained activated elec- 
trodes at both ends and which was completely sym- 
metrical about both the vertical axis and the hori- 
zontal plane. The presence of activated electrodes 
at both ends enabled us to change the direction of 
the current in the tube. The upper electrode was 
pierced, and through it was passed a thin quartz 
fiber (length 30 cm, diameter 20) hanging along 
the axis of the tube. The fiber supported a vertic- 
ally suspended rectangular mica plate with a mir- 
ror stuck on it in the middle. This enabled us to 
observe the position of the plate by the usual means 
of a light beam and scale. 

Two coils with a narrow gap between them to 
let the light beam through were put on the tube. 

The current passing through the coils produced a 
constant magnetic field in the tube which was paral- 
lel to the tube axis and to the current in it. The de- 
gree of uniformity of the field over the tube was not 
less than 97%. The coils and the tube were put in 
coaxial positions by regulating screws which could 
raise the base of the coils. 

We performed the experiments in inert gases, 
mainly in argon, and partly in neon. The gas pres- 
sure was varied between 100 and 5004 Hg. The 
following observations were made: 

1. When a constant magnetic field was applied 
to the plasma the plate suspended in it deviated 
from its initial position; once the vibrations around 
the new equilibrium position were damped out the 
plate remained deflected at a constant angle. Such 
a deflection was observed in both gases and for all 
pressures and magnetic fields (from 100 to 800 oe) 
used. The deflection was appreciable (more than 
several degrees) and could easily be observed, 
even without a scale. 

The stationary character of the effect in a sys- 
tem with a constantly acting restoring force (the 
elasticity of the fiber ) shows that the effect is pro- 
duced by the constant magnetic field and not by the 
turbulent inductive electrical field which is pro- 
duced when the magnetic field appears. 

2. When we reversed the direction of the mag- 
netic field the deflection of the mobile system was 
also reversed. 

3. However, when the direction of the current 
in the tube was reversed, the direction of the de- 
flection of the suspended system remained the 
same. This shows that the effect is not caused by 
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the plasma current and the applied magnetic field 
not being completely parallel, for otherwise the 
effect would reverse its sign when the direction 
of the current in the tube was reversed. 

A possible cause of this magneto-mechanical 
effect is that the magnetic field produces a rota- 
tion of the positive column around its longitudinal 
axis. This could be caused by the diffusion of the 
ions and electrons in the plasma in the magnetic 
field in a direction perpendicular to this field and 
to the direction of the concentration gradient 
(“Hall diffusion current,” see reference 2). The 
concentration gradient is in the radial direction 
in a cylindrical plasma and the “Hall diffusion 
currents” of the free electrons and of the ions 
must be in opposite azimuthal directions. The 
momenta of the two currents are unequal and the 
gas as a whole will thus begin to rotate.! 

Further quantitative studies of this effect will 
enable us to verify the correctness of this inter- 
pretation. 


‘Ww. H. Bostick and M. A. Levine, Phys. Rev. 
97, 13, (1955). 

21. Spitzer Jr., Physics of Fully Ionized Gases, 
Interscience, New York, 1956. 
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ON THE HOLE COMPONENT OF THE 
FERMI SURFACE IN BISMUTH 


N. B. BRANDT 
Moscow State University 
Submitted to JETP editor March 3, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1355-1356 
(April, 1960) 


As reported previously,'*? new high-frequency 
oscillations associated with a group of holes were 
observed during a study of the anisotropy of mag- 
netic susceptibility in Bi at very low temperatures. 
Further investigation showed that the shape of the 
Fermi surface for this group consists, to a first 
approximation, of an ellipsoid of rotation, elongated 
along the trigonal axis, which has the following pa- 
rameters. Area of the principal sections: perpen- 
dicular S, = 6.75 x 107~* gm? cm?/sec? and parallel 
to the trigonal axis S, = 25.75 x 107 gm? cm?/sec?; 
hole concentration nH = 0.34 x 10!8 cm73; bounding 
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Fermi energy EH ~ 2.5x10714 erg (EH/k ~ 180°K); 
effective mass in the plane perpendicular to the tri- 
gonal axis mH = mH 
tron mass) and in the direction of the trigonal axis 
mi = 0.7 my. 

The magnitude of the anisotropy of the hole sur- 
face and the value of the effective masses are in 
good agreement with recently published work on 
cyclotron resonance? in Bi (mH = mH = 0.068 my 
and mH = 0.92m,)) and on the anomalous skin ef- 
fect! (mH/mH = 12.8). In these works, and also 
in Reneker’s, this group of holes has been described 
by the anomalously small value of bounding energy 
(EH = 0.18 x 107!4 erg, EH/k = 13°K) which was 
suggested by Heine® and by Strelkov and Kalinkina’ 
to explain the appreciable electronic specific heat 
of Bi. 

We should point out that nH in one ellipsoid of 
revolution is 0.34 x 10!8 em73, and is practically 
equal to the concentration of electrons in Shoen- 
berg’s three-ellipsoid model, n© = 0.39 x Tm 
cm~*, These two groups of ‘light’ electrons and 
holes must evidently be responsible for the gal- 
vanomagnetic properties of Bi. The difference 
between the mean effective masses of the electrons 
in Shoenberg’s three-ellipsoid model, 


me = [my (Mmm, — m3z)|"" = 0.053m, 
and of the holes in the one-ellipsoid model, 


mi — (mms) ” — 0. l 31M 


agrees well with the difference of mean mobilities 
T/m of the electrons and holes (T@/m® ~ 27H/mH) 
assuming approximately the same relaxation times. 
Since the heat capacity of the ‘light’ holes is 
negligibly small compared with the observed! linear 
term in the heat capacity of Bi, we must assume 
that there exist at least three groups of carriers.*! 


1 Brandt, Dubrovskaya, and Kytin, JETP 37, 572 
(1959), Soviet Phys. JETP 10, 670 (1960). 

2N. B. Brandt, IIpu6oppt u TexHuKa 9KCNepuMeHTa 
(Instrum. and Meas. Engg.)No. 2 (1960). 

>Galt, Yager, Merritt, and Cetlin, Phys. Rev. 
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°D. H. Reneker, Phys. Rev. 115, 303 (1959). 
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"T. N. Kalinkina and P. G. Strelkov, JETP 34, 
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PRODUCTION OF A = HYPERON BY 
8.3 Bev/c NEGATIVE 1 MESONS 


WANG KANG-CHANG, WANG CHU-CHIEN, V. I. 
VEKSLER, N. M. VIRYASOV, I. VRANA, TING 
TA-CHAO, KIM HU IN, E. N. KLADNITSKAYA, 
A. A. KUZNETSOV, A. MIKHUL, NGUYEN DIN 
TU, A. V. NIKITIN, and M. I. SOLOW’ EV 


Joint Institute for Nuclear Research 
Submitted to JETP editor March 24, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1356-1359 
(April, 1960) 


NE event of production and decay of a 27 hy- 
peron was found out of 40,000 pictures obtained 
by a beam of negative 8.3 + 0.6 Bev/c pions ina 
propane bubble chamber! with a constant magnetic 
field of 13,700 oe. A photograph and diagram of 
this event are shown. A 7m meson (track 1) gives 
a star at point O, from which emerge four charged 
particles of high energy (tracks 2, 6, 7, 16), two 
K® mesons (tracks 4, 5, 14, 15), and one particle 
of low energy (short track 17). The track of the 
positively charged particle 2 is deflected at point 
A. At a distance of 7.7 mm from the point of de- 
flection is a six-prong star. The center of the star 
lies in the plane of tracks 2 and 3 within the limits 
of the error of measurement (47’). The decay of 
particle 2 at point A into particle 3 and a neutral 
particle N in the direction AB is in very good 
agreement with the kinematics of a XZ decay (see 
Table I). Track 3 is that of a 7* meson. 

The momentum of particle N was determined 
by equating the perpendicular components of the 
momenta of particles 3 and N at point A. 

Assuming a decay according to the scheme 
Z*—7*+n, we obtain M, = 1182 + 14 Mev. 

The energy and momentum balance at point B 
is given in Table II. Star B has five positive par- 
ticles (tracks 8, 9, 11, 12, 13) and one negative 
(track 10). The negative particle is a meson. 
Tracks 9, 11, 12, 13 stop in the chamber and we 
take them to be protons. Particle 8 has a high 
momentum and escapes from the chamber. From 
the measurements of ionization* and momentum 
it follows that track 8 belongs to a 1* meson. The 
measurement of the energy balance at point B 
shows that the energy of the charged particles of 
the star is already much larger than the kinetic 
energy of a neutron with a momentum of 1628 
+100 Mev/c. Consequently, star B can be caused 
only by the annihilation of an antineutron on a car- 
bon nucleus. The most probable reaction is 
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4p+3n+n* + nr +t nr’®. 
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TABLE I. Kinematics at Point A 
Sign of Pp . Peal, ; F 
Track eharce (Mev /c) ae Particle Angle 
9 4c | 1104+600 | 1798-+100 Be 
3 + 244+10 a (3. 2)= 39°38" 20° 
AB 0 1628-+100 n 9( AB 2)=5°29'+-20' 


The energy carried away by neutrons should be 
added to the energy of the charged particles. As- 
suming that on the average they carry away the 
same energy as the protons, Ep = 144+ 5 Mev; 
also, the binding energy of the nucleons in the nu- 
cleus is Ep = 64 Mev. Assuming that, apart from 


charged a mesons, there are still neutral 7 me- 
sons which carry away, on the average, half the en- 
ergy of the charged 7 mesons, E70 © 3Eq+ = 645 
Mev, then the total energy in the star is Eto 
= 2336 Mev. 

The energy obtained in this way is close to the 
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TABLE II. Kinematics at Point B 


ee ee 


Sign of 12, s) Peal» 2 Ekins Emass, | Total E 
Track chads (Mec) (Mev/c) Particle (Mev /c) (Mev) (Mev) 
AB 0 4628-4100 n 940+100) 2-939 | 2818-+-100 
8 + 1044-455 nt | 920-456 140 
9 28 44549 p 101-43 
10 = 183-125 nm 90-20 140 
1 ate 228-4 p 27-42 
12 ae 270-5 p 38-42 
13 oe 257-5 p OD) 
AP 703 SIE = 1203 +60 + 280=1483--60 
E,, = 3(48+3) =14445 
E,=— 8:8 =64 
1691+61 
Ba 645 
Total energy at point B 2336 
TABLE III. Kinematics at Point O 
<n | 
Sign of i ; Peal : Visible | Emass: | Total E 
Track chante (Neve) (Mev/c) Particle kin» | (Mev) (Mev) 
(Mev) | 
1 a 8300-600 x 8200-+600 | 140 = 8340-+600 
o a 1104+600 | 1798-+4100 = | =964-+80 1196 
vy 0 654+29 |K®° or K% 323427 494 
6 = 1456-70 Ka 1043-++60 494 
7 ai 790-+45 at 663-445 140 
v3 0 4475471 |K° or K°| 1060-460 494 
16 = 300-450 x 190-450 140 
0 “; yee |) 939 
(4243-+-138)-+3897=8140-+138 
TABLE IV. Kinematics at Points O’ and O” 
- Angle of 
Sign of Pmeas: Peal» : g 3 
Track ' charge (Méev/c) (Mev /c) Particle Angle eae 
he ete 654429 | K° or K° hy ASS? 
bh ee Wa O5 n- |e (V3, 4)=410487415" 
5 s 453-422 nt | (Vy, 5) = 24°43’ 445" 
Es 0 1475471 | K° or K° 1, = 8 
14 ae 20748 nt  |@(V3, 14) =26°50' 245" 
ip |e 1299-+70 ee o( VS, 15) =5°3! 115’ 


total annihilation energy of the antineutron. Con- 
sequently, at point A there occurred the decay 
Do — rt+ hn. 

The probability of a chance coincidence in one 
picture of various events which may have imitated 
the phenomenon under consideration is, according 
to our estimate, ~ 107°. 

We consider the most probable reaction in the 
primary star to be 

ee KO 


+ recoil nucleus 


ae 
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For the lifetime of the =~ we obtained the value 
(1.18 + 0.07) x 107! sec 

Hence, the data presented is evidence of the fact 
that we have observed a new type of particle, the 


charged antihyperon =~ 


*S. Otwinowski and I.Vrana studied the possibility of 


measuring the ionization in our chamber. Out of 60 different 
pictures 40 m of track, the momentum and nature of which 

were known, were measured. It was found that for a track 

length 20 cm one may reliably (96%) separate 7 mesons and 
protons up to a momentum of 1200 Mev/c. The measured value . 
of the ionization of track 8 (of length 20 cm) was 1.02 + 0.19, 
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and should be, by the B~? law (Blinov et al.*), 1.86 for a 3Blinov, Krestnikov, and Lomanov, JETP 31, 
proton and 1.04 for a 7 meson. 
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